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SECTION-l: V ^ .'-'^ ''■'/■ ■ / ' 

1-1 A Different Type Qf^ Question z ' \^"'f'-^- / 

SuppQse that you are diving in the ocean. You know that the • 
volume of your air tank is V liters and that the pressure when you 
began was P atmospheres. Your breathing rate is x liters per min- 
^-ute, and you are at a depth o^ d meters. Before diving yoii applied 
.'your knowledge of the gas laws. You calculated that you had enough 
oxygen to stay at a depth of d meters for exactly one hour. 

■ f How long. would you stay under water? Exactly one hour? 59 
minutes and 59 seconds? 55 minutes? 50 minxes? What do you need, 
^to know" befor4 you can decide how long you may safely be submerged? 

'* It is our purpose in the succeeding sections to help you answer 
this type of question. But before we discuss how to answer such 
questions let us consider several more situations. „ 

y - Knowing the vital capacity of an individual's lung ^ helps tp 
diagnose respiratory diseases. Vital capacity informatio/ from a 
large group of young people allows' us to predict a normal, vital 
capacity for a person of any particular height. Suppose a yoqng 
person is . 170 dentimeters tall. The predicted vital capacity f^t 
.. young people 170 cm taU is 4,6 liters. ^. However, this person; s yi-' 
tal capacity, is only 4.0 liters. , - ' ' 

Does this indicate that his lungs are not; functioning properly? 
is the dysfunction , Serious?^ - 

Consider another, problem. Our equations indicate that a per- . 
son with a mass of • 73 kilograms (about 1-60 poundsO can drink nc^ 
more than five 12-ounce cans of beer without the conpentration of^ 
alcohol in' his bloota readhingv.lQ per cent. : 'If the legal limit in , 
his statV ii^ -.10 per cent, h^w much beer can he drink and, th-en drive 
:.legallif?y .. ^'^ ; ;■" ■• . --y , \- ''.-^ ■ /' .V . , , ■ 
' / In Biomedical science you' will analyzfe a lood, for .its qon tent 
of certain\ nutrients. Fe^deral law requires meat sold as .Vhamburger" 
t$) be no'moVe thai^30 per cent fat. If you analyze a sample of 
liamburger .an^ ' find that it. is 31 per cent fat, are.ydu entitled to 
complain? 
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You have, been asked a large number of que is tibns, none of whioh 
you can answer. You have^ been given equations relating diving time * 
tofaxygert pressure and yolume,. relating vital capacity to height, 
and relating blood-alcohol 'concentration to quant Ltfy of alcohol 
consumed. Yer these questions have not allowed you to answer any 
of the questions we have asked. Why? — — — ^ 

•The questions all relate to matters of certainty and uncertain- 
ty. To answer the questions we need to know how accurate our pre- 
idictions are* And the accuracy of ^Itie predictions depends on the 



accuracy of other things: the equations we-^se, the numbers we 
substitute into the equations and the procedures we use to obtain 
the numbers. The more we know about the accuracy of our measure- , 
raents, our procedures and our equations, the' better we are able to 
state the range of uncertainty of #our predictions. This brings us ^ 
to the subject of ^rror. . • ' 

1-2 . Error • 

. Error often means doing something wrong . Errors- aje mi^ stakes, 
the things that Elmo makes. He pours the ^rong. chemical into the 
wrong solution. He. adds 3 and 5 and gets 9. ' . ^ 

•However, the word error has* a more general meaning than this, 

. ■ . . ■ > ■ 

and a meaning that is far. more important to scientific inyestiga- 
tions. Not only, Elmo's experiments contain- error; the experiments 
of everyone have error in every procedure. Error is an unavoidable 
part of the experimental process. 

In mathematics tty^ word error has a very specific meaning. 
Error is the difference between the measured or calculated valuq. 
of a particular quantity and its true, val^e. Thi'S idea is, illus- 
trated below. . ERROR: -» — 

■ ■ ■ . . ' ■ - , ,\ ■ 

— — I— — .. I ■ r ■ . : ^V ."" 

/; trUe, ' ^measured or cal- 

^ . *: value \ * 'culat«a value 

Unfortunately, the exact- value of many errors can never be deter- 
mined. Instead we ar*e forced (when we* are being "fussy") to esti- 
mat* a r^ng6 around a measured value' in which we expect the true 
value to/ lie. . ' - . *' 



'...•Errors come from many sources. For ex^ple, in Unit I Math 
we concentrated nn-a^ particular source of error # imprecision . Re- 
call that precision for length measurements . is closely related to 
the limits of careful s.ca 16 reading. Ilf was in^ this context that- 
we introduced the tem range of imprecision . There is another 
typeof measurement error which was touched upon briefly in Biomed- 
ical Science/ iii^^curac^. This source of error is related to vari- 
ability in Che measuring instrument. For example, a ruler is longer 
when it is hot than when it. is cold/ This variation in length is 
not noticeable in an ordinary metric ruler but Ht is very noticeable 
in a micrometer,, an instrument that can measure very small changes 
in length. Both iniprecision-and inaccuracy contribute to measure- ^ 
ment error . ■ • • 

On the following graph, the vital capacity of a large number of 
female^ children and adolescents is plotted against the cube of 
height. We ^ay use the data on the ^raph to predict the vital capac- 
ity of a specif ic girl wtiose height -we know. Yet our predicted vital 
^capacity will almost certainly not be hpr actual vital capacity, 
even if she is in perfect health. This error in our prediction is 
caused by 'the fact that people are -fii^ererit. We call this form of ^ 
error statistical variation . 

• A third tyE)e of error occurs in jexperimental procedures. One- 
investigation of Boyle ' s *L*aw in:^j|j||^d a plunger with weights and a . 
syringe (see did^raii on following page) . Friction betweeij. the " plung- 
er^and'the syringe was a ^oo^ce of error. (You may recall that you ' 
obtained different data when the plunger was moving^ down and when 
it' was moving up. We 'tried to minimize the errpr caused by friction 
by averaging the two numbers.) t4 call this type of error procedural 
error. ' ^ ' 

A fourth source, of error is the equations we use. For example, 
the gas laW equation .w6 have used is - ; , 

^ije^ constant. ^ 



This equation, although' yely"^^^^ only an approximation. A 

closei; approximation is Van de^ Waal s' equation. 

(P + 4r) (V - b) 
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. The terns . a j^rid b are constants that ;^re differ ent.^f or every : 
ga^. Van der Waal s' equation is mOre complicated than pur simprer. 
gas law, and more difficult to use. However, it is generally true . 
that th^ greater the number of factors thait arei considere<3 in a • ^ 
theory the sijialler the error and the better the predictipn. /Often 
a more sophisticated^ mathemal^icf 1 mode\ must be used to obtain sUf-' 
ficient accurapy. . ' ; 

An equation is a mathematical model of a theory, and. when an 
equation is not acburate, it is a reflection that the theory, is not 
accurate. Thus we call this Jtype of inaccuracy^ theoretical error . °. 

We have identified four types of error: measurement error,, 
statistical vaiatioh, procedural error and theoretical error . 
In future s^tions we will not be interested in 'assigning , 
errors to> one category or ano.ther. We only listed; the types to il- 
^ lustrate our concept of error. What is important Is that you be 
able to recognize sources of error and, when pogsible., to estimate 
the maximum size of the error. We will call this estimate the 
uncertainty . The midpoint together with the uncertainty will, be . 
called a range of uncertainty . For example, • 



range of uncertainty 

/— --^s . 

^ 47.04, ± .01 gramd 



midpoint 'uncertainty 

'Uncertainty is a much more general t|rm than imprecision and refers 
to estimates of the maximum possible error , from any conceivable ■ 
source.; ■ - ■ ■ 

When the maximum size of an error. may be estimated, it is pos- 
sible to' determine what. effect the error may have on the final re- 
sult. Each time an operation is performed on a number that is not 
absolutely accurate, <the error is passed on to the number that re- 
sults from the operation. This is called propagation of error. 

In this sequence of lessons concerning errq^Y we 'will develop 
methods to calculate the effedt of error on results. For example, 
we will learn how to answer 'q:uestions of the following types.' . • 
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"4 Theameasured* length of a^ils exp^^sged by the rang© ^of nincer- 
tainty ioO ± 3 uniW ahci the measured -^^engtla of b by the r4nge/ oi • . 
^uncertainty .50 ± 1 upitSr ' How is the sunt a + b' expressed as.a.:, 
rang'e 'Of unce^ct^inty? ' ' - '^'"^ ■ . '■ ■ - ' • 




. >■ , The measured 16jigths of a^ai^d' b;are 100 ± 3 units and. 50 ±1 
unitb. . 'Hie'are& of the .rectangle >is the product^ab. square 'units. 

How is ^this expressed as'^ range, b,f uncertainty? „ . 

' ...... ■ .■ . - -. ■ • ■ ■ • , ■ 

■ 3 The procedures tcwhich we will introduce you canrtot alw^ays 
bemused. ' Man^y ierrors cannot b6 numerically estimated.; However, 
these -procedures are one. set of topis that can; help, you-'to obtain 
a better idea of the' accuracy of compdted results. , . 

1-3 . Propagation of Error -Under Addition . ! ' ':\ * 

In the^ previous section we pres'ented two- measured quantities 
as ranges.:of uncertainty. We then aske^ what their sum is, ex^ 
/pressed as a range o.f uncertainty*. The ranges of, ,vncertainty>;0,| 
the two measurements are a = 100 ±3 ajid. b = '50 ± 1. . (For' the time 
being We wip ignore their units . ) : 

■ .- ■ ■ ■ - • ■ ■■, '■• . - ■ ' , • • " 

\ - The max-imum value that V a could l^e is 

maximum value of b is 50 + 1'= 51. Therefore,' the maximum value 
, of the sum' of a and b is 103 + 51 = 154. ' .r. ,? ' • ■ 

The minimum vdlue of a is lOO' -V3. H 57, While the minimum value" 

of b is 50 - 1 = 49," The minimum valu'e of the sutti is 97 + 49 = 146. 

• ■ •■ ■ . . ^ . ■• . . . ■ . . . ■ . 

> Th^ sum of a arid . b may be as great as^l'5W or as small as 146. 
This may be expressed as a range of i^ncfertainty. by first determin- ; 
Ing th6 i)niidpoint. The midpoint is the average of 15^ and , 146, or; 

■ ' ^ . ■ 154 +/146' .sr/. " , • 



100 ^3 =103. The 



:15.0- is 4 less than 154, the maxii)[ium v^Tliie,- and 4 more .than - 
M4 6, >the'. minimum \^alue, Thus the fangeVof, uncertainty of the sura 



of a and b iiS . 




Objseifve what we h^-v^^ 4o.»^ ' The midp^nt 5 0 ) of the ^sum 
the* avera^ge of the maximum possible .sum a?;id the minimum possible. 
.;sum.\ The uncertainty of * the; siim ( 4 ) ' 'is half the difference: between 
.the max imi^ »sun\ arid* ^^lhe mlnimum^sum. ' '•^ 

• V ' Nate also thait the midpoint of -^he supfl is' equal- to the, sum of 

..the, midpoints of the numbers'^ being wadded. That is to say, . 

' ■ * . ■ ■ • ' -. ■* . ^ ,' * ■ . " 

. " ; ./ . 15.0 - »iQO^+ 50 , ' • ' ■• ■ ' 

Note also that the uncertainty ^oif the lum is equal to the sum of 
the unoerMbainties of the^ addends ( ' ..J 

The observations made in the previous paragraph are tru6 not 
,OTil> far the j^wo ranges of unceirtainty that we" added. ' They are true 
for the addii^ion of any two ranges of uncertainty. 

We will, demonstrate the general case by adding two measurements 

e^ptessed : as rahges , of Uncertainty x ± ^x and y ± ' t^i^ . iRecall , that A 

is the Greek letter "delt;a.''' Delta as a prefix means roughly '"dif- 

, 'ference in) " "change in", or "variation, i^. " For example, Asc is the 
' ■ ■ ' ' ■• ■■ ' ■■ ' ' ' ■ , • . f 

difference between two values of x before and after some change has 

obcui*re<l/^' Remember, fix iS; a \ingle quantity; it is not the pr(aduct, 
'.of- A -and x. • . . - , . ■ v.- "- 

4 . .: . , . • ' . ^ - . 

V We may find tlfe sum of x ± Ax and y ± Ay in the same way tnat 
we fotind the sum in the-^numerical e^iample. . The maximum value of 
'the sum ijS 

X +'Ax "♦•"y + 



Ay =. (x + ,y) + (Ax f Ay) .. 



The^minimum value of the sjum is < -.v ♦ . 

. . 'x - Ax +j y 7. Ay = x + y r Ax - Ay ^, • ^ 



The " midpoint pf the 



: « ..(x .+ y) - (Ax + Ay)- 

range. of uncertainty of the sum is the 
averagev of : the maximum sum and .^the minimum sum . . ' 

(x + Ax) + (y + Ay) .+ . (x - Ax) -f (y - Ay) . 
- 2 . . 




.( . ■ •• ^ J X + -Ax + V 4 Ay + X - Ax + y - Ay 

• ■ \ . •• ^ • . ■ ^ - . 2 . 

This ejfpri^ssion mayAje simplified to . V 

: : ' ,' ' 2x •+ 2y^^ ^ + y.^ ■ ; /, ^' 

The*niidp6ii|fb 6f the sum is x f y. 



The diJtference between the midpoljnt and • 
■ • ■. A " ' . v-;^ ;. . ' • ■ . ■ y. 

' ^ maximum ^[lidpoint • - 

. [(x + Ax) .+ (y + Ay)l r . (x + y) = Ax + Ay ^. 
■ . . • ■ ■■ ■ ■ ' . ' ■ ' • ' 

.The difference between the midpoint and the minimum value is: the 

s^"^®' midpjDijit- minitnuih" ■ ' " . 

: ■ (x.+ y) - [(x - Ax)^ (y - Ay) ] * Ax + Ay 

The. uncertainty of the sum is thus Ax + Ay. thenrange of uncertainty 
of the sum is given by th6 following formula. 



(x ± Ax) .+' (y ±: Ay) .= (x + y) ± (Ax -is. Ay) 



,. We raiay. summarize the general case by the following formal 
statement; Under, the l^peration of addition, uncertainty is additive. 

r-4 Polynomials \ \ 

The expressions X + Ax and y + Ay are exampleis of binomials . 
Binomials are expressions in which two terms are connected by plus 
or minus signs. Biomials are one type of a more general class., ' 
polynomials. Polynomials, are expressions in. which any number of 
terms are connected by + or r signs. 

SiiT(Cf operations with polynomials will be used in our study of 
error, tnis- is a food place to review the algebra of polynomials. 

..We hope that a rigorous treatment of the polynomials is not 
needed, and that a few examples will -refresh your memory sufficiently 
to enable you ■'t^b go on to the problem set . ' 



EXAMPLE:. 



Add + 2x^ +, 2x + 1 and x^'+ 3x^ - 4x + 5 



SOLUTION: 



We simEyly add like terms. ' 

j x"^ + 25c^ +' 2x +1 

* + (x^ + 3x^ - 4x + 5) 

' • . 2x'^ + 5x^ - 2x + 6 



EXAMPLE: 



2 . f^.# . . . 2 



Subtract ?c + 4ky - 6 froin .2x + 3xy + 4 

SOLUTION:-. . r 

We dimply subtract like terms. y 

2x + 3xy.+ 4 
^ J - ( x^ + 4xy, - 6 ) 



x^ - xy + io 



We wi^l also be faced wi^h problems w^ch require the multipli 
cation of two polynomials. -For these problem^ you will need to re- 
call the distributive principle . ^ .' 

* , (a + b)h - ah +^bh . 
This*^inciple can also be stated in other fo^rms depending -on order 
and number of quantities involved. . 

(a +' b + c)h = ah + bh + be — . 

"h(a + b) ha .+ hb , 

EXAMPLE ; ■ ' ■ ^ .■ 

Find the product of (2x + 5y - 3) and (4x - 3y) 

• .. ■■ - ■ > ■■■ •- ' - :■ " ■ 

SOLUTION: ' . 



We use the distributive E>rihciple. 
(2x + 5y - 3) . (4x. - 3y) = 2x(4x - 3y) + 5y.(4x - 3y) 3(4x - 3y) 



>^ t. ■ ■ ■,. ■ ■ * . r 

■ 8x^f 6xy + 20xf*%15y^ 12x + 9y 

. >• « 8x^ + 14xy - 15y S 12x + 9y 



PROBLE^f SET 1;^ ^ ' - . \. ■ 

i; What four kinds of irror are •discussed in the text? 

2i Y0U are a carpenter's apprentice for the suiraner. The, carpenter 
asks, you to mfeasure the length of bo^rd* A and board B which he is 
going to nail together to make board C (At B - C) . Suppose board A 

'measures 3 ± .01 maud board B measures 4 ± .01 m. \ ' ' , 

■ ■ ■ ■ . • ■ . . • ■ ■, . ■ . ■ - ■ ■ . . ' ^ 

^ a. What is the maximum possible length of. board C? 

• •• ■■ ■■ •■• ■ . . . • ■' ■■- ■ > : ■ • •' . •• 

b. What is- the minimum possible length of board C? ; _ 

c. The midpoint of the range! of uncertainty may be found by 
averaging the maximum 'and the raini^mum. possible values. Determine 
the midpoint.. ^ 

• • \ . 

. d. Write the range of .uncertaJ^nty in the :form (midpoint) + 
(uncertainty) . 

3. One heet pot pie contains 43 ±.1 5 grams of carbohydrate and 
One coka' contains 37 ±' ,5/ grams of carbohydrate. ' Suppose that 
'you have j list, finished a meal consis|bing of one beef pot pie and 
.one -coke. 

. ; a. What is the maximum amount of\ carbohydrate you, could have 
coAsumed? 

b."; What is/the minimum amount pf \carboffydrate consume^?'' 
/.Ci Write the amount consumed as a\ range of uncertainty.. 

4. As a result of your investigation ijn the upcoming Nutrient 
Analysis of Foods Laboratory Activity, you find that your sample 
oi hamburger is . ^ 

Water (50 +2)% ^ 
i • i ' , . Protein (25 + 1)%- 
:•• ; . Fat (20 + 1)% . ; ' 

What is the ran^e of uncertainty of t.he sum? 

I ■ * ■ i ' ■ ■ ■ ■ ' 

Perform the additions indicated in Problems 4 through 9. 

, v., ■■ .r . . ■■ , ' ■ . . ' ■ : 

'5. (73 ± .4);.+- (.7 ± .05) . • • ' , 

.6. (1.437 4 i*012) + (.304 ± .009) . ■ 

7. 6,789;0p0 ± 4/500 IQ 

. ' 14,380,000 ± 7,000 



s 



8. (.04906 ±\^072) + (. 13987 "t .00007) + (.000963 ± .000004) 

9. Let 937 ± 5.W ?c ± ' * \ • 
. and 463^± 2]J> y ± Ay < ' * 



, a. 'X =:.'■■ . c. y 

■ •■ b. ix - d. Ay = . 

'i ' ' ' ■ ■ ■■ ■ ■ ■ ' ■ 

For. t»roblems 10 through 14, find the sum of the polynomials. 

loV - ^xy + y^ ' ' 11. z - 3y -•'4Ay 

. . -4x2 . 6xy -'y^ / . -7z - 6Ay . 

, -x^ +> xy - y^ - . . ' 3y - Ay' . ^ 

■ '■ ' . > \ t ■ - 

12. ■ x^ - 4x2 _ 7x +\6, 2x^ - 5x + 2 and -5x^ + ex^ - 8 

13 V/ - mn + n^ , - 41^^ ^2 ^ 3mn and Sm^ + n^ • 

14. ix- 4^1 Ax - |z, \|x + Ax - ^z and ^x - - ^z 

15. "2x: - 3y +.6Z ' ; . x^ ^ K " /^^3 
• .■ (4X - 5y + ^z) /• / -(-2x^ + x^y xV^ +#2y 

• ■ ■ ' ■ ■ .■' V ^ ^ ■. ■ .■ 

I7*i Subtract X^ - 6x + 5 from ?x2 -^4x + 3 \ 

' > W ' 2 ' \ 

18. What do' you adcl to ^x - .6 to make X + 3x + \ ^ 



v 



■ \ 



19. From the s'um of 2x + Ax and 3x - '4 Ax subtract 5x .+ 2,^x 

For Problems 20 through !26, perform the indicated multiplications . 
(use. distributive property), , ^ 

20. (2x + 1) (X +. 3) « 2x(x + 3) /+ l (x + 3) 

2x2 ^ + X + 3" - . . ' ^. 

.. \ ■ ■ ■■ ■ ^ ■ ■ ■ ■ 

21. (ab- 3)(ab + 3) ' 23. (a + 2a + 1) (a + 1) 

22. . (x2 - 2y) (x2---5y) zU. . (x - y)^ - (x - y) (x - y) (x - y) 



SECTION : ' ^ 

2*1 Implied Uncertainty 

*.In your study pf nutrition you will use food tables. Pood 

tables giye the amounts of nutrients ' contained in given portions 

' • • • .. ■ ' .\ . ' ■ ' ' ■ i 

TABLE I\ ' . ' 



of fooc^. 



-T-'^ ^ 

Food/ Measure . ^ 
Weight (grams) ^ '. 


Water ' 


• 

Food 
Energy 


Pro- 
tein 


Fat' 
(Total 
Lipid) 


Car- 
bohy- 
drate 


Iron 


TUia- 
min 


Ascor- 
bic • . 
Acid 


■ 


g 


% 


cal. 




g 


g 


nig ^ 


mg 


tag 4 , 


Macaroni^ 1 cup- 


130 


64 


190 




1 t ■ 
1 






0.23 


0 


cooked^ enriched 






















Muffins, I muffin 


A O 

48 




1 An 

14U 


A 


c 




.8 






Trace -o 


onricnea wniue . 




j , 1 


















xiour, in 






















diameter 








r 














Noodles,. 1 cup 


> 






7 
1 






1 4 


v23 


O N: 


(egg noddies) 






















_^enrichap 






















Oatmeal 1 1 cup 


236 


86. 


li30 


c 
D 


, 2 

a 






..19 


0 


cooked 












• 










Apple/ 1 sector 


13 5'. 


48 


345 


3 


15 


51 


.4 ' 




03 ' 


1 


Cherry, 1 sector 


135 


47 • • 


.355 


4 


15 


52 * 


.4 


. 


03 . 


1 


Lemon Meringue, 




* 














04 




^ i sector 


120 


47 


305 


4 \ 


12 


45 


.6 




4-. 


Pumpkin, 1 sector 


130 


59 


. 275^- 


5. 


15 


32 






04 


Trace ; 


Pizza, cheese, 


75 


45 


185 . 


7 


/6 


27 • 


.7 


.04 

\ 


4 


1 sector ^ 


















4 


Popcorn,^ 1 cup ^ 


14 


3 

•. 


65 


1 ~ 


3 


8 


.3 




t 


0 


popped, with oil. 


* 




m 












j 


^^^^^ 


salt f • 






« \ 




jirace 








L . 




Pretzels, ^ sticks 


5 . 


'8 


20 


frace 


4 


0 


Tf 


ace 


0. 


Rice, white*, 1 cup 


168 


73 


185 


■; 3' ■ 


Trace 


41 


l.*5 




19 


0 


all 1 commercial 
vane tiers, en-\* , 
















i 






■f 




















richedr cooked 






















Rice, puffed, 1 qup 


14 

*> 


4 


55 


1 


Trace 


13 






06 


0 



Since the numbers, iri the table, were determined by experiment, 
they are somewhat uncertain For example, the nutritive value of 
.macaroni would be expected to vary between different brands; this 
is an example of statistical variation. ^ ^ 

However, the data are not expressed as ranges of unc^taintyv 
This is because the uncertaihty is implied Irt the numbers themselves 
For example, note the numbers in the column giving' th6 percenjtage 
of water : 64 , 38 > 7 0 , 86 , yetc . ^- Apparently the data have b^en 
rounded to the nearest integey. The actiial experimental value for 



the percentage of watir in mabarpni might have beeff 64.3 or 63.92; 

we only kn6w that it Was closer to 6 4>- than to any other integer, 

•♦ \^ ■ .1 ■ . 

In other words the 64- represents' a value somewhere within th$ 
shctded region below. ). 




Expressing the shaded portion as a range of uncertainty, we 

obtain 64 + . 5. .. The uncertainty, .5 in thi^ case> is called 

the implied uncertainty. The/othe;^ values in the column can 

also be written as ranges o^ uncejrtainty/ becoming 38 ± . 5^ 

70 ± .5 and so on. ' ^ " ^ ^' ^ 

The data in the protein^ fat and carbohydrate tables have; 
* the same implied uncertainty as tffe water peifcentages . The numbers 
in the protein column^ for example^ would be expressed as ranges^ 

of uncertainty as 6 ± .5^ 4 + (.5, 7 ± ^5, etc. " * , 

.1- ■ ^ * ■ ■ . . . ^ 

Observer however r that the milligrams of iron in each food * 

iis giVen to the nearest tenth of a milligram. Since the data are | 

rounded to the nearest tenth of a milligram, it id implied that 

one cup of macaroni'^ may contain ^any amount of iron between 1.3^5 mg 

and 1.45 mg.^ - 

• Thus the implied uncertainty is .05 mg, and the iron 4" ^ ^up^ 
of macaroni may be expressedVas '1 . 4 + . 05 mg. ^ 

The amount of thiami'n in..each food is given to the nearest hun- 
dredth' of a milligram. This implies' that the errpt is at most 
.005 mg. T.he quantity of thiamin in a cup of macaroni may be writ- 
ten .23 ± .005 mg. ' : \ *^ ^ . 

The amount of ascorbic acid in each fpod is a,pparently given 
«*» to th^ nearest milligram, with ar? implied uncertainty of .5 itig. 
' The preserwje of the |<'ord " trace V in the column, however, iiajpli^ is • 
that 0 means no ascorbic acid was found. • 

The relation betvleen rounding' numbers and implied' uncertainty ^ 
can now be stated, WhW^data are rounded to the nearest 1 g, then 
•. th# implied uncertainty ig^.5: x 1 = . 5 g. If rounding is to the 
nearest .01 mg then the implied uncertainty ^-s .5 x .01 « .005 mg. 
In general, when data have been rounded^o the nearest x, the 
o implied uncertainty ii .5x. . 

13 



\ Note thai^ every number in the food energy column ends in 
either, 0 or 5, and it is safe to conclude that all data have been 
rounded to the nearest 5 calories. Since the data are rounded to 
the nearest 5' calories, the implied uncertainty is half of 5, or 
'2.5 calories. The actual jnumber of, calories, li^-a^up 6f macaroni 
lies. somewhere between 187.5 or 192.5 and may be expressed as 190 ± 
2, .5 calories* ■, . ,; ' « 

The first column of numbers, which shows, the weight in grams 
of one portion of each food -more; complex than the qthers. The ' 
presence o% such numbers as 48* and 236 implies an uncertainty of 
.5 giramjs. But the fact that 8 of the 13 numbers end in 0 or 5 
seems to be more than coincidence (which it might be, of course). 
Could it be 'that many but not all of the weights were rounded to 
•the nearest . 5 grams? . • ? 

* ■ ■ ' ■ ■ • ■ ' . ' 

Thevfour pies and, pizza are especially suspicious becaus^ , 
although 'lone cup" is a specif ic. unit of volume, "one^ sector" is 
not. We may reasonably guess th^t the implied uncertainty in many 

of the weights is 2.5 grams. - v 

■•■ • V .• •-. . ■. • . ■,. ■ ■■ ■ .... :.■ . 
When you are dealing with a large set of- data, such as a com-' 

plete food table, it is usually not too difficult to determine the 

.implied uncertainty. But often you encounter' just a single measure 

ment, and in some cases the implied uncertainty of a sipgle number 

cannot be determined. 

Consider the -numbers 12 and 10, for instance*. When the number 
12 appears as a single Measurement, the uncertainty is implied' 
to be .5. When 10 appears alone, however, the implied uncertainty 
may be . 5' or it may be.^; we do not know.: ' ^ ' 

Or take 101 and >100 . The number 101 impiies ^ uncertainty 

of *.*5.' But 100 could imply an uncertaijaty of .5, 6t 5 or eVen of / 

50. When a number ends in a 2iero, as 10 and 100 do, ttie implied . 
uncertainty is ambiguous. \ 

This arabigui'^y may be avJbided by using scientific notation. 
Por exam*i!>!Le, a single measurement of 130 could be either 130 ± .5 
or 130 ± .5. However, 130 may bW expressed in scientific 'notation 
as 1.30''x io^ or 1. 3 x 10^ . The f inal zero 'in 1'. 30 is not needed 



to express the size, of the'' number; its only function' is to .•exf)ress 

accuracy. 1.30 tells us that the measurement was not 1.29 or 

1. 31. The number \ 3 , however could represent a 'rounded value of 

1.29 or 1.31 or eve^ l'. 34. The implied uncertainty of 1.30 x 10 

is .005 X 10^ / while the implied uncertainty of 1.3 x 10^ is .05 x , 

10^. 

■'■''/■■■ 

Yo>u have a choice pf^ two ways ,of avoiding confusion caused by 
§ fina/ zero in measurement. For example, consider the number 130.; 
Is the uncertainty 5 or .5? The confusion may be cleared up by, 
stating an explicit range, of uncertainty, either 130 ± .5 or J:30 ± .5. 
It may also be cleared up by stating 130 in scientific notation, 
either 1.3 X 10 (uncertainty =5) or 13.0 x 10 (uncertainty - .5). 

. ♦ - • 

You may occasionally encounter other conventiorfs . If the 
final zero is significant, a measurement of 130 may be , written 130. ' 
(130 followed. by a decimal. point) or 130. Both 130. and 130 imply 

an uncertainty of ±.5. Often, however, you will not be able to ■/ 

• ■ i . ' ■ ■ ■ ^ ■ ■ . ■ , . 

tell what uncertainty is intended. i 

"' * 

^ ' When measurements contain digits. to the right of the decimal 
point, no confusion carl occur./ 373.94 ha J an implied uncertainty • 
of .005. The. implied uncertainty orf. .73926 is .000005, .while 
.739260 implies an uncertainty af .X0OOOO5. 

2-2 Rounding l!Juml»ers . , / ' ^ ^ ' ^ • 

Throughout th.e Biomedical Mathematics course you v^ill have 
occasion to .round numbers . For example, suppose that, you need to 
round the nunjber 12.68 vto thfe nearest integer. 12.68 lies between 
-12 and , l3 and clfearly is- closer to 13. Therefore, the rounded value 
■ is 13..* . / v ■ 

Or consider the prodlem of 'rounding 6.213 to the nearest 
tenth of a gram. We merely note that 6.213 is closer to 6.2 than\ 
6.3.. Tlierefore the correct rounded .value is 6.2 g. 

One' additional problem remains. How should we round 6.25 g 
to the nearest tenth of a gramLi^Sihce 6.215 lies equally close to 
' 6. 2 and"6 . 3 , we must' make an arbitrary decision. In this situation 
we will adopt the convention of rounding so that the final digit of 
the' rinded value is even. , The answer is therefore 6.2. \ 



:er?c 



'1 




Acqording -to tlje above convention, we round 5 « 35 to 5.4 and 
8.^5 to 8.8. , ^ 



2r3 Propagation of Error Under. Subtraction 



A 



t 



|n Section 1-3 we found that under the operation of addition, • 
the unceT€aimty, is additive. The sum of two ranges of uncertainty 
.is the sum of the midpoints plus or minus the sujn of the uncertainties. 

(X ± Ax); + (y ± Ay) = (\+ y) ± (Ax + Ay) 

■ \ ■• - ■ ■ 

(100 ± 3) + (50 ± 1) = 150 f 4 

■ . >' ■ ■ ■ . ■ . / 

In this section We wish to determine the uncertainty when 
one range of uncertainty^ is subtracted from another; We wish to 
find, for example, the ui^ertainty of the difference when 50 ± 1 
is subtracted £r6m 100 ±3. ' ^ 

V . . . i. . ^ ^ . j ^cA 3cM I 



100 CM 



We determine the uncertainty by first! finding the greatest ' ' 
possible difference between, the two measurements and the smallest 
possit^ie difference between the measurements. The greatest j^iffer- 

ence is .found by starting with as 'much as possible and subtracting 

*■ . ■ - . ^- .■■ ■>■ '■ • . ■ ■•■ r. ■ . . .. 

as little as possible. Thi's is i 
. " (100 + 3)*- (50 - 1) = 103— 49 ^ 



The ismallest^ value the difference may have is found bV start- 
ing with as little as possible and subtracting as much as possible. 



The difference betweeri 100 ± 3 and 50 + 1 may be as great as, 
54, or as small as 46. 

, . ■ ■ . 

The midpoint of. the range of uncertainty is the average of 54 

\ ■ ■ ' ■ ■ . . , ■ .* . 

and 4 6. ; 

The midpoint 50 Ts 4 less than the maximum possible difference 
54, and 4 greater than the minimum possible difference, which is 46. 
The. uncertainty of the diffference is therefore, 4. The difference 
between 100 ±3 and 50 ± 1 is expressed by the range of uncertainty. 

.■ '■ ■ . • 50 ± 4 - ■ -. 

We have determined the difference. biet:weeh two specific ranges" 
of uncertainty." Our. liext task is to derive a general formula for 
'th6 difference between two ranges of uncertainty. We wi'll dp this, 
by repeating the' procedure we followec^ in the example above # but 
using algebraic expressions rather than specific numbers*. 

In finding the difference between x ± Axland y ± Ay, you sub- 
triict X ± Ax from y ± Ay.« The result is greatest when y + Ay is ^ 
as laifge as possible arid x ± Ax is as small as possible. This 
occurs When x - Ax is subtracted from y + Ay. 

(y + Ay) - (x - ^) * y .+ Ay - x + Ax 

The dlJ^erence between x ± M an^l y ± Ay is least when x ± Ax 
is as large as possible* and y ± Ay' :^ as small as possible. 



The minimuin difference is therefore r X • 
' (y > Ay)/- (x +, Ax) = y - Ay - x - Ax 

The midpoint is the average of the maximum and minimum differ- 
ences. It _is • .'■ . ^. ■ 

• '(y + Ay - X + Ax) + (y - Ay - x - Ax) _ 2y'- 2x 

• •. ■ • ' 2 . ■ . • ■ ■ • . ... 2 ■ . 

•'■ ■ ' ■ = y ■-. X. ■■ 

. " The midpoint is simply thoi differences between x and y. 

'The uncertainty is the difference between the midpoint and 
the maximum or between the minimum and t^he midpoint, or what is 
equivaXerit, half ithe difference tietween the minimum and the maxi-^ 

mum. The uncertainty is 

■■ - ■ - ../ ■ ■■■■ - 

^ " (y + Ay - X + Ax) - (y - Ay - x - Ax) . \ 

■ ~~- 

/ ' . ■ y + Ay ■ X + Ax - y + Ay H- X + Ax 



2A y'-»- 2 Ax 



■ • . ■ •= Ay + Ax. .■ . » " 

The- uncertainty of the difference betweeft two ranges of un- 

1^ * ■ ■ ■ ■ i 

certainty Is thus^ the s% of their uncertainties. Uncertainty is 

additive - under the operation of subtraction . : 

■ ■ . ( .< ■ i ■ ■ , ■ 

The. difference between two rslnges 6f uncertainty x + Ax and 



y ± Ay is' given by the J^llowing formula. 



(y ± Ay) - (x + Ax) = (y - x) *± (Ax + Ay) 



We have considered the addition of one range of uncertainty to 
another and the subtraction of one range of uncertainty from another; 
But what if we combine the operations of addition and subtraction? v 
What is the range of uncertainty, for example', of the followiug 

expression? ' ' 

(•6 4 1) + (83 ± 2) - (74 ± '.5) . . . , . 

The problem i;s hot difficiilt if it is divided into steps. ^ 
First we fdnd the range of uncertainty of 

(6 ±1) + (83 ± 2)] . 




■mi 



••'V 



Using the formula for the addition of tC/o range's ^'\<^®^^tainty 

(x ± Ax) "+ <yl ± Ay) * (x, + y) *± (Ax + Ay)> t 
' We- obtain '• • ' .' ' . ' ^ • 

; (6 ± 1) + (83 ± 2) = <t 

^ ■ •■ ■ * . ■--■89 ^± 'a ' ' 



The second step is to find -the^ange Sf uncertainty of' 



1 



± 3) - (74 ± .5) 

We apply the formula l^Dr the difference between two ranges of 
uncertainty./ ' • 

(y ± Ay) r (X ± Ax)- = (y - x) ± (Ax + Ay) 

The result is . . * ^ 

' V (8'9 ±. 3)' - (74 ± ,5) =/(89'- 74) + (3 + .5) 

• .♦ '■ . ... ■ * ■ '-' ■ 

■ ■ •■ = 15 ± -3.5 ...... 




" A 
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TAfiLE 2.--R]5COMMENDED DAli^Y ^DIETARY ALLOWANCES (ABRIDGED)' 

' i ' V (Designed tor the maiiitonunce uf,good nutrition of praiaiiully all healthy perbons in the U.S,^|fl 



.Pelrsona 



Infants.. i..;; ... 



Children.... 



^oyB ..... 

Men 

f 



Pregnant.. 
Laettttinf . 



J • . . • « . 



I & 8 • . 
"8 10 

10 ! •> 
12 11 

11 IK 
18 22 
22 31 

5j 7iV-H. 
10 12 
11 , 

m 

•18 .. 
22 . 
22 

'<io 5.'» 
55 75 + 



12- 
14 
10- 
18 



ERIC 



n : 



Food 
energy 



Aii$ in yeart* > 
From up (o 

o-H'. . 
U-'i ■ 
1,1 

12.. 



I 



M'tiiihi in 


fieiuhi ill 




lutittiitht 


ineh4H 


i) . 


'.. 22 . p 


lb. X54;5 


' 15 . 


25 . . 

... 28:..**. 


lb. X 60.0 


20 . 


lb. x 45.5 


26 . 


... 82 .... 


1,100 


31 


. 36 ... 


' 1,2.10 


:Ki 




1 .400 


42 . 


. 4:| 


1,600, 


51 . 


. 48 . 


2.000 


62 ' 


..u 52 


2,200 


77 . 


. p"* , 




It.) 




2.700 


1»0 


. 07 


3.000 


; 1 17 . 


. 6!> 


2.h00 


I.V4 


6!! 




154 . 


- 68 • ■ J 


2 mi 


154 


.. 67 y 


"2.400 


77 


. : 56 




n. 


^ 61 


2;300 


114 


62 


2.400 


. 115) 


6.) 


2,300 


128 . 


64 


,2.000 


1?8 


. 64 


A . 2.000 


. 128 


' . 6:i 


\ ' l.^r.o 


,128 


. . 62 


I .700 
t 200 






1^ -+1.060 















. Protein 



lb, X 1.0 
lb. X .9 
lb. X .8 

•• 25 
25 

;io 

»5 
40 
45 
50 
60 
60 
65 
«■» 

' 65 
.50 
50 
65 
- 55 
55 

35 
55 



Calcium 



Uramt 
0.4 
0.5 
0.6 
0.7 
0.8 
O.S 
0.8 

0. !» 
1.0 
1 .2 

1 . i 
1 .4 

0. 8 
V OS 

~ 0 8 
'0.8 
1.2 

1. :i 

r.:j 

1.3 
0.8 
0.8" 
O.X 
0.8 
t,i> 4 
i 0.5 



Iron. 



6 

. 10 
iri 
15 
< 15 
10 
10 
10 
10 
10 

1» 
18 
10 
10 

Jtt 
10 
18 
18 
18 
IH 
18 
18 
. 18 

18 
18 



Vitamin 
A • 



timuil iiiuh 
1,500 

.. r..'>oo 

1.500 
2.000 
2.000 
2.500 
, 2.500 
3.500. 
.1.500 
4,. 500 
•5,000 
o.OOd,,; 

r 6.000 

5.000 

5.nyo I 
5,000 
-4.5i)a I 
5.000 I 

5,00() 
5.000 '■ 
b.tJOO 
.5,000 
5.000 
ii.OOO 
6.000 
8.00(» 



Tllia-^ 
min 



Midi 
tfriimi) 

0.2 
0.4 
0.5 
0,6 
0.6 
. 0 7 

0. H 
I.O 
1.1 
1.3 
1.4 
1.5 

1 4 

1 .3 
1.2 
II 

1. -J 
1 2 
12 
i 0 

,1 .» 

1.0 

ro.i 

. \ 0 5 



Ribo- 
flavin 

« 

.OA- 

0.*5 
0.6 

. 0.6 
0.7 

"0.8 
O.SI 
1 .1 
4.2 
Lv3 
1.4 
1.5 
1.6 
1.7 
1.7 

.1.7 
I .3 
I .4 
1 .4 
4.5 
1.5 
1 .5 
1 . 5 
1.5 
1 .8 
2.0 



"T" 



Ni;uin 

eqiiiva* 
lent ' I 



gram . 

.7 

8 
8 

. .8 
!> 
11 
. 13 
15 
17 
18 
: 20 

18 

•^|7 
14 
15 
15 
,16 
15 

• 13 

vii 

13 
13 



Ascorbic 
•ari.l 



3;» 

35 
35 
40 
40 
10 
40 
40 
40 
40 
45 
55 
60 
00 
60 
60 
v40 
'45 
50 
(A) 
G5 
5.5 
55 
55 
^ 00 
60 
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a 

ft 

ID: 



rt 
h 

ft 

0 
0 

0», 



. 3 
(D 
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w 

0 
Ml 
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• Gfve the Implied uncertainties of th6 se€ of numbers in each of 
. the followA^|g columnB.„ Include units. ♦ V 

• OL. ' iron;. " ''^ '■ 3'. .. .-niacin ■ >:v^i^<: :■>••'vvy^ -V■.■ . 

thiamin ; 4. vitamin A' 

••. • '■' ■ . • ■ ■ ' .. i ■ . ■■■ . ■ ■ 

Give the implied uncertain^iy of each (of the numbers below. If 
^ more than one answer is possible list all the possibilities!. 

• •■• ' •■ ' ■ :. . ... • ■ ' . ■ ., 

• 5..- .27 8. ■ It)- ; ^ ■■ ■■ . ■ 

« *. • • * 

6. .322 9. 6000 ' *; 

' 5.82' ■ ■ ' ,. ■ ■ y ^ ^ ^ : .1. ■ 

in each case perform the. indicated reminding operation. 
10. Round 6.3 g to the nearest whole "gi^am. 

XI. Round 8.48 m to the nearest wholit meter. / 

12. Rouhd 7.35 mg to the nearest *1 mg.j • 

13. Round , 6, 205 cm to the .i|parest .01 cm 

14. Suppope that you wisb to perform fthe following subtraction. 

.(62 ± 1) - (30 ± 2) 

a. What is the largest posfirible value for the difference? 

b. What is the sm«rj,lest possible value? 

. c. The midpoint of the range of uncgosjainty may be found by 
averaging the largest and smallest possible values. Pinb the 
midpoint. 

. . •§•.■. 

, What is the uncertainty in this problem? ^ y 

I e. Write the difference as a range of uncertainty. 

(Multiple =iGt\oice) * 



JL5. (B,Q,± .5). - (20 ± .3) « . 
■ .. ..^ . ■ \ ■ ■ ■ ■ ■ 
a.^ (8(J— .5) f K20 —^.3) c: (80 ^ 20) ± (.§ + .3) 



h. (80 - .3) ± (20 - ,5) j^., \B0 + 2J) (.^- .3) 



I 



(Multiple Ghdice) 

16, (s ±"As) - (t ± At) = { ' 

a. (s - As.) ± (t - At) } c. (s r t) + (As + At) 

bv (s - At) ± (t - As) d. , (s - tj ± (As - At) " 

* . ■ . ^ t 

Perform the following operations, indicating- the resulting range 





















« 






n. (9.3 ±..4)"^ 


- "(6.6 ± . 


.3) 

• 








18. (8.5 ± .2) 


- (12.4 ± 


. 7 )■ . 








19. (9.4 ± .6) 


/ (2.1 ± 


.15) - 


(3.1 


± . 


15) 


'20. (8.0 ± \7jJ 


- (2.0 ± 


.8) + 




t 


2) 


21. (6.9 ± i.3) 


+ (8.2 ± 


2.3) 


-\(9. 


0 ± 


1) 


22. (3.7 ± .4) 


- (2.1 ± 


.2) 




# 





23. A student is trying to determine the .quantity of water in a 
griddle cake. If the cake weighs ^ .'500 ± .005 grams before 



drying and 12.150 ± .005 grams aftet drying, determine the range ^ 

* i|> ■ ■ ■■ 

of uncertainty of water in the cake. % 

24. A recipe cdils for flour, water, ah^^^ugar. If fou used 5.330: 
.002 grams of flour, 8.220 ± .003 grams of sugar and there were 
15.000 ± .010 grams of the final mixture, hoW much water did you 
use? '■ 

■ ■ ■ ' • ■■ \ . '■ ■ ■. ■ ^ ■ ■ ' ■ 



SECTION 3; ' . 

3-1 Propagation Of Error Under Mu^tiplicatig^ 

We have been, investigating, the propagation of error under 
mathematical operationa. Iri previous lessons we considered the . 
operations of addition and subtraction. We will now investigate 
the propagation of error under multiplicatipn by conaidering a 
specific examplef as we did with addition and subtraction. 

Our exaunple concerns Boyle *s Law. BoyleVs Law states that - 
the product of pressure and volume is constant for any gas at 
constant temperature. The proJi^em is as follows. The pressure 
of a gas is 10 "! .1 atmospheres and the volume is 3 ± .2 liters. 

What is the range of uncertainty of the product of pressure and 

■ ■ ■ ■ ' ■ «■ . • ° ■. ' ■ ■ . • ■ ■ 

volume? 

In other words, what is 

(10 ± .1) (3 ± .2) 

We tirst determine the maxin^iun value that, the product may have 
The maximum possible product is found by multiplying the maximum 
jpssible pressure and maximum possible volume. .This situation re- 
sembles that of addition, in which we also combined two maximum 
values. * ' 

•The maximum possible pressure is 10 + *1 « 10*1 atmospheres, 
while the maximum possible, volume is 3 + .2^- 3.2 liters. The 
maximum possible product of these two factors is then 

(10.1) (3.2) = 32.32 iiter-atmospl^eres. ^ 

* The minimum possible product is found bymultiplying the mini- 
mum possible^ pressure by the minimum possible volume. ^ 

* (10 - .1) (3,- .2) = (9.9) (2.8) ■ r 

;. « 27.72 lit jr-atmospheres 

The product may ^ave any value from 27.72 to 32.32. The mid- 
point o£ this rangfe Is the average of the'extremes, i^f, 

27.72 4- 32.32 ^ 60.04 . 

• • ~T - ■ . 

« 30.02 litar-atmo$pheres 



The uncertainty of the product is the dif f erence betweeri the 
maxim^im and the midpoint (ot between the Midpoint and the miniinum) 

32.32/' - 30. 02 = 2.30 liter-atftipspher^, 



prr equiyalently, . Half , the difference of the extremes 
32. y2 - 21,12 ^ 2.30 liter^atmospheres 

The midpoint of the product is 30.02; the.absolute error is 
2,3a. The range of lyicertainty of tfe' prbdtict is thus 30.02 ±. 2*3 
liter-atmospheres. ; , j. , 

(lOl i .1)(3'± ,.2) = 30.02 ± 2.30 

Wheij^two ranges of uncertainty are added, tl|p midpoint of the 
sum is t]^ sum of the midpoints of the addends. However, the re- 
sult, of our multiplication is not analogous to the result of addi- 
tion. The product of the midpoints of the factors is not the mid- 
point of the product The product of. the midpoints of the factors 
is 10 • 3 - 30,' while the midpoint of the product is 30.02. 

Multiplication of two ranges of uncertainty is not analogous 
to' addition in another way. When two ranges of uncertainty are 
added, the uncertainty of' the sum is the sum of the uncertainties 
of lrhe addends. However, the Uncertainty of a product is not the 
product of the uncertainties of the factors. The -product of the ■ 
uncertainties of the factors is (.1) (.2) = ,02, while the actual 
uncertainty of the product is 2.30. Clearly, the propagation of 
error in multiplication is more complex than it is. in addition. 

. In order tfij* determine the rules of obtaining the product of 
two ranges of uncertainty. we will perform a multiplication alge-\^ 
braically. We will- find the range of uncertainty of the prodiyct 
of X ± Ax and y %■ A y. ~ " ' 

' " ■ ■ The, fiaximum* possible value of this product is ^ 
' (x + A3t) (y + Ay) = xy +«<:Ay +,yAxi,+ AxAy 
» The minimum possible value of the product is 

(x - Ax) (y - /\y) = xy - xAy - yAx + AxAy 



The midpoint of the product is the average of the maximum pos- 
sible value and the minimum possible- value. It is ' - 

(xy + xAy 4- yAx f AxAy) + (xy - xAy - yAx + AxAy) 



2xy + 2AxA.y 

: 2 ' ■ ■■■ ■': 

■' = xy + AxAir-. 

• ' V . ' ' ' ■ ' ■ ■ "■ . 

The uncertainty is the difference between the maximum possible 

1 '■ ■ _ ■ ■ . ■ I » ■ ■' ■ . . ■ . . ■ 

value and. the midp6int. This difference is . 

(xy + xAy + yAx + AxAy) - (xy + AxAy) 

:\ .■■/■... . ^ =^.xAy:+-yAx_ _ ' 

. The midpoint of the product is xy + AxAy, and the uncertainty 
of the' product, is xAy + yAx. The range of uncertainty of the- 
producif is therefore given by the following formula. 



(x^ ± Ax) (y ± Ay) = Jxy + AxAy) ± (xAy + yAx) 



Often an uncertainty is very small compared to the midpoint.' 
Wheh Ax is very small relative to x/and Ay is vjery small relative 
to y, the product AxAy is extremely small compared to the product 
xy. in these cases little accuracy is lost by ignoring the term 
AxAy in the midpoint expression (xy + AxAy.) . v , 

■■ ' ■ xy +/ AxAy . - xy 

This leads to an^ approximate formula for the product of two 
ranges of uncertainty . 



\ 



(x ± Ax) (y ± Ay) xy ± (xAy + yAx) 



' For e?campleV consider the product of the jtwo ranges^ Of uncer- 
tainty (10l± 1) and (100 .± 1) . The product xy'" is 



The product; AxAy is 



10 . 100 = 1000 



1-* 1=1 



The exact midpoint xy + Ax£y is thus 



\ 



1000 + 1 « 1001 



» ■ % 



32 



2S 



The approximate midpbint xy is^OOO , which is very , close to 
exapt midpoint. / ^ ^ ' 

The uncertainty of this product is xAy ,+ yAx. : 

y^: ■ ■ ■■ : . ■ ■ . ' ' ' ■ ■ . 

♦ xAy + yAx « 10 • 1 + 10,0 • 1 



r_ « • ■ . ■ ■ 110- \ ' , 

The exact range of uncertainty of the product is thus . 
V , .1001 ±110 . . .. 

The approximate range of uncertainty is 

1000 ±110 , .. ,.. ■ . , 

The approximation is not as good when- the uncertainties of. * 
the factors are larger relative to the midpoints. For example; 
• the exact raiige of uncertainty of the product (8 ± 4) (10 ± .3) is 

- • (8 • 10 + 4 • 3) ± (8 • 3 + 10 • 4) . 

=. (80 + 12) ± (24 + 40) 

. * ' . ; = 92 ±- .64> 

■ ■ ■* ■ ... 

I The approximate range of uncertainty, however, obtained by 
ignoring the ZocAy term, is 

. (8 •,10) ± (8 • 3 -f^p • 4) = 80 ± 64 > 

This approximate range of uncertainty of the product is not 
very close to ^e ex;act range of uncertainty. - 

. Using the appros^imate formula for the product of ;wo 'ranges 
/■ ■ > ■ . . • V f - 

of uncertainty sacrifices accuracy. It is in fact a form <5f compu- 
tational 'jerror. However, the'lo^s of accuracy is compensated by 
the ease of computation,. Because computations are made easier, 
the AxAy term is common :|.y ignore^ when finding the range of uncer-; 
tainty of a product. )^ . , ^ ' '.'-^ 

3-^2 - Implied Error and Multiplication .* 

' An interesting, problem occurs when measurements ha^/ing implied 
uncertainty are multjlplied. Suppose the measurements are. 9.99 atid 
10.01. .' If the implied errors pf these numbers are neglecteci, their 

produotis ■ ; ^ ■ 

/ ' j ^ 9.99 • XO. 01 " 99.9999 i'.' 



The imjlUed uncertainty of 99.9999 is .00005. But is such a small ^ 
impliiBd uncertainty justified? Dg we really kriow" the product that 
accurately?. ' 

Let us repeat the^ultiplication taking into account the im- 
plied uncertainties .of the. two factors. The implied uncertainties 
of both 9.99 and 10.01 are ..005. These factors may then be expres- 
sed as ratiges of uncertainty. 

9.99 ± .005 and 10.01 + .005 • V 

The product of these ranges of uncertainty (lising the approxi- 
mate formvila) is , 

(9.99- ± .005) • (10. 01 + . 005) \ - 

= (9.99 .10.01) ± [9.99 (.005)+ 10.01 (.005)'] 

=99.9999 ± V005(9.99 + 10. OX) 

• =99.9999 ± .005 '20 / . 

= 99.9999 ± .1 

.... 

The uncertainty of the product is actually .1. The product 

it not known with the accuracy ' than "an implied uncertainty of . 
.00005 indicates. , , ' , 

The |)oint is hot; that implied uncertainties are not valid, but 
that stating the product as 99.9999 is misleading. The accuracy 
with which th^ factors are known does not justify implying that 
the product is" known with such great accuracy . 

' Notice that very little accuracy is lost if we round the mid- 

■ ' ■. ' 2 

point of the, jiroduCt to 100. If we state the product as 1.. 00 x 10 , 

... 2 

the implied uncertainty is '.005 X 10 or .5. If the product is 
^ated^as 1.000 x 10^, the implied uncertainty is .0005 x 10^ or 
.05. In the first case/ we are implying a greater uncertainty than 
is necessary. In the second caseV we are implying less uncertainty • 
tham there actually is . 

The- only way out of this dilemma is to state the product as 
a range of uncertainty. The. most exact statement of the product is 

, ' • ■ 99.9999 ± .1 



when the approximate^ formula is used. Another; very reasonable 
[^tatein^t would be • 

' . . ■ 100 ± .1 ».. ■, ' . ■ ■: ^ ■ . . 

Keep in ndhd that this discijrss:^on applies only to numbers 
which have an implied uncertainty, such as measurements. liij the 
realm of pure ■inathematix3s, the; statement 

.9,99 • 10.0.1 = 99.9999 , , 

is a true statement. . - ' 



PROBLEM SET 3: 

li Given the expression 6 ± 3.2, answer the following. 

-• ■ ' • ■ ■ ■ " ' . 

' . . *• ' , ' . ' 

a. ' What is the largest possible value of the expression' 

■ ■ . • . ■ ' ' ■ ■ L- ■ 

b. Wha-t is the smallest possible value of , the expregsion? 

c. What is the midpoint. of the expression? 

d. What are the uncertainties of the expression? 

2. Given the expre^ion g ± At, answer the following. 

' ' .'■ •' f ■ ... ■ , . ■ . ■ .. ■ ■ ■ . ' 

a. What is the largest possible value of the expression? 

b. W^t is . the smallest possib^le value of the expression? ' - 

c. What is the. midpoint of the expression? 



d. What is 



the uncertainty of the expression? 
,^3. Given the product, (6 + 1) (7 + 2) , 
\ a. wl|bt is the maximum product? 

c. Find the aver^^ge of the^Si^imum and minimum products. 
This value is the midpoint of thev-^ange of uncertainty of the 
product. \- ■ •■ . I . .'. 

d. Subtract the minimum product \found in Part b froSl the . 
maximum product found in Part a, a\id divide the difference by 2 
to obtain the uncertainty. \ . 



G . Express the range of uncertainty of the product in tfee 
form (midpoint) ± (uncertainty) 

4. Given lOie product (6 ± 1) -(7 1 2) , 

.a. What is the uncertainty of the first factor? 

b. What is the uncertainty of the second. factor? 

c. Find the produbt of the. uncertainties. 

d. Is ^ the, answer to Part 4c the same as the answer to Part 3d? 
That is, did the uncertainty of the product turn out to be the 
product of the uncertainty of the factyrs? .'' 

e. If your answer^to4d is "no" which is the correct way to 
solve problems of this type? 

5. An arithmetic example of the algebraic expression (a 1 Aa)' 
(b ± Ab) is (10 ± 1)(15 ± 2). / 

a. What are a, Aa,; b and Ab in the example? 

■ b. Given that (a ± Aa) (b ± b) - (ab + AaAb) ± (aAb + bAa) , the 
expression (ab + AaAb) is the ' of the range of uncertainty 

of the product, and (aAb + bAa) is the . _ of the range 
of uncertainty of the. product. 

c. Use the expresi,sion in Part b to calculate the range of - 
uncertainty of the numerical example. - y 

6. > Given that the range of uncertainty of the product (x i Ax) 

. <y ± Ay) may be stated approximately by the expression xy' ± (xAy + 
y*Ax) and exact'ly by' the; expression (xy . + AxAy) ± (xAy + yAx) > find 
both the approximate and exact products for each of the following. 

. , a. (11 ± 1) (12 ± 2) :'-c, (15 ± .01) (15 f .05) j , 

- b. (18^1 .1) (10 ± .01) d. (h ±^h) (s ± As) 

7. Elmo wants to find the area of his classroom by using a ruler 

\ to measure the length and width. After several hours of ^earisome 
work, he finds the width to be 10 meters, give or take ^ meter, 
and he finds the length to be 7 meters, give or take meter. 
What Is .the exact range of uncertainty of tjie area? The approximate 
range, of uncertainty? ' 



8. a. What is the implied uncertainty of the number 9.98? 

• ' . 

b. What is the implied uncertainty of the number 10. 02? 

C'.^ Ignore ertor considerations to de1;ermirie the product < 
.<.9.98)(10. 02) . State the implied uncertainty of the result. 

d. Calculate the true uncertainty of the product by use of 
the formula <xAy + yAx) . 

. Tlje true uncertainty is 2000 times larger; than the implied 
uncertainty of the incorrectly stated product in Part <b. This 
is one of the most common errors made by stfidents. Beware ! 



^5ECTI0N 4 1 . ' 

4-1 Relative Uncertainty 

By now it should be apparent that every measurement has some 
degree of uncertainty. One method of reducing uncertainty is 
through careful aWention to the measurement procedure. But ulti- 
maiiely the accuracy of a measurement --is limited by the quality of 
the measuring "instrument used. If you use a metric ruler which is 
poJbly constructed ^and calibrated, there is little hope of an ac- 
curate measurement. . 

When required, scientific measurements are made w^^ high pre- ' 
cision, high accuracy instruments. In Biomedical Science, the, 
-flasks, graduated cylinders and balances which you use have all 
been designed with accuracy in mind. Yet they are still imperf^tJj; 
made and manufacturers of ten include an estimate of accuracy in 
equipment catalogues, j 

A description of a 250 ml Erlenmeyer Flask states that the 
graduations are accurate to ±5%. What does 'this statement mean? 
It means that the true value of the volume i^mthin five percent 

* of what the flask reads, in other words, th#|hcer|^inty of a 

■ ■/•■■■ ■■■■ ■ . ■■ •- ■ ■■ ■ ■ ■ ■ " 
reading of 200 njl is 5% of 20;0 ml or 

.05 X 200*= 10 ml . V 
Therefore, we can Write the reading as a range of uncertainty 

200 ± 10 ml 

Often, however, the uncertainty is left as a percenta^ge. ; In that 
case, t'he above range of uncertainty would Ife written as f 61 lows. 

." ^ ■■]■.'" ■■■ 200 -i' 5% ml ■ ■ 

When an Acer tainty is stated as a peifcentage of the midpoint f 
it is called a* j relative uncertainty . The term " relative \incer1;aint^^^ 
is used because the size of the uncertainty is related -t^o.tjie-^^^iz^- 1 
of the midpoint. The greater the midpoint, the greater is the 
uncertainty. . ' ^ . ■ • ' ; '. ^ ■ ■ ' , """■i,;^^.-', v Z^-; 

We have two ways to express uncertainty; afesolute uncert%Lhty 
and relative uncertainty. Wh^n the size of an urtdertaintY remains ' 
the same regardless of , the size of the midpoint ^^^^^ range of * 



c 



t, 



'uncertainty i^ dsuff^^ in- terms of- an absolute uncertainty^ 

For example, ,, if a thermometer can be read only to the nearest 
degree, the scale reading irelate^ uncertainty I's . 5 degrees for 
an;^ temperature ► The absolJte uncertainty ,in scale reading is ? 

, the same fir a measurement of 80* C as i^ 20** G., Th^ 

ranges of . tincertainty which express this scale reading uncertainty . 

• are alo ± .5** C and. 20 ± C. ' . ' • 

, When the size pf an uncertainty is . directly, proportional to . 
the size of the midpoint, the range of 'uncertainty is .usually Stated, 
in terms of a ^relative uncertainty; In . the ■ example of the Erlen* 
meyer Flask,' the size of the uncertainty was direqtly proportional 
to the volume ^^eading. Therefore we would usually give readings 
in terms .of- relative uncertainty, 'for exampl^|75 '± 5% or 200 ± 5%. , 

4-2^ Intercbnverting Relative Uncertainty a^^.j^bsolutff Uncertainty 

Converting relative uncertaintjr to abso^te uncertainty, and 
the reverse r is not difficult, as the following examples show. 

■ EXAMPLE ; - ■ '.- • • ■■ ■ . \ \ 

Express 10 ± 1% g in terms of absolute uncertainty. 

SOLUTION: 



e absolute^ uncertainty is* 1 per cent of .10 grams, which* is 

100 



The absolute uncefWinty i The rangfe of undeirtaii^^ 

using absolute lyicertain^y is ^ 



10 ± . 1 



EXAMPLE: 



Express 50 ± T cmi in t^rmsf of relative unc^rt^ihty- \ 



SOLUTION: 



absolulle uncertainty . is^ 1 , and"; the ' midpoint^ is SO.^ a is* 
^ of ^ *, . To convert to a per^^nt4ge , M .multiply by 10p% . . . 



Vje 




Since Ihe absolute unceir^ihty is 2 per oent of the midijoint, 
the relative uncertainty is 2 per cent. / . ' ^ 

Th,e' ran^e *of uncertainty is* expre$ked as ' ' 

•: • ■ ' ■ .• ,. 50' ± 2%' cm ■/ _ ■ 

.. EXAMPLE: ■•• 

' i ' Suppbse. that quarter-mile tracks are laid out with an aljsolute 

' uhesertainty ofv5 f^et. , 

■ ■■ ■ ■ * ' - ■ ' ■ ' . 

• . a. ^pre^s the i;ange of uncertainty in. terms of relative 

. uncerraiVtV.- ' ' . . ' - ' " ■ " : 

b. When a perspn has run 8 laps, what is the range of un- 
certainty of the d-istance he lias rurtj using relative uncertainty? 

' c. What is the range of uncertainty of the distance he has 
\;run, i-n. terms of ab^clute uncertaintY? ; 

SOLU TION ; ] . ^ 

a. J mile = 1,320 feet. The absolute uncertainty is ^j—jj^ 
ot the 'midpoint, we convert p-jl^, to a percentage by multiplying 
by 100. " > . 

. ' ■■ . looft - ^520_ f ' 

irm " 17320^ 

. :. ■ ' :■ ' ■ •. .38%." - 'v ■■■■■ - ^ 



The length of one lap is> thus 

' , . "* 1,326 ± .38%' ft. 



1 >■ 



For Qne .lap the absolute uncertainty is 5 feet; for two 
laps it* is 10 feet. The a^DSolute uncertainty is prc^rtional .to 
•the midpoint, f Therefore, Jthe relative uncertainty is the same for 
every distance: The midpoint is ' . 



8 •; ^320 = 10,560 ft 

The range of uncertainty is ^ \ 

■ . ■ »■ , ■ ..>. ' ■. 

r » Id, 560 ± .38% ft. 

c. .38% of 10,S6p is- 

j38 . 10.560 ^40 H 



as much as 40 feet more than 



tke length pf 8 ^laps i? 

■ » ■ ' ; ■ ■ 10,560 ±; 40 ft^ 

Wheh a rui^^r runs 8 laps he may run 
two Ifiilifes-^ or as/muchv as 40 feet less than two miles. 

/; We C!onclu;de this section by cohverting absolute uncertainty 
tQ relative uncertainty and the reverse for ranges of uncertainty 
involving alcTebraic quantities, 

I TheT eJcpressioii X ± Ax is a range of uncertainty in terms of 

absblute uncertainty. The absolute uncertainty Ax is — of the ^ 

* Ax ■' ■ ^ ' ". "* # 

midpoint x.: The fraction is converted to a percentage by multi- 

pXying by 100%. The relative uncertainty is ' ' 

' 100 ^% 

■. ■ • ' ■ ■ 

The range of uncertainty in terms of; rel§»tive uncertainty is con- 
sequently * ♦ 

' , « X ± 100 ^ % ' . 

' ' ,■ ■ , . X ■ . 

We may convert a range of uncertainty with algebraic quanti- 
ties irt. the opposite diriection aJi^so. The expression x ± p% is 
a range of uncertainty expressed iri terms of relative uncertainty. 
The relative uncertainty is P^per cent, so the absolute uncertainty 
is times the midpoint, .which is x. / 

Absolute uncertainty = I§o * ^ 
Therefore the^ range of uncertainty in terms' of absolute uncertaintV 

is. ;■ . ■ .. ■■ ' 

.100 ' ■' • 

.PROBLEM SET 4: 

1. Given the ex^r^i^sion 10 ± .!» calories 
^ a. What ii^ the absolute uncertainty? 

b. ComputeV the relative uncertainty. 

c. Writ6 the expression' using relative uncertainty. 



2 ' Given the expression 150 ± 2% 'meters 

a. What is the relative u|icertainty? / 

• ■ . '• * ' ■ • . ■' ' ■ ' 

b. Compute the absolute uncertainty. . 

■ ^ ■ . .. ■• •' . 

c. Write the expression using absolute uncertainty. 

' ■• ' • ' ' ' ' 'f' '■" ■ . ■ , ' ■ . ' • 

Write the, following expressions using relative *tincertainty. 

^3.' 5 ± .1 seconds. , 5. 100 ± . '5 meters 

4. 20 ± .1 calories 

Write the following expressions using absolute uncertainy 

. .,. ■ - ■ ■ . ■ ■ . ■ ■ ■ ■. . . • 

■ - ' i -* ■ ■ 

6^. 8.8 ± 1% calories 8. 25. 25 .5% calories ' <v 

' . • " ' ■ ■ ■ ' . • 

7. 5.67 ± 10% grams *^ 

^ ■ ' " ' ■ 

Perform the indicated opierations and expness the resulting 

range of uncertainty first in terms of (a) absolute uncertainty 

, and then in terms of ' (bl relative uncertainty. ' 



9. ;(5*± .1) + (5 ± .2) >' 

10. (10.3 ± .2) - (.3-±A0l) 

11. .. Given the expression (20 ± 1%) - (15 ± 2%) 

" ,a.. Convert t'h^ relative uncertainties to absolute uncertainties. 

' b.- Write the expression using absolute uncer'tainties. 

' c . Determine the range of v|ncertainy of the difference. , 

:\ ■ ; d. Express ^^y^ answer to Part c in terms of relative uri^ 
certainty. (Note that your answer is not 5 ±3%, which indicates 
that relative uncertainty is not'additi'O'e under the 6'peration of 
subtraction.) • », ' 

12. JO ± 1% - X ± p% ' i 



X = ♦ c. Ax ^ ^ 

b.- p = 



■ ■■. . \ 

. • ■ ■ • ■ ■ 

13. 28 ± 7 « X >± 
* 



00 

Ax = . 



Ax 



X4. According to an equipment catalog, a 100 ml graduatedl cylinder 
:has an error of ;6%. This indicates that any. measurement made 
' with tjie cylinder may ^be< in error by as much as .6% , which i| 
equivalent to .006 of the midpoint. For the following problems 
we will ignore scale reading error in order to keep the problem^. 
sim.ple« • . 

a. ' What ±s the maximijim amount of liquid that cou#d be. in the ' • 
cylinder when it is filled to the 80 jml, mark? i . ^ . 

•b'. What is the maximum amount of; liquid when it is filled 
the 45 ml mark? 

c. The cylinder is used ^o pour first, 80 mrl and then 45 mlj 
- of water into a beaker. What' is the .maximum amount of water in 

the beal^er? (Assume^ that all -of the water can be poured %ut of 
the cylinder each time.^ ' - . i ' 

d. What would be the maximum *amount of Water in the beaker 

* if the same procedures were used, except that 70 ml were trans- 
ferred first and then 55 ml? J 

. 15, Suppose that a 50-ml buret has an uncertainty of ,1%. Sup- 

• pose tl|at the buret is filled to the 40 ml mark. 

a. what is the absolute uncertainty of tlie 40 reading. 

b. Express the reading in 'the form (midpoint) ± (absolute 
uncertainty) . ■ / * 

16.. Elmo and Alfred are in a class that is studying the metric 
system. Alfred is the best ptud6nt in the class; Elmoy.s not. 

The students are/learning to convert inches to centimetej^-' 
bX^easuring distiances in lynches on a yardstick using a meter 

They measure the length in centimeters of 5 inches, 10 - 
inches; 15 inche^, 20 inches and 30 inches. ' \ 

Al|red.;dpes his measuring by i^lacing the meter stick ney\ji4o 
the yardstick. He finds that 5 incjhes corresponds to 12.70 centi- 
meters. The meter stick has divisions of .one millimeter, and . 
Alfred .figures his measurement may be in error by. as much as .2 tran 
or .02 cm. Therefore, he expresses his measurement as a tange 

of uncertainty, * \ , \ 

\ 12.70 ± .02 cm 




Alfired'then measures, the "length" of 10. inches in the same •. 
%way — ^^by placing the yardstick next to the mettiA stick and noting j 
that 10 inches is 25*40 Cig^ntimeters long. - , • 

ElAno , hgs^'ever > uses a different method. He measures the length 
of each inch, one at a time. He finds that the first inch is 2.54 
centimeters lon^r. Error is Elmo's specialty; although he is just 
plain incompetent in most things, he is good in error analysis. 
He Icnows that his measurement of 2.54 cm has an absolute uncertainty 
•of -.02 cm. ■ . : 

0 Elmo measures . the second inch and finds that its length too 
is 2.54 ± .02 cm. The length of- 2 inches ^is the sum of the lengths- 
of the first two inches... , ' 

■ (2.54 ±.02) +(2.54 ± .02) = 5.08 ± .04 cm 



^ Since absolute uncertainty is additive urider the operation 
of addition^ Elmo adds .02 cm to his uncertainty with each measure- 
ment. By the time he has measured 5 inches, his uncertainty is ♦ 
5 X .02 -.10 centimeters. Elmo expresses the length of 5 inches 

as . ■ . . ■ ~ . • , 

Ii2.70 + .10 cm 

Elmo continues to measure the other lengths in the same way, 
long after Alfred has gone home. " • 

a. Which student had constant absQlute uncertainty? 

b. Which student had constant relative uncertainty? 

c. What was his relative uncertainty? .. ■ ■ , 

. / - ■ ■'■ ■ » ■ 

d. What was the absolute uncertainty of his measurement of 
the length in centimeters of 30 inches? 
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5-1 Erroft That Can 'Be. Corrected 



' Occasionally you see signs alohg highways that read "Speed- 
ometer Check" or "Spe^dome^r Test Section." These signs are 
followed by signs ^ndidating one-mile intervals. 

Speedometer check signs may be -us^. to determine the. accura^j 
of a speedome^njf . T^ey may also be used to check the odometer, 
the instrument that indicates the number of miles traveled fc^y a 



I 



car. 

Assume that our car not only has an odometer that records the 
total mileage traveled by the car, but. also has a trip odometer # 
which may be set to zero at any time. We approach a speedometer 
test section and set the' trip odbm^ber at zero as ^e pass l^he sign 
indicating the beginning, of the fii^st test mile. 





0 


o: 






0 



As we pass the end of the first mile, the odometer readis 1.1. 




0 


0 


.0 


1., 





As we piass the en^ Of the second test mile r the odometer reads 2.2 




0,. 


0 


0 


2. 


2 



continue jouj^ trip, and the odometer eventually reads 132.0. 
But how many miids have we-;' actually driven since the start of the • 



speedometer checl 



:? 



Measurement error is the difference between the t^ue measure- 
ment and tl^ reaaing-^ of the measuri$ig instrument. Up until now we 
could o«ly approximate the maximum size of the error. We call 
this aipproximatipn uncertainty. In the case of speedometer correc- 
tion we will be ^J^^le to do more. We yill be able to estimate both 
the direction an^ the size of la^major; error . ♦ Other errors Wil^ < 
remain, such as drror in the ^)lacemen^ of the sign posts and error 
in reading the odpmeter exactly when the sii^ns are passed. But we 
are ignoring uncertainties in our readings at^d concentrating on a 
major error which can be corrected. \ \, I 

. • ■ ■ / \ :■" " ' . \ ■ ■■■■ ' . ■■■ 'I" 

Notice ^hat the odometer 'reading is always too large. jAt the 
end of one mile th^ odometer reading is too* \arge *b^ . . 1 miles. At 
the end of*: two miles the reading is too large\by miles. To put, 
it^another way, the actual distance traveled is alVays less than 
the odometer reading and the discrepancy grows With the length of 
the ^^ip. ' JWe may cotrfect the odometer trip, readinf of 132 . 0 miles 
by using Jfe informat^iih obtained from t'he speedom^tet check. The 
.question is, what mus\: we subtract from the odometer reading to 
obtain the actual mile^age of the trip? 

. First note that wl\en the odometer reading was 1 . l ^the .error 
.was^ .IL miles. Thf relative error was 

1 100. 




or appj?^xiinatelw 9.1%. 




100%, 



8 



f 



V 



* 



30 



V^en th^ odometer read 2,2, the relative error was 



♦ .100 % = % 



the same as for the first mile. 
^1 The- reason why odometer reading* have constant relative error 
is jfeot -^he subject of this mathematics section, isiit we may men 
tion ith^t tire size is one factor. An odometer counts the numbe 
of revoliutions kade by the wheels, and converts this to /miles by 
■ multiplylin^ by a factor assumed to be* the distance traveleia per 
'r(evoluti<j)n. If the tires have a greater circumference /than that 
upon whiifh the assumption was based, the car travels a/ greater dis- 




tance, perl revolution. If the car^travels a greater di/star^ce per 
revolutioyi than was ai^sumed in designing the oddmeteri theyodometer 
indicates fs^er miles tftan actually were travele^. ife the ;tires " 
are of smellier circumference (due to bding badly worri, for instance) , 
the odometpr indicates more miles than j^he miles actually traveled. 
The theoretical error caused by assuming an incorrect tire size : 
introduces ^^a constant relative error into the odometer reading 
(constant, ^t least, a|i long as the tire si2ie rem 

The reJ^ative error of our odqtaeter is app;irox4. 



IS conjstant) . 



cent . When the odometer \ reads 1 



3^.0, 



the abarolute 



reading is 



9.1 

100 



• 132.0 ^ 




ately '9.1 per 
errpr ,of the 

/ ■; ' \ . ■ 



The absolute error i^ 12.0, and since the odometer reading is greater 

... » ■ # ■ 

than the actual nuihber of mile's traveled, we subtract 12.0 from 132. 0 



132.0 - 12.0 =120.0 

When the odometer reads 132.0, the actual num|per of miles traveled 
is 120.0. , ' 

The q|)n Stan t relative error' that occurs in the odometer read- 
ing may be corrected. We corrected the reading by checking the 
odometer against true measurements, the inile markers. This type, 
. Vof error does not involve uncertainty. CorrectibW error i:^» not. 
\ of the "plus-or-minus" kind, which involves maximum or minimuxl 
Valuas.' Rather we* may state the error by the following- expression. 

-\* . Actual miles Odometer refding - 9.1% I 

' r\' ■ . . •■••■■••••■•% 



PROBLEM SET 5: - i 

X. A bathroom scale reads 2 lb when no onjer is'' standing on, it. 
It. reads X02 lb Vhen a standard ioq-lb weight is placed on it. 

a. The .^ale seems to have a(*n) (relative,„absolut^e) error. 

b. If it reads ii 13 lb after Belinda stands on it, what is 
Belinda's probable weight? v 

f" - . * ■ " ■ \ . 

2.. , Another , bathroom scale reads zero lb with np weight on it ; and 
102 wiyi a 100-lb weight pn it. * \ I • : . 

a-. This scale probably Ijas a (n) (absolute, lelative) error. ; 

b. If it reads 357 lb when Errorbella steps on, what is Errort- 
bella's prpbable weight? 

3. Speedometers and odbmeters, are generally in agreement. For 
example, Vijf you travel for one minute at a constant^ ^^0 mph, the 
odometer Will redister one mile, as it should. This means that 
the speedometer will have the same relative error as the odom&ter^ 
The same correction factor may be used for speed as for odometer . 
correctiori. It is easy to imagine. situation^ in which the ability 
to correct for speedometer error might be really . useful , such as 
wtjen a Highway Patrol oar appears in your rearvie^ mirrojc and your 
indicated speed is a little above the speed limit. 




True speed? . 

Assume that the relative error of the speedometer is the same as 
that of /the odometei;. iThe odometer has a relative error. It 
indicates more miles ttian actual miles. ,Show that the tri^e sjpeed 
is ^iout 54.5 mph. / I i 



4, Odometet Reading True Miles 

0000.0 0 
/ >Q05.2 5 * • |.. 

ShpW that the absolute error in the odometer reading after 
5 tiAie miiea is .2 miles. ' ' 

•/T' •■ ■ V " ' ■ ' -i ■■ 'r 

lb. Shpw\;ii9;fe the ^relative error of the odometer is in the 

neighborhood, of 3.8% (not 4* eiactly) . I ■ - ' . \ 

' • '. ■ • . . '■ ".■ I ■. '•• ■ 

c. By usa^ of the f ormula - v ' 

. ' (Odometer Riding) == Absolute Error • 

show that the absolute error in an odometer reading of 130 miles 

is 5 miles. " ^ - 

:■ ' " ■ ■ ■ ' ■ . ■■' 

d. \ -since the odometer reading is (less, more) than, the actual 

number 'o£ miles traveled, the absolute error should be '(a<lded, 

■ . ■ ■ ■ ■* 

subtracted) from the odometer reading. y ^ 



.A i 

125 miles. 



e. Show' that the corrected value for distance travel 



' f. Show that if the speedometer correction factor is. the same 
as the odometet correction factor, then d speedometer reading of 
65 mph has an absolute error of 2.5 mph. 

g:* Show that th4 corrected speed is 62.5 mph, ^ 

5. OdQimeter Reading ' True Miles V 

35026.2 0 
■ • 35029.9, 4 

\ ' ■ ■ ' ■ ■ • •■ ' ' 

a. Show that the odometer indicated a distance of 3.7 miles 

traveled in a distance of 4 true miles. 

b. Show t,hat the absolute error of .the odometer after 3 true 
miles is .3 miles. * v 

. c. Show tljiat the relative error of the odometer is in the 

, ■■ * , ♦ ... 

neighborhood of 8.1%. , 

• d. ' Show that an .indi(;^ated distance of 125 miles is approj^imately 
an actual distance of 135 miles. ♦ 



t 



e. State why cor,rection was addifed to the indicated 
distance. '.. • '~ 

f. Show that an indicated 55 mph is approximately aij actual 
speed of 59 . 5 irfphi (n6tE:: This situation can arl/se when oversized 
tires aje put oil ;the rear. You may think you 'ye legal, but you 

• aren-'t.) . . ' / A- j ' ■ ' ' " 



6. Odometer Reading \ 

25626.8 
25630.0 



True Miles 
0 

■■■ 3. 



a. Afti^r an indicated 210 milesT how many actual miles have 
-you gone? \ State your answer to the nearest mile. . ^ 

b. What is your actu&l speed when yourr Indicated speed is "60 mph? 
^, • State youranswer to the nearest mph. 

7. ,Elmo was cruising along one day in his: Locomobile. ' He" had - 

\ just purohased scmie oversized tires from Reet Red's Square Deals 

, and Round Wheels Warehouse.. The salesman told him that it would' ; 

change his s^)eedometer reading. Accordingly he drove straight to 

a speedometer- check zone where he obtained this information., His 

■ ■ ■.'/■■ - ■■ •* ■ • ■' . 

odometer showed only 1.7 miles in 2 actuai-miles. El|no did some 

■ ■•■ ■ ' ■ > ■ ' . * ■ ■ . . -• ■ 

lightning calculations^ ".3 miles iQ^2 miles is a 15% relative . 

. f error. If ^iny speedometer shows 65' iriph then 15% of 65 is 9.75 or 

about 10* VSince the odometer reads less than true, distkice-iiiy true 

spe'ed^must be less than my indicate|d speed by 10 mph. I must be 

going* about 55 mph.". Elmo continued to cruise. along at an indicated 

65 mph. After an . extremely short time -poor Elmo Was pulled lover for 

speeding. /The of ficer". claimed? he was going 76 mph. . 

a. Identify two mistakes Elmo made in his calculations. 

■ ■ ■ ■ ■■ ' ■ ■ ■. / ■ ■ ■ . ■ ■ . . 

,b. Do you think the judge will ha ve^ercy on Elmo when he 
t^lls him his story? 
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SECTION 6r ' 

ion of Efror Under Division # 

/ ___ ■ ' ■ .'I •• 
We^ave developed procedures for determining the propagation 

of error when ranges of uncertainty are added, subtracted or multi- 
plied. But we ^«ve hot yet determined the result of dividing one 
range of uncertainty by another. For example V what happens when 
we d Wide 2999 ± 70 by 100 +■ 1. I 

' ~ 2999 ±70 



Toy± 



The quotient has its mftximum possible value when 2999 ± 70 
is as great as possible andsJ^O ± 1 is as small as possible.. There- 
fore, we obtain the maximum possible quotient ^t>y dividing 2999 + 70 
by 100 1. 

. 2999 + 70 3069 *\- 

100 - 1 99 

■: r :\ ; . ■• J 

possible valiie of 2999 ± .70 is divided by the largest possible value 
of 100+1. 

2999 - 70 2929 . • 

100 +1 ~ 101 

■■ / .. ■ ■ ■ ■ ' ... ■ . v 

■ V 29* .■ 

. • ■ ■■ ; ■;■ ■ ■ /■ ■■ \- ■ 1 

The quotient may ^^^^ great ^^s 31 or as. small as 29. The 
midpoint^ of this railge is 



The quotient has' its minimum possl^jle value whe^ the smallest 



^ ' 31 + 29 

/ 



4- 



/ 1 . =30 




The absolute uncertainty is the difference between the maximum 
and the midpoint', or lhalf tke difference between the ' maximum and 
thel minimum. *f . . " . / * 

•• ■ ■ V ' 31 - 29 ^ 2 -v 

••■ « . ■ 2 ' ~ 2 . ;\ • ■ ■ . /■ • . 



. /Th© .absoluti? uncertaii^ty is so the range of uAcertainty - - ^ 
6\ tiie quotient is 

• '\;..;;^% ; y^3o ± i.-'- V ., : ' ; 

Winers in the field of mathematics are not. usually required 
to use data fi^om actual experiments. They are free to use in exam- 
pies whatevier numbers they wish^ and consequently they 1;end to 
choose numbe)rsH^that are easy to work with. In the j example above, 
for instance, numbers were chosen sO that the maximum and minimum 
values of the quoi^nt are whole ' numbers . ' , . 

In actual scient^fic^wSrk we are .usually faced with examples 
in which numbers are npt, so easy,*to work with. It is therefore 
useful to have an algebrai^ formula for the quotient of two ranges 
of uncertainty* Then you ne^ only substitute the numbers into • 
the formyla. Let us siappbse t\at we want to d.ivide the range 
X ± Ax by' the r&hge y ± Ay,..; 

- • * ■ • • ■ 

■ • " k t Ax 

•-. ■ • • .' i- .■' y 
The problem that we hatfie just posed is nothing more than an 
algebra problem, but the coriiputations, ar^ quite lengthy, therefore 
wi Will just present the result and then show how iit can be|applied 
id specific- problems. The res-ult is . - „ • 




X j: Ax _ xy + Ax Ay + xAy t, yAx. 

2 . 2 " ~~2 " 2 
y - Ay . y . - Ay 



y ± Ay 



In order to Illustrate the use of this formula-, let;. us return 
to our numerical example* The example is the divisidti qf 2999 ± 70 
by 100 ± 1. •' We wrill substitute tliese numbers into our algebraic 
expression. .We siet I = 2999 and Ax 70; we. s4t::. y « lO.O and A^y = 1 



X i Ax xy + Ax Ay ^ xAy + yAx 

^ ^ - iL.^' - - ^ 2 

- . y Ay 



y yl- Ay2 



2999 ±70 



2999 • 100 *+ 70.' 1 ^ 2999 • 1 + lOOvTO 















,v;-ic.' 





































7 . 



.This result -is- in agj?^'ement-'.wd4;hi?/pur'':^^^ 



jpghep- -AxAy i-s. a ;^all;.fracti:$on' '<?^ "com- 
pared to y^^ little ;iccuracy lV?>Los|:f^%5i^ i^y^ and 
AxAy. ;^en AxAy andvAy^ ^re ignqr e^i ;t||^ : 
uncertainty., of .the x^uotieirit .; &i#plfoes i^J- 'y.,. J^f. ' 

• - • •• • ■■■■ ■ ■ -^^ ■ V ■:• :■ >■ ■ ■ ■ -■ 



:x ± Ax'^ xy .+ ^xAjrWA^ 



• Therefore, 



X ± A3C ^ X + xAy + yAx 
y ± Ay y , _ 2 



This approximate formula may be applied, to, 'the\ example above.* 

70 is much smaller' than 299,900 and '1 is ihuch ^smaller than lOvOOtf, 

^ * 2 *' 

Let us repreat the computation, ignoring the tenns AxAy and Ay.., 



x f .Ax ^ X ^ xA^' + yAx 

y ± Ay y ." y2 . 



2999 ± 70 2999 ^ 2999 * 1 > 100 '^70 / 
100 ±1 100 " ~ , A2 



0. 



100 
"2999 

Too" 
2999 



100' 

299^ +7000 
10,000 ' ^ 

9999 



IpO - 10,000 



We. simplify this expression to bbtam 

\ . . . ■ ■ 



2999 X 70 

100 ±' 1 .. 



^. 29.99 ± .999,9 ' 



The actual quotient is 30 ^ 1, so very little accuracy has , 
been lost in the approximation. In general', the smaller Ax is 
with iispect to X, and th^ smaller Ay is in relati^on to\y, the 
better is the approximation. Use of the appro^fimate forWula v;^ 



causes a slight, Ip^s in accuracy, but it simplifies the ^omputatioii 
tremendously. ^ ' • / 

■ ■■53 



. : -K ■ 

\ ■ 
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We will ;sho.w one more ^example to ?.llustrate the use- of the 
approKimate formula. The example has. been dhosen to make a point 

concetriing implied uhc6rtaijjty. V . ^ * 

•, • '■ ■■ ^ ■ ■ ■ ' ' ■ . ' ■ " ■ 

.. 'Students often .tak6 two measured pieces of data, such as 1 an^ 

|.>-,dividing 3 into 1, and reporting the qubtlent as .33333,333. - Or 

what is Worse*, since it involves more work, dividing 97 into 103 

aad reporting -the result as 1.061855^7. The numbers are excellent 

approxima1:ions and suggest that thi^ student is trying to do wiell, 

liiut, what about implied uncertainty? The implied uncerta4.nty of a • 

measurement pf. 97 is .5, and the implied unoertainty of 103 is also 

\5v' The impiiedNancertainty: of 1.06X85567 is 0(50 0 0 0 0 0 5 . Is 

such a small implied lincertainty justif iedj? . 



EXAMPLE: 



•Divide 103 ± .. 5 by 97 + .5. 



SOLUTION; 



.5 is much lefss^han 103 and- 9i7 , so we use the 'approximate 
ula. r ■• • ■• « ■ ■ 




^103 



^ ld3- + ( .5X103 +(.5) .97 



103 : .5(a03 + 97) •' 



97' 



103 \ 
97 " 



MW9 



,103 



. Belore computing the midpoint i^^^^) it is a good idea to esti- 
mate theJ undert^irity (54^) • This./ estimate of the uncertainty 
wili-'tell us how many djBcimal places to calculate in the midpoifit. 
First" we rbun.dt* 9409 to the /nearest huhdred^to allow us to cancel 
'some zerps. in . the numerator , 



Consequenjtly 



* i 



9409 a 9400 



1.00 ; 

,94M 



100 
'94^ 

94 
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Nextr ye make the further ajpprox 

.. M- ■ M . . ;/..: 

' . '-. ■ ' • ■ ' . ..; vOil •.. ••■ o' '■. 

!<otice that this estimate of uncertainty has only two nonzefo - ^ 
digits in it. This is the maximum number that you will ever need. 
Most of the time a single digit is adequate. Since we aren't in- ; 
terested in doing any more work than necessary , we , round the uncer- 

tainty back to one nonzero digit. * 

• ■ • ' ■ ■ ■ • . 

■■ .011 -■ ..01 ■ • 

* * • ■ ' * . ■ ■ • . . ' ' ■ • 

This . estimate of the uncertainty (.01) tells us that the midpoint 
should be rounded to the nearest hundredth, i*e. , so that both the 

uncertainty and the midpoint of the prdduct have the same implied 

. . ■ ■ ■ . . it . ' 

uncertainty. , . ' \ 



PROBLEM SET 6: 



Supp6se that ,we wish to carry out the following divisipn. 

' ■ \ 1998 ± 180 ""■ ' 

■'. .. ■ .. .100' ± 1 .. y 

, ' , ■ ^- ' 1 ir \..u- ' • • 1998 + 180 

1. .The largest possible value for this expression is xqQ J.- i • 

Compute; this value. * 

2. Write a quotierit for the smallest possible value of the expression 

3. Compute the value in Question 2. ~ 

4. . Find', the midpoint of the range of uncertainty by using the . 

formula , . ■ ^ 

, /" . largest value + smaldest value 
midpoint - r-—^ — — ; : y — ~ — ^ — 

5. Find the absolute uncertainty by using the formula . * 

..... largest value - smallest value 
. absolute uncertainty = ^ _2 — — - 

. ■ . • ; ■ . ■ ■ , ■ ■ ■ ■ ...j^. 

6. State the quotient as a jrange of uncertainty . 



*1\ a. Use th# approximate formula 

/ —. • • ■ - ■ ■ ■■■ i-M", . ■ . -/'^ 

» ■ ' • ' • X A Ax ,7^ 3g ^ xAy +^ yAx . " • 

tQ| compute the same quotient, \^ 

..• . ■ '• ■ 1998 ± 180 . •■ .. -'^ ■ ' '■ • 

^-.r . ■ . . 100" ± 1 . * . 

b. Is the answer in part a close to that of problem 6? 

|- 8. . Prom a fppd table with an impKed absolute uncertainty of .5 f 
grams it is found that 50 grams of egg contain about 6 grams of • 
■ .protein*^. " ■* '"■ 'j^ ' ■ 

a. Express the ratio of protein IJo total food mas$ as a quo- 



^ tient of ranges of uncer|||j^nty, . i. e. / in* the form ^ - 



y ± Ay- 

• . . ■ * . 

b. Substitute into the relatibn 



y ± Ax _ xy + AxAfy ^ xAy + yAx | 

• , ■ - . y ± Ay ~' 2 . 2 ~ 2,2.. 

• . y - Ay y - Ay 

to obtain a numerical statement of the •range of uncertainty of the 
quotient. Do not simplify. • ' 

c. Note that in this case - ^ 

■■■■ ■ ' ' /AxAy =--.25- . ' " , ' •■ ' ■ 

. ' . ' ; . - Ay^ = .■25- ' , ^ ' - ■ 

■ ■ , ■ ^ 

Rewrite the numerical expressio^n found in Part b, ignoring the .25 
value term. ^ ' ■ . , , 

Use the relation 

■ ■ " ■ X .± Ax ^ X -^^ XAy .+ yAx 

■ ■ - \ ^ ' ' y^, , ■ » • , ' . ; 

to calculate the approximate quotients Of thq^ following expressions: 

9. e^i ^ - / 



d3. i|4^-4i - : ' < 



10. 



6 i...!-. .■ ..^::/- .. 14'. 



11 U.V ^ .\J€, |1 5 . 



erIc . 



16.0 ± 


•2 " 


6.0 ± 


.02 


16.6 ± 


.65 


4,02 ± 


.01 


16.66 i 


.61 


i ■ 





16. 



15.6 ± 


.04 


20.0 ± 
3 . *63 ± 


*01 ~ 
.02 


10.00 + 


.02 "" 


16 *+ .5 




50 ± ».5 




4.25 ±, 


.03 


6,80 + 


.03 " 
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PROBLEM SET 7.j| ■ 

Take your time in answering these guestions.' There should be 
plenty Of time to finish in one" qlass peiriod. 

} 1. Nurse Nathan wishes to determine how many units of tetanus 

' f : ■ '■ . ■■■ ■ ■ ■ \ ■ ■• ■■ ■• • "■ 

; antitoxin are in " . • 

■ % \ 100 ±1 ml 

of a solution labeled , 

lf(jO '± 30 unit^ antitoxin/ml of solution. 

a. Supply the missing units in the following dimensional ' . 
^ algebra problem. _ ,^ 

■ " (100 ± 1) X (1500 ± 30). . = (Range of Uncertainty o^^prpduct) ^ 

b. . Use the approximate formula 

: .. ^ • . (x ± Ax) (y ± Ay) =^..xy ± (xAy + yAx) j / . , . 

to show that ^ - : " 

. (100 ± 1) (1500 ± 30) 150,000 ± 4^00. . 

c. Use th.e relation ' 

• • ' ■ ■ ■ . " . ■ .' ' ■ ' ■ Ax 

. relative ^mcertainty . (%) « £^ . 100% 
' . to show that tfte relative uncertainty of 100 ± 1 is 1%. 

d. ^|hoW calculations that confirm that the relative uncertainty x 
of 1500 ± 30 is 2%. 

♦ e. Show calculations that confirm that the relative uncertainty 

of 150,000 ± 4500 is 3%. 

f. Show calculations, which confirm that the sum of the relative 
* / uncertainties of the' factors is also 3%; ^1 ^ 

Nurse Naomi wishes to determine how many mg of t^ antibiotic 

(terramycin are in i \ " 

V ' LS-i:" .015 ml 

J . of a solution labeled 
y . . .; 200 ± 1 mg . terramyc in/ml solution.* ^ 

a. Supply the ijis sing units in the foMowing dimenSjional • 

algebife problem. . 'V . ' 

(I4B ± .015) X (200 t 1) (Range of Uncertainty) 
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, '. b. • Use. thA approximate formqla s 

• \' '. I (X • Ax) (f ,± ^yV « xy + (x'^y ± yAx) 

'to show that 

. • < ; • (1.5 + ,015) (200 '+ 1) 300 + 4.5 

■ • ' ' . ■ ■ ! "•.■ ■ . ■ ■ ' ■ V • ' . . : ■ 

I . c. Use the rei^atiori 

Ax 

j relative uncertainty (^) ,= • 100% 

• ifc show that 'the 'relative* uncertainty of ^ 

d.| Show calculations that confjrra that the relative uncertainty 
' of 2O0 ±, 1 is .5%. ' , * 

>|. Show calculations whilh c-9nfirra that the relative uncertainty 
ofi 30Q ± 4 . 5xis 1.5%. ^ \ . 

^ f. Show calculations whicl^ confirm that the sum, of the- relative 

• uncertainties of the factors is also 1.5%. ^ • ^ • 
I 3i On your own paper write the information missing in the folfowing 

statements^ 

• a. Irvferoblem 1 the sum of the relative uncertainties of the- 

factors is (numerical answer) . 

: ■ ' ■ • ' ' .. .11' 

/ b. ;[n. problem 1 the relatit)^e uncertainty of the approximate i 

pi^oduct is (numerical answer) i * 

■ c. In problem 2 the sum of the re illative uncertainties of the >> 

factors is ■ ' . ^ (numeripal answer) 

d. In problem 2 the relative uncertainty of the approximate 
product is (numerical answer) 

I e. For both of the previous examples the sum o^^ the relative 
uncertainties:^of the is edual to the relative uncertainty 

of llie I - \- 

' 4. Relative uncertainty may be ydetjeifmined f?ora the following equation 

• ' (absolutes uliOe3ctainty) ] ^ ]_00% » 

(midpoint of thel range o| uncertaint^o . 

The product of two ranges ol uncertainty^ may be approximately ex- 
pressed by the following equal^on; V , 

: Factor 1. factor 2 • - Product • 

' * - ' / — — ^ ■ ' ■ " \ • 

• '(x ± Ax)* '(y 1 Ay) . xy ± (xAy_+ yAx) . . , ^ 



. Midpoint.: Absolute Uncertainty . 
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a. Expr^SB the relative uncaftainty of each factor as an 
algebraic quotiefipt^^^^^^ '^ 

. b. Express the iSalative' uncertainty of the product as an 
algebraic (quotient. , y 

c. -Determine the numerator of the righi-hand side of the 
following equation.. /• ($ 

■ + aoo% - (-2-) .100%, / . 

• d. The left side of the equation in Part c represents the 
sum of the u ncertainties of the factors. 

The right, side of the equation in Part c represents the 
uncertainty of*^ the .approximate product. , 



5. Consider the following^ division problem. 
■ ■■■ ^ ■ . ' - ■ 2499 + 75 

: ; - , - 100 ± V . ■ 

. ^ ' ■ , ■ •■ ' ■ r . ■ ;' ■■ . ■ 

• , vjhere X ± Ax = 2499 ± 75 % . 

. - y ± /Ay = 100 ±1 

a. Show calculations which confirm the truth of the equation 

' ^ 2499 + 75 • 

- / • ■ 106 > 1 26 ■ I 

Note that this is tihe maximum possible value for, the quotient. 

b. Show calculations which confirm the truth of the equation 

■ ' ■■ ' \ ' 2'499 - 75 _ 24 ■ ■ 

100+1 ~ 

Note' that, this is the minimum possible value for the quotient. 

^ c. From^.the maximum and minimum possible values for the 
quotient, oonfirm that the true range of uncertainty for the 
quotient will be 25 ±1.' 

d. Show calculations which^_9onfirm that the ratio of the 
midpoints of the numerator and denominator is 24.99. 

e. Show calculations which confirm that ttie relative uncer-r 
tainty of the numerator is approximately 3%. iJfee the approximati 
2499 IS 2500. "IP^ 



f; Show calculations t\\kt the relative uncertainty of the 
denomin^or is 1%, \ 

q. Show claculations that conMrm that the relative uncertainty 

of the quotient is 4%. \ 

■ • ■ ■ \ ^ ■ ■ ■ • [. 

h. On your owii paper write wordsVt'tiat will accurately complete ' 

■ ' ' ' \ ( ■■ < ■ ■ ■ . I .. I 

this sentence. . .y 

■ For the foregoing division pro]jP.em the ^of the 

uncertainties of the numerator and denominator 



closely approximated the relatiW uncertainty of the quotient 

€. , An .algebraic problem for 'the quotient of. *wo ranges of un- . 
certainty similar to the preceding Problem '4 (on products) will » 
not be presented heVe because it is much more complic^ed than 
the product of ranges of uncertainty. If you are happy about tbis^, 
write yes on your paper. Perhaps this'means that man was meant to 
multiply, not divide. * * • 
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itEyiBW PROBLEM SET 8 ; ^ . / 

T1& first foR: problems are intended ^te help you review how raAes 
of uncertainty behave under the operations^f addition/ subtract .y 
tiin, multiplication and^gdivisipn. ' , . 

ii Addition ' 

(20 ± .04) + (43 i .07) ;>■ ; a/ • ^ ' ' , 

. .y , . / % ^^ange of uncertainty 

• • ' . ■. ■ , • I (sum) 

. b. : • ' ' •'' 4 ■ ' X . '- 'd;- • 

absolute uncertainty. absolute uncertainty absolute uncertainty 

(first tepa) ' (s^cpri^ term) . (of sum) 

e.r The absolute .uncertaint:^in Part d is the pf . 

the aosblute uncertainties in Parts b and c. 



2 . Subtraction 

■ . ■ ■ 



(801 ± 4) >• (l^i. 2) = a. 



b* - ' ^ . ■■ ■ ■ ■ c . : dm 



range of uncertainty 
(difference) 



, J absolute uncertainty absolute uncertainty absol)ite uncertainty 

^ ' ' * ' (first term) (second term) • (of difference) 



1 



The absolute uncertainty in Part d is the of 
the absolute uncertainties in Parts b and c. 

Multiplication Use the approximate formula 

.(x ± Ax) (1^ ± Ay) ^ xy ± . (xAy + yj^x) * . 

to compute^bhe range of uncertainty in Part a*. Then complete 
Parts b through h. 



(100 ± i) - (500 ± 5) a. 



range of uncertainty 



., ^, . » (product) 

b. C.I ■ ■ ■ d* ■. 



absolute uncertainty absolute uncertainty absolute uncertainty 

(first factor) / ' (isecond factor) (of product^ 



relative uncertainty) frelatiVe uncertainty i relative uncertainty 
(first factor) ?^ (second factor) - , (of product) 



. h. The relative ilncertainty in Part g the * _ ^ ^/'"* "of 
the relative uncertainties in Parts e and f. / . 

. ( ■ ■■■ : . ■ . . '. ■ ' ■ /■■ ■■ ■ 



■ ' ' ■ ' . . . V- ■ . . 

4. Pyijidon Use th^- approximate formula • 

(X. ± Ax) <y ± Ay) - - ± ( ^ \l — ^ 

mpute the range pf uncertainty ' in Part. a,. Then complete 
Fart! -Jo through h * 



(300 ^3) 
i 



(-10 ± 1) 



absolute uncertainty 
(dividend) 



relative r uncertainty 
(divid'eaid) 



G.. 



f . 



a." 



d. 



range of uncertainty 
(quotient) 



absolute uncertainty absolute uncertainty 
: (divisor) (of quotient)- 



relative uncertainty 
\ - (divisor) , 



relative uncertainty, 
(of quStient) ' ' 



*^'\'*£ftf ^^elative uncertainty |n Part g is the 
relative uncertainties in Parts e and f . 



of the 



5. Coilvert the relative uncertainty to absolute uncertainty* and 
also rewrite the range oi? uncertainty using ^he absolute uncertainty 

\1500 
,02 



a. 
b. 



2% meters 
11^ % grams 



6. 'in elch case find the implied absolute uncertainty of the. given 
number, n / 



7 



b. 



d. 33.4215 

e. . 675.320 



%. '.l/'/OOO 

7. In the last month Hortense has driven round trip to Nurdsburg 

between 8 and 10 times. In the propess she has driven b^ween 
840 and 960 miles. 



a. 



Exprefes the distance driven as a range of uncertainty. 



\ 



b. Express tt^ number ^of^trips as a range of uncertainty. 
C. Show calculations verifying that the length of one round 
trip to Nurdsburg dannOt be more than 120 miles. ^ 



■ ■ Show calculatibns verifying that thee length of 6ne 'routed 
^tri^; '^o Nurdsburg is at Xeast 84 miies. 

e.\ Express the length of one round trip 1^ Nurdsburg as a 



range of uncertainty. 



I 



J 



< .■ 
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SECTION 9: . 

...... ......... . . 



, 9-1 - ^Introdyction to Vectors 

fehortly you will lie starting'* the s€udy of nutrition in Bioriied- . ^ 
ical Sciencfe classL You will investigate the requirements f6r a 
healthful; diet, how the digestive syste* functions to meet the nutri- 
I fcional needs of tlffe jDbdy and some medical problems associated with 
'■poor nutrition and malfunctions of the digestive system. 

The mathematics material which you are beginning now is intended 
t« lay some. groundwork for your rStu^y of nutrition.-^ You will be 
solving prpblems in^o:lving the basic substances necessary in a hea!).thy 
--diet, All of us must have a certain minimum amount of protein / fat^ f 
and carbohydrate , In Mditlonr,-~ev^r-yone| needs certain amounts of / 
vitamins , and minerals . I '"'"' '! ~— 

^ Vou will be able to answer questions of the following sort When 
• you ,hc^ve 'finished this sequence of mathi lessons , / , 

l\^ For what length of time cafti Wu swil!i~5n the energy Ob i^/ained 
. by eati^ng one hot dpg? , 

2. \ How many spoonfuls 6f peanut/ butter and how many spoonfuls of 

■ ■ ' ' \ ' ■ ■ ■ ■ . ■ . . ■ •■ . ■ ■ 

jelly sHo'u Id be used to make a sandwich, con'taining 12 grams of protein 

and 72 gleams, of carbohydrate? , - - 

3. Iwhat* is the least expensive mixture of peanuts and- cashew 
Vuts contiaining at . least \^s mupA protein , f a| and. carbohydrate ' as 
a pound oif liver? \ ■ 



\ 

9-2 vectors \ 



Mathematicians frequently fiijd it conveniefit_to devise special 
notaticps ^o make their work easier ./ ^ A mathematical notation is oftfen 
a kind of ihcJrthand intended to minimize the amount of writing (and 
reading), Jvectors are a t^e of notation that make certain type's of 
mathematical /operations simpler 1;o perform. • , . > 

. ' ' Consider the following table, which gives the total mass of four 

Areakfast fAods in 'the first cqlumn\ The quantities of prptein^ fat 

I . _ , , _ . . ■ . • • 

and carbohydirate are given in Succeeding columns. ^ 

■ \ "r '57 





iss protein mt 



qarbo- 
hyc^rate 



t 



cup of, orange j uice 
(scrambled egg 
lice o£ bread 



/m. one //glass of^ milk 



249. g^.■ 2 ^ 1 g ■ 26 g 

i6 4 g , 7 g 8 g • 1 g 

23 g 2 g 1 g 12 g 

'2^4"4'g 9*g 9 g .12 'g 



A matli4ma>ticiai/ interesi^d not in nut^rition but only in pure 
.m^thematio^.could call such an array of numbers a matrix . He cou.l-d' T| 
•^rite thenar ray in matrix notation: 



249 


-2 ■. 


1 


26 


. ■ 


7 ■. 


.# 8 


1 


23 


. 2 ^: 


i. ; 


•12- 


244 V 


9 


9 


■ 12 



^ Ma trii^ notation reduces /the writing required, and allocs the^ inathe- 
matidian to. concentrate 'on the numbers. . / 

. ;iA single" row of numbers is called a row vfec'tor . For example, 
a r<iLr vector can be wi^itt en for one cup of orange juice: 

' . -Jl : ■ - ■ ■ . ■ >■ >. . ■ ■ ■ .- ■ 

\ t249r 2, 1, 26] •.. . . ; ' < 

A single column of nijmbers is a. column vectoS: . A column Vector 



for 



Ithe quantities bf,.fat in all fourfoods listed in th^ table is: 



\ 



1 

8 
1 

9 



Vectors' are enclosed in. square brackets,; anid ttffe number making 
up a row vector are separated by commas. If a letter is used to 
represent a vector, an arrow is written above the letter. For example^ 
a matheVtician would kilbw that the statement 

idejitifies* a vector for two reasons. He woul^ know thi,s because of 
the a;M:owi over the and beqause of the square brackets, enclosing 
numbers wnich are separated by the commas. 



i 



65 



T 



1 



'. The /numbers within m brackets are the components of a vector > 
The>umbers 4,* ^4nd, 6- in" the previous. e'xampX4 ar^' the^cpmponents 
of the .U'ctor ^. The' components of a vector may be pute or abstract 
numbers . They may be numbers asspciated vn^th-i*nlt$.*such as ^ , 
4 cm, V cm and 6 cm, or 4 ^g, 5 kg and 6^kg, or even Vcm, , 5 kg ' . 
and 6 sec; in our orange juice row vedtor, the components are 
asspciated with units of grams, , Thus^ . 

' -. [249, 2, Ir 261 \ 

represents 249 g, 2 g, 1 g and. 26 g, respectively. 

In o|Lir study of nutrition we will work mostly with row 
vectors. And we will adopt , a convention for row vectors of three ^ 
components. Our convention will be that. the first component is the 
grams of protein in a f<>od, the second component is; the grams of 
fat, while the third component is. the grams of carbohydrate . Thus 

the vector \ ' : ' . , ^ . I 

. '\ • V •= [p, f,oCl ' : . 1 

. . : V " • 

represents p grarn^^ of protein>, f grams of fat 'and ,c grains of -carbo- . 

' ■. ■ ' ■ ,' ■ ■ • • 

hydrate. v ' ^. , ^ 

We may represent the amounts bf, protein, . fat and carbohy^^rate . 

in one cup of orange juice by the vectpr expression 

• , .; . .. '3 = [2, Ir , 26] . ' , 

.wS interpret the statement to^ mean that the food (orange juice) t 
represented by contains 2 grams of ' protein, 1 gram of fat and, 25 
grams; of carbohydrate. • ^ 

Observe that the order ini^which 'the components are written is 
^important. .v 




is not the same as 



[2, 1, 26] 



The first vector indicates 26 grams of pi^otein, 1 gram of fat andii 
2 'grams of qarbohydratej, but the second indicates 2 grams of protein, 
r gram of fat and 26 gr^iihs of carl^hYdrate. 
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9-3 Se a 1 ar Mul t ip X ica»ioh ; ' /' " » ^ ^. / 

Onef cup ofi orange juice contains about 2 grains. ^| pi^teiA, ^ 
1' gram oi faj^nd -26 grams of carbohydralie . ' How much of ^ach Itype 
of nutrient hoes / two cups of orange juice contaj-n? . Two c^ps ojf 
otange juice, contain twice- as m^ph as bne. cup, or | • 2«>s= 4 grams 
of protein/ 2 • 1=2 grams of fat and 2 ' 26 = 52. grams of ca]|bo- 
drate. . . ^- " 

If vectors are to be useful, we should be able to perform 
these /muitiplicatfons using^vector notation, and in fact we can 
We may calculate the nutrients' ip , two cups of orange juice by 

, writing ' . . . . ' i I . , . ■ 

) . . • ' 2\- J = 2 • 12, 1, 26]. , 

The multiplication on the right side is • done by. wfiting- 

\ • ^ 2 = I2'2, 2'1, 2'26] 

and finally ' 



. ' 2^ = 14,. 2, 52] .■ . * 

'. . . / ■ . ' ■ 

In the same manner we" may determine the quantities of p.roteiu, 

■ ■■ ' . ■' ■ ■ # ■ * 

■ fat and carbohydrate in three cups of^^ran^.. juice. We may W^^^^ 

. : . ' ■ .'3? =. .3 * . 12,' 1,-. 26) ' . . . ■ ,■ . 

' ' ■ ..- ■ ■■ .. . V ■ 

and solve this expression to obtain 

3 J = I3'2, 3-1, 3'26], 

■ ■. • ■ : 3J =.i6, 3r 78]. : .. / 

.Three cups of .orange juice contain 6 grams of protej-n, 3 grams 
:;bf^at and 78 grams of .carbphydrate., I 

We may represent any row vector as ,.- 

The dotis indicate that the vector may hAve any numbariof components 
The general expression' for theifnulfciplicatipn. of a|Vectot >y a nujji- 



XV = [X'Vj^,- X'V^,^. . . 3f v^] '. 



.... ^ -. ■ . . •. ■. ■ . . . --^ . .. 

The numl5er multiplying the yecto^T is called a scalar or scalar 

number . The operation of multiplying > vector by a .s^ar is ^ 



.,.,\. 



called- scalar multiplication . Scalar multipiication is one of the 
techniques use to do nutritional computations ' 

^ . : Scalar multiplication is a : pommutative operation, . Tha.t is to 



I 



xV = Vx 



•fdiany scalar x and any vector V. 
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PROBLEM SET 9: . ' ' 

•1.. Which of tfie: following are vectors? 



b. 



3 
7 
4 

1-6 
16 



■ ■ • ■ >.' 

d. distanc'e AB 

■ . * . * ■ 

e, [4,3. 7].' 



f . 



9''-7'S' 3 

8 ;6 4 2 

7 5' ••3- 1 

6 > 4- 2 0 



17.268 



' ^: 2. Identify in the previous probOiem a'.: row vector, .a column 
'Vector, a matrix and a. sc,alar« * 

: 3. When a -m^thetnatician s^es .the statement . . 

"^.'^-^'V-V^:. ' ■ ■ ' ■''^5#p,[io,. ■■2, 8] ■. ■ ■ " V " ' 

.' '>^hic^ two. things t&ll him that the guantlty repreaented Is a 



7 



vector? ' 
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4. We. have adopted a convention for interpreting vectors. The 

. . I ■ ■ ■ ■ ■ ■ . ■ ■ ■ . . . ■■. ■ ■ " ■■ 

vector j[ 31, 8, ,ll3^in6ans __ g of protein,, g, of fat and g. 

of carl^ohydrate* 

5. y Interpret the vector [1, 3, 14], 

6. The vector for tl^e nutritional ingredients of 245 g of yogurt 

is> • • • • • . ■ ' • : 

Y = [8, 4, .13] . ,;■ ■ ..; , ■ 
How many grains of fat are there in. 245 g of. yogurt? 

7. One scramljled egg contains 7 g protein, 8 g fat and 1 9 ^ 
carbohydrate. ' 

•a. Two scrambled eggs contain \_ g protein, g fat and ., 

g carbohydrate. * 

b. Write the nutritional contents of one egg as a row vector. 

c. If E- [7, 8, 1], which. of the following Is equal to 22?\ 

(1) [49, 64, 1]" (3) [9, 10, 3] 

(2) [14, 8, 1]. (4) il4V 16, 2] 

8. : A slice:bf bread cMtains 2 g: protein, 1 g fat -^--^^ 
12 g carbohydrate. ^ . • 

* a. How much of iach dp 3 slices contain? 

Write a row i^3fer B for the nutritional ingredients of . 




• a slice of br.6(ad;vl^' 



t- 



c. Write a vector equal to 3..B. 
9; Operations suph as 2E.and 3B are called: ^. 

a. vector multiplication 

b. scalar multiplication 

10* Perform the indicated „scalal: multiplications , using^ Vegtor 
notation. ■ » 
• a. One glass of milk .contain^ ?.g protein, 9 g fat and 12 g . 
carbohydrate. How much of each do 2 glafeses contain? 

' b. • A piece of dwiss cheese contains 8 g protein, 8 g fat, and 
l-.g. carbohydrate. How much of each do 8 pieces contain? 



1 



T 



i 



11. Tjjtie vector for the. nutritional ingredients of one- cup of ^ 
cooked spinach is ' , 

a. Curing an unusually taxing day, Popeye ate 12 cups of 
.spinach. . Write/ a row -^vector, for the nutritional ingredient?*' 
of the spinach he ate. - ' 

. b. Jf Popeye needs^O g of protein a day / did he eat enough 
spinach tcf mei^t his requirement^ ^ . 

■ • ' ' ' ' ■ ■ f ■ ■ ■•■ 1 J- ■ 

12. ' The vector for the nutritional ingredients of one cup of raw 

oysters is .[20, 4V 8] . . . How many^ cups of oysters are represented, 
by the vector [5, 1, 2]?, 

X3i ' The nutrient vector P of one sweet potato is 

P = [2>,1, 36] * 

... o ^ 

\ • ■ • • ■ ' .. 

The vector for one cup of rcjasted, cashew nuts is . 

C = .[24, .64, 41]^ 

• . ■ . r ■ ■ ■ 

a. Find the nutrient vector for 20 sweet ^tatoes. 

i b. Twenty Sweet potatoes contain more ' and 

than one cup of cashews. 

c. Twenty sweet potatoes contain less 
of cashews . 



than one cup 



d.. How many sweet potatoes must one eat to get. the s^me amount 
of fat as that in one cup of cashews? ^ ; , ' 

1,4;' Suppose that the nutrient "vector for 195 g of mashed/ potatoes 

M = [4, 8, 24] ■ 

How- many grams of mashed .potatoes are, represented by the vector f 
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SECTION 10: 

10-1 Equivalenil^ Vectors ^ * \ ^ 

V The previous . section confcentrated on. vectors with three compo- 
nents, since these vectors will be used in your study of nutrition. 
This se.ction deals with two component vectors. The components, of 
these vectors will be interpreted as pure, numbers; that is, numbers' 
without units. 




ip6nents may be represented graphically in , 
two'Spdeerin^^:^^g^^im;^^^ on a graph as an arrow. A)r . 

example/ th^:|\;^^^p|SVi may be represented as an aripw whose, "tail" 



is located at the poitM'^IO, 0) and whose "tiead 











I 


(5, 7) 
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" is at the point (5, 7) 



• Note the difference in notation between a vector and' the coor- 
dinates of a point. The coordinates of a point are enclosed^in 
parent>heses, whiles a vector is enclosed in square ^^rackets. The 
numbers within the brgjckets are the components of the vector. We 
may refer to the x-component and y-component ^ a vector but ..these 
components are different from, x-coordinates an^. y-cbordinaltes. 

^. Coordinates designate points on a graph. Components of a vector, 
however, are the differences l^etween the coordinates of the he^d of 
an arrow and the* coordinate* of the tail of the arrow. The comj^nents 
of a vectop' may be found by subtracting the coordinates of the tail 
from the coordinates of the head. The 4:ail of the vector shown in 

Hhe gt^ph above has the coordinates (0, 0)., The head has the coor- 
dinated (5, 7). The x-componeat of the vector is cons«qflaently 5 * 0 = 
5. The y-Gomponent of the vector is 7 0 = .7. Thus we represent 
the vector ^y) the expression [5, 7]. * ' . . . , / 

^ The vect^ir represented in the g^faph above is not the only vi^ctorr 
with an x-component of 5 and d yycomponent of 7. Consider the/ 



vector on the rdJht in the following graph. 



/ 



# . 

• 1 



.(0,0 
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!rhe coordinates o^f the head of the right-hand vector are (13, 9), 
while thfe tail ;i^s located at the ppint (8, 2) Therefore, 'the x- 
corapdnent/of tl^e vectqr is 13 -'8 = 5, aifid the , y^comppneirt is 
9 - 2 = 7. ya^he right-hand vectpr is thus represented injvector 
notation ^ [S, 7]. The right-hand vector has tlie same components 
as the l^ft-hand vector and is represented by the same _nptatiori, 
althouj^h the heads and t^ils have different coordinates. 



^/ The right-hand vector and the left-hand vector are said, to 
be equivalent. In vector theory Vtwo vectors may be.^ equivalent 
4ltApugh they do hot occupy the same position when graphed. 

-. Let us further illustrate the idea of equivalence by another 
■ ■ ' . ■. ' . '* ■ 

example. Consider the four vectors represented iln the following. 

grapM.. Which are equivalent? . " 

.' \J ' J — • ■ 
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' TP, determine the eqiji valence Of th*. vectors ,We must fiM the compoj 
jCi^iits Of "^^^^ components of . a vector ajre/foj^ 




by subtracting the coordinates of ^he tail from- the coordinates of 
• -the head. . 

V . . Thus the components of.vector A. expressed in vector notation 
ar^ [3, 1]. The x-comtJonent ,of vector B is 1 - 0 = 1, whil^ the 
y-com|>onent, is 6 * 3 = 3. In vector notation. B is [1, 3] . B is 
not equivalent to A, because its x-compoifent is not equal to the 
x-component;^^f A, nor are the components equal. 



. The x^cojiiponent of vector 2 is 8 - 2 = 6? the y- component is 
.4 - 2 = 2. C in vector notatiori is conse(guently [6, 2]. Although 
C points in the \same direction a|S A, it ds, not equivalent to A/ 
because the two vectors do not h^ye the same components. Nor is 2 



= 1. In 



equivalent to B. 

The components\ of vector D 4re 9 - 6 = 3 and 2-1 
vector notation, D is [3, 1].. D is . equivalent to A, because its 
components are equalVto the components of A. ^ 

Let us summarizes tbis section with a formal definition of 
«|uivalence. Two vectors are said to be equivalent if and only if 
their respective components are equal. 



10-2 Adding Vectors 

In section 9 we adopted a convention for expressing th^ quantities 
of protein, fat and carbohydrate. in| a food as » vector ^ The first 
component represents grants of protein, the second component grams . 
' of fat and the third gramfe of carbohydrate. One scrambled egg con- 
'tains 7 grams of protein, ,8 drams ofl fat and 1 gram of . carbohydrate, 
. so we write the vector for \ af scrambllpd egg [7, 8, l]. One slice 
of bread contains 2 grams protein, 1 gram of fat and 12 grams 
of carbohydrate; "its veptorWis [2, 1, 12].,. 

In Section 9 we discussed how'to determine, using vector ho-: 
tftion, the amount of each ;iUtrient in two eggs or three, slices of 

ht^wever, how J^o use \^|ctors- to calculate 



bread. We did not discuss, - 



the cpfhbined nutritional Vafud^ of one egg and one slice of bread. 
In this section you will le^rn\^how to solve problems of this tyjpe 
I by adding vectors. 

'We will, star txby adding vect^ors on a graph on the following 
page. Cons^i^der vectors S and S on the graph.. J 

■ . . 73 




■ ^ 



Vectors may be addefe graphically by placing them "head-to-tail." 
This- is*"iaone by drawing ah equivalent vector w^th its tail located 
at *the head of the other vector. In our exampjLe, we diraw~ae|vector 
equivalent to B with its tail at the point (8\,i3). Thp head of 
,this equivalent vector is then at the . poiht (12, 10) . 
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(o,o) 



The sum of vectors X and 3 is a vector with its tail at (0, 0) and 



its head at (12, 10). That is to say 



X + B = [12, 10]: 

. We may also.perform_the aq^<^fition by placing a vector equivalent 
: to X with its* tail at the' same point as th^ head of B, 
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ThjLs sum again the vector [12, 10], so we may say jfthat 



+ % = [12, 10]. 



Thus , 



. . 

A + B = B + A 
and vector addition is commutative. 



It is not necessary to add vectors 'graphikjally. Vectors may 



be added by simply addinc^- components. The vectors in ouaj example • 
may be added by adding the first component of A to the first compo- 
nent of B, and the second component of A to the second coifnpone'nt of\ 



B. 



/ 



[4, 7]-+ [8, 3] = [4 + 8, 7 + 3] 



v 



^ • ■ , = [12, 10] ' 

■ r I ■ « ■■ , . . - 

• . ■ ■ ■ ' ■ ■ it ' ' ^ 

The result. IS thq same as that obtained by graj^hical addition. 

We have demonstrat-ed the addition of vecliors for one particular , 
case.| We may also state the general case. Y'j(Phe addition o^ vector 
[a, b] to vector [c, dl is given by .the expression | 

[a, b] + [c/d] =^ [ar + c, b*+ d] ^* . ' 

, I The general case may also be shown graphically. The next graph 
represents th^ addition d$ vectqr [a^ l^] and vector S = [c, d]« 

( 
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Note that Bsj^ and are equivalent vectors . The components 
of- a vector are the differences in coordinates between the head 
and the "tail. The differences in coordinates of B, are c - 0 = c 
and d - 0 -d. The differences in coordinates of are given in 
vector notation a|s 

. iV + c - a, b + d - b] - [c, d] 

^ We conclude ^his section by returning to the problem we posed 
at the beginning of the sect:^on\. How much protein, fat and carbo- .} 
hydrate : is contained in one scrambled egg and one slice of bread? ^. 
The scrambled egg vector is [7, 8, 1] ; the bread vector is [ 2 / 1, 12] i 
may determine \the total quantity of each nutrient by vector : 



addition; 




l [7, 8, 1] + E2, I,\l2] = [7 + 2/ 8 ■+ 1, 1 + 12] 

. = [9, '9,13]. \ 

A ^rambljdd egg and slice! of bread •together contain 9 grams of prc^- 

Win, 9 grami. of *fat and is grams of carbohydrate. 
■ f . • y ■ 

: i This simple example illustAtes the use of vector addition in 

doing dietary <?alcula^ons 

. / 
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PROBLEM SET 10: 

' /# • • • • ' 



1, 




Which i5 vector [4, 2.]? ' . ' . 
The head of vector [4, 2] is at what point? 
The tail of vector [4, 2] is at what point? 
d^. V^hich vector, on the graph is vector [2, (4 ]? 

e. Which is vec'^or [-4, -2]i'' . . 

f. Vector D is said to be 




to vector 



7y 
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a, Vectot B is designated 
■ . vector [?, ?] 

b. Designate vector A ana vector EI. 



c. Which vector is equivalent to vector A? 
d. 



e. 

4 



Which vector- vectors are equivalent to 
Which vector is designated [1.5, 2]? 



Draw the following vectors on a graph, 
a. [1, 3] 

t>. (5, 2) . : .■; ■ ; ■ 

c. [4> -2] r ' : 

. • t ,;. 

d. -*r6, 0] . 



« 0 
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/we wish to acxd ^vectors and 

a. Draw. ;a vector equivalent to. b with its tail at the feame 
point as the head %, . 

* . ■ ■ . . ' ■ ■ . / ■ ■ ■ l ' 

h. ' Drs^ a vector from . the origin to the h^ad of the vecto? 
you drew equivalent to S. 

c. This vector is t^he yector sum .X + S. Which of the following 
vectors lis it? - ^ f k / 

. \l) is, 8]; (3) [9, 5J 

' (2) [8/ 6] (4) [-2, 2] , -* / ' % 

4. d. .Repeat the procedury4)ut this tiitie draw a . vector equiya<lent 
to: X with ^its tail at the same point as the head of 

e. is the resultant vectbr sum of part d J|.he same as part c?^' 
fv Does S = 6 f? . 

*g.' Is the addition of vectors 'commutative? , 



/■ ■■ 



5v Vectors'.may be added simply by adding their, comfonents. Which 
of the following is a correct meth\)d of adding the two vectors in 
Problem 4'? : • : ■ ' 



1 . 




a. • [4, *3] rf-" [2,. 5]>:>[4 + 3,: 2 + 5] = [7, 7] 

b. [4/ 3] +. t2r hy =^ ,{4 + 2, 3 + 5] - [6, 8] 

c. X4^ 3] + [2, 5]^' 4 • 2 + 3-5 = 23 
. . d. . [4, 3 J > [2, 5] = 4 • 3 + 2^. 5 = 22 

6. - In general,, [a, b] +..[c, d] = ? (choose .one) 

a. [a + b, 0 + d] : 

. b. [ab + cd] 

• . . ■ ■ ■-. 

c. [a + c, b + d] : . 

7. Add the following veOtors: 

a. [3, 9] + [7,. 4] i ■ . 

- t^,/ [16, 0] -f [1,. 3] ; 

■ c. j:-.3,, 2] + [7, -1] 

d'. -.[l,. 3] + [-4,: -5] V _ 
./ .[a,'b3 + [2/3] ■ 

f. [3, 1]: + [6,^9] + ['7* 4j\^\- • 
^. .[5, ,0] + [4, 7] V [-3., 6]^ 
■[3,'6, 2] + [4, 7, ].] ! 
[5, 0,. 3] + [-2, 6, ,5] * 
[6> 3, 1] + [6, 4:> 2] + [e, 5, 3] 

8. V tet two tablespoons Of pearjut ; butter, P . * - 

y ■ . .■. \ i ^ ± < ■ 

tet twoilices of white bread = B. 

> r . " • \ . . '^ ■ ■ . 

■ [8-., 16]\ . ■ . ■ . ; • ■ . : • 

i ■\- ■ ■ ■ . I--.''.. ..■ 

The order Of th'e vector componertts. is protein, fat. 

'a. Graph ? + i^^'- \ 

b. GrAph 6^; ;^..v'" 

80 




c. Does .B'. + %:'■■- P ■ + B? 



■er|c 
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'I 



■'ii 

9. 



et two tablespoons ol chocolate feyrup = 
let one piece of cherry pie = C, . 



Let one scoop of vanilla ice cream = V. 

^■=' [2, -8] : • "C'-X. .■ ^ • 

The; o^der of the vector components is protein fat. . 

a, • Graph'5 +.^' + -S. ■ ■. ■ ' . 'r-^-' .;/ ' / 

- b. Graph S + S + ^. • ' ' , \ ■ 

C. 3aTcuiate 5 + + | and write the rdsult using vector 
ri^Otation. ^ 

• 1 d> Do the graphical and calculated v^alues agrees? . . 



■ V • 

/ 



10. tet one cup of whole milk = M. 

Let one ounce of corn flakes = C. 

Let two tablespoons of sugar = ^ t 
M = [9j 9, 12] ' V 
V ; . 5 =.[2, 0( 24]- ' 

- .2! =. [o, 0, 2.4] 

.•.Ca;culate' 5 +' 2§ • 
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. 1 



ftefep to -the "following, table in, Problems 11 through 18 . 
Let one slice of ham .= H. 

Let oner slice Gf Swiss cheese = C . * 



■■ ■ • * • 



Let pne. slice of whit© bread = W. 
Let one s lice of French bread == f . 
Let one, slice of rye bread = 1^.. 





gram 
Protein 


gram , 
..fat! 


gram 
carb. 


mg 
calciuiA 


mg 
iron 


. I.'U. 
vit...A 


mg ■ - 
thiam^j^**^ 


mg 
/ niacin 


I.U.-' 
vit.. C 




[11/ 


■10^ 


0, 


6, 


1.6, 


0 


.25, 


1.5, 


0] 




■[B>v.; 


8, 




262, 




32Qv 


. .00, 




0] • ' 


. w = 




1, 


12, 


. 1^, 


.6,- 




" .06, 


* . .5,. ' 


9] 


->■ 

F = 






.'IV. 


loV ' 




0, . 


.06, 


.6, 


o] 








12,. ; 


* ■ 

17, 


.4, 


' 0, - 


.04/ 




o] 



' . . . . 

11. : HOW/ many milligrams of iron would a h^ra^ and cheese on rye sand- \ 
'wich have? (We -^re ignoring mustard ^ mayonnaise ^ etc, fpr the present.) 

12. » Which kind of bread is richest in*irott?, 

■ ■ ■ ' ■ .' • ° . " ■ ' - ■ 

13-. V Which kin^- of biread has the least niacin? , 

14. / Wirit^ 'a column vector giving the mg^thiamin in each fc5od. . ' 

15. '-Wri^ the amount" of protein, fat and carbohydrate ifor one slice 
of French bread in- vector notation. • ' 

16. Write" a vector for one Slice of cheese, showing the amount df 

■ ....... » ^ ^ _ . . ■ . 

'protein.,-^ £atf parbohydratp, calcium, iron^ vitamin A, thiamin, . • 

niacin-, and »vit«miin G, in-, that order. 



J7. "Write-in V9ci::03:'notati(p yhe sum 2H + C + 2R,' using protein, , fat , 
caitbohydrate^ calcium, ircfti, and vitamin A, in that^ order , , as the^ , 
.componeijts* ^ ; ^ . . 

■■ ' ' '. ' ■ ■ ■ ■ ■ . ' 

18. -In this p?roblem use protein, fat and carbohydrate, ' in that order, 

, ' ■ ' - ■ . " ■ i ' V ■ ■ ■• • • . 

• as thefSomponents "of ,^1X vectors. ^- . . " / " 

\ >. bescn^^ib^'' the makeup of the sandwich described by the vector ^ 



mmim 



n 
1, 




; . . b.' Compete the sum in Part . a. 

'This sandwich, has the same amount of 
^in. Problem 17, .' 




as the sandwich 



ERIC 



76 



4 " 



i ■ 



Si 



1 ' 



^- ' ■ • 



il-l SubWactlny \fej::'tors 

If Vzero is ad^^d to !a number, the sum is the number itself . 

' • • '• ■ ■ •'. . ■n-.+i b =-n-' ■ ' ' • . }. 

• Zero is said to be the additive identity ifor the sy.s tern of scalar, 
numrfels. Zero is thje additive identity because *whea it is added 
. td a number, the sum is the-^ame- number , 

i' When the vector [0, 0, 0*1 is added to a three-CDmponent vector, 
" the sum is the vector itseiLf.'. , ' 

^ , la, c] > [0, 0, 01 =• [a. b, c] 

Therefore [0, 0/10] is the additive identity for vectors with 

I ■ ■ ■ 

three components; This vector is called the zyo vector . : ^- . ■ 

Two scalar plumber's may add together to give the additive iden- 
tity,, zero. We then say thaft one number is the additive iftverse of 
"the other. The additive inverse of 5 is -5 » because 

- - . ^ ■ ■ -I .• 

. . 5 +' -(-5) =»- 0, . ' . 

^ We may also speak of the additive inverse of a vector. The 

■ additive inverse of vector [5, 6, 7] is [-5, -6, -7] because^ . 

■ .. t5, 6, 7]'. + [-5, -6, -7] = [Q/ 0, 0] . 

. Recall- that [0, 0, 0] ' is the additive identity of three-component 
vectors. , ' ' 

In Section 9-^. you vere introduced to scalar multip'lipation . 
oY vectors. If vectdi: V = [a, b, c| is multiplied bi^^scalar x, the 

product , is- ; ■ . ' :•. 

XV == : [xra, x*b, x-g] . • . 

^* Orie- way to obtain tlie additive inverse of -a vector, is scalar 
. multiplication by Vector 6 multiplied by -1 gives .the, additive 

inverse of 6. * 

•IH' general, then, ' 

^ ' ■ . (-1)$ = c +■ (-c) ■ .;.v^ • 



the additive identity^ vector,' /, vv/ * 

We have briefly discussed additi\?e!: identity and; additive, in- ; 
V6rse as an introduction to subtraction of 'Vffictors . Recall that , 
'. subtracting a number is equivalent to adding Ihe num additive'" 
inverse. For e3campley~subtracting 7 from 5 i« \guivalent to adding 
• / .-f to 5..'- . ' ; ■■; ' ' ..; ' ' ' . ■. ■ , 

■ • 5 -' .7 = 5 +■' (-7) '=^' -2'. 

Stibtr'acting -8 from,. 4 is equivalent to adding 8 and 4. 

• \ 4 - (-8) = .4 -K, (+8 )' ,?=. ■'12 ^ . .H 

• ' The same principle is true for subtracting vectors. Sub- 
tracting a vector is the same .as adding its additive inver'^e. As 

an example let. A - t3> 7, 5] and B * [1, 4, 2], and let us calcu- 

■ "■■ 

late A - B. . .. ► . 

' ■ '- • ■ ' • .'.■>'•- . • 

^ ^ , A - B - X + (|1) t . ■ I 

j = [3, 7, 5] + (-1)[1, 4, 2] • 

The right-t|and Vector is multiplied by the scalar 
' . ' • X - S =. [3, 7, 5] + [-l,.-Y -2] 

We then add the two vectors. 

J - B-'= [3 - 1, 7 - .4,_5 - 2] ■ * 

■ ■. J- ' • ■ ■ ■ = [2, 3v 3] ' ■ " : ■ 

■"Tfe example above illustrates subtraction of vectors. In 
gfener^l for vectors of three components, 

■ ■ .-, v/,- • ■■■ .v ' .. • ,, ■ ■: _ . 

" — ^^'j-- Ta, b, c] - [d, e, f] = {a - d, b -e , c - fl. 

■ .'^ • .1. • . ■ > ■ " .-y"" 

*If thi'S formula is used to solve a problem, the first three, steps 
in. .the .,i89Lution above need not bie dpne. We may; simply write! 

- . . • ' A - B = [3, 7. 51 - [1, 4, 2] . . 

V^---" ■ * ■• • =^3 - 1, 7' ■-■4, -5 -2]' 



« [2, 3, 3] I 



- r . . ■ ■ ' 

/ ■ . ■ 

Scalar multiplication and^vecLor addition are commutative , 

operations.. What about vector subtraction? T^f subtraction is 



r 



commutative, then A -^B = B - A. Let us find out by using the vec-/ 
tors 'A and B of the previous pay^agraph. - , ■ ' 

■ •.; :".B - A = [1, 4, 21 - 7, 5], ' , • /; 

B - A i^Jnot equal to A - ^. " Tlierefore vector' siibt^action is not 
commutat'ive . 

1,1-2 Dimensions of Vector Spaces 

\ In Section 10-1 we.r represented vectors on graphs. The vectors 
we represented had twq coniponents,. A two-component vector can vbe 
represented in two-dimensional space, o;; two- space, that is, oi? a 
plane . ' . . 




Vectors of three components may be represented in three- 
dimensionalj space, or three-space. TJiere is, a third coordinate 
in three-space; this^cdord±iTrate--is_.jconve^ called the zr 

^coordinate. It is conventional tOj Statfe the three-^jDj^^ 
the orfler (5c, yi z) . Lilcewise the "components of a vector in threer 
space' are in the order [x, y, zjj , . ^ 




Th^ veator illustrated above is designdtei*''^^, 5, 6], Visualize 
"the X and y axes as t^ing in the plane of the paper ^and the z axis 

coming out of 'the' paper at a right angleT . ^ 

Vectors are not restricted to two components or three components 

A vector in four-space is represented by four components . vector 
"in^n-spAce..: is' represented by h components: However, we have Ao sat:- 

isfatory way to' represent vectors with four '-dr more cpinponents r 

graphically. > _ 



PRQBLEH SET 11: 

1. a. it V = [6, 4], 2V = ? 



b. 



If ^/ = .[2v -7, 1], {-1)V = 1 



1 



(Multiple Choice) . ' . ' . 

2.. The additive identity of the real number 7 isi a. "7, 

b. Ir, o. 0, . d. .2.4 ' , . __ "r- ■ ■ 

(Multiple Choice) ■'- .' 

3; The additive- identity of a vector is the vector which when 
added to that vector gives the same vector. The additive identity 
of vector [3/1, 2] is; a.- [-3, -1, -2j, b. [1, 1, l] , 

c. [2, 1; 3], d. [0, 0;. 0] ' 

•4. ■ What' is the additive identity of [O, -2, 4]? 



V 0 



. \ 



(Multiple Choice.), r 

' sVv Suppose we add a' real number and another number (n) and get 
a sum of zero. The nam^ mathematicians have given* to this other . 
num^)er (^) is: a» additive identity., b. additive inyerse, 
c. identity invfeirse/ d. scalar sum 

' 6. When a- vqetor and its; additive inverse are summed, the result / 



is the 



vector. 



In each of Problem 7 through 10 find the additive inverse of the 
given v^tor» : *. 

l^Sf ll 9. .[-2, 5, -6] 

8. . [1, 0, 10] - ••- 10. [-100, -,50, ^i] 

(Multiple Choice) ' , - /' , 

11. Which scalar multiplication gives, the additive inverse of 
the vector {x/ V/ 'z]? a- (1) [x, y^ z], b. (0) [x, y, z^] , 
c. (-l)[x,.vy, z], d. -y, -z] • [x,'y, z] 



Which is (porrect? 



b.; X - S « A + m i 



% - B - A + (-l)B 

. ■, " ■■.■(■■ • ■; 
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13. Which is correct? « 
"'• a. . . [6, 9] - [4.; 2] -. [.6, 9] + [-4, >:2]:=' [2, 7] • . 
. "b. [6, 9] [4V 2] = [6., 9]: - [-4, -2] = 11] 

. "c, [6, 9] - [4, 2] = [6 -.,9] + [4 - 2] = 6 : . . 

.14. Which is correct? * f 

^ . ■ I 

* aik ta',/b] - [c, d] = - Cr b - d] 

„ b. [a, b] - [c, -d] =^ [a ^ b, c d], 

v c [a , ' b] - [c , a] * [c - a , d - b] 

15. Is subtraction of vectors cbmmutative? . ^ , 

16. Perform the following vector subtractions. 

a. [12, 16] - [9,. 5] ' . e. [6, 8, 10] - [i, 5, 7] 

^ b. . [3, 8] - [2, 0];^ f. [a, b, c,] - [x,y, z] " 

= c. [7, 4] - [18, 11] g. [8, 3] + [19, 1] - [7, 2] 

C3> ,5] - [6, -8] h. [14, 10] ~ Ur^^] - [2, it 

In Problems 17 through 21 suppose that ' 
• = [:-2,-; 5,- -^] 

y,:''\-y :■■■,:■;.$■= [a,:-i-,-2].\. ^ ■/ ^ ■ ;■ •■ 

17! ^ Cartry oAt the f Allowing steps in order to compute 2^t - 3^ 
a. compute 2^ . . 

. b, " compute''3S. ' J ■ ■ ' - ■ ■ 

, C. Subtract the vector in part b from the vector in part c 

18. Compute 5$ t 6^ * 

19. Qompute 5 - 10^ ' - ' • j 

20. Cpmpute 5 - ^ | / 

21. Qompute - 3S + 4? '* 



In ProI?leros . 22 through 27 , refer to the following table 'which 
gives [protein, fat, carbohydrate] vectors for various foods. 

•steak (1 serving) ,, t. = [20, 27, O] 

■* • '■ '■»■■. ^ 

fried perch (1 serving); ' B = [16, 11, 6] 

chicken pot pie (one) 5 = [23," 31, 3^ 

'/ .peas (1 cup) D ; = [9,1, 19] 



; corn (1 ear) - /' E = [3, 1, 16] .' . 

, broccoli (1 stalk) . ^ [6, 1,''.8] 

ihashed potatoes (1 cup) " .- ■ „ 2 = [4, 1, 25] 

french bread (1 slice) H = [2, 1, 13] 

22f. Find the nutrient vector for a meal consisting of one serving 
of steak,^ half a clip of peas and two slices of french bread. 
That is, compute/ 

.4 - . . •. ' t^ H + 2S 

23. One evening Elrao had a meal- consisting of one chicken pot 
pie^ one cup of mashed potatoes and a certa^^ unknown vegetable/ 
^ The nutrient vector M f or the entire meal was. [35 ^ 33 ^ 38] . Carry 
out the following steps to find the nutrient vector X for the un- 
known vegetable. ^ 

a. .Find the, nutrient vector for the -pot pi^ and mashed 
potatoes combined (add $ and 5) . 

b. Subtract the vector ir; part a>from M to find X. . 

t" . ■ ' - • 

'24. Norbert Numnitz had a meal of roast veal, one ear of corn, and 
one c\Xp of mashe^l potatoe^s. ffhe vector M for the meal was [30, 16 
•41]. ^ Find the vector X tor the roast veal." 

' . ■ ■ ' * . ■ * . 

fcs. ^ If one serving of fried perch,- one serving of bakqdV^quash 
and two slic$3 of french bread give a nutrient vector 

V ''' ° " M = .[24,' 14 ew] . ■ 

' ■ ' ■■ ■ ■ ■ . * ■ ' ■ ' ■■' ■ ' ' : " - - ■' 

find the vector X for a helping of baked squash. 

26. A meal with M = [53, 25.5, 62.5] consisted of two helpings of : 
perch, three stalkp of broccoli, half ajcup of mj^shed potatoes, and 
one beer. Find .tK^ nutri^njb vector for. :pne beer . 



27. Ima Goodwin had a meal :with 5 = [41, 35, 51] /consisting of 
one pot pie, twb ears of corn and some broccoli. How much broc- 
coli did she eat? 



28. 



/ 

/•.■ 




a. .,The minimum number of components necessary to specify V 
in this figure is' 



(Multiple Choice) ' . 
b. Vector ^ is designated 

(■l)-[a, b] \ , {j) la, b, c] 

;2) [a, b] + [c] J , . . ^ / 

29. Is tlie vector ~tl, 6, 9, 3] possible? In what , kind of. space? 



I 

tht 



I 



\ 

SECTION 12: . . 



ll^^i Dot Products of Vectors / 

I The- quantities .q£ protein,, fat atd' carbohydraip in a fo6d may... 
be expressed by a three- component; vector. f , 

Pood; F. contains f-j^ grams of protein, f^ grams of fat and f 3 gramlbof 
carbohydrate. . ■ ,» 

Often you will be given the amounts of protein, fat and carbo- 
hydrate in a food and asked to determine the calories, of energy, 
provided by that food. Nutritional research has shown that a gram 
of protein provides roughly 4 calories, a gram of fat about 9 
^alsries , .while. a gram of . carbohydrate yields approximately 4 
calorie s. fj_ grams, of protein,^ therefore provide 4fj^ calories, , 
£2 grams of fat provide 9f 3 calories and ■f.3 . grams of carbohydrate 
provide 4f 3 caldries. The total calories, provided, by food F is 

• . = f, g Prot . ^ -I- f, g fat • f g carb • 

Calories 1 g prot 2 ^ g fat 3 g caro 

d cai 1 V 9 cal • - , 4 cal 

• ' . = 4f^ .+ 9f.2 + 4f<2 caloriefe 



The calculatioi) above is aii example of what is called ^ dot 
product; or inner product s ' A dot product i>^ the .producH: of two' 
Vector'S.> .• . # ■ ■. • • • • 

The numbers of calories in -each of 'the three typ^s of nutrients 
may be written as/a vector of three coitiponents. Call this vector \k. 



where 



K = 



' calories 
k, = 4 



"1 g protein 

I V - Q calories. 

^2 , g fat 

/■' ' t * , ■ 

V v . , • : A calories 

/;■:' ■ ' . ko =■ -4 



3 g ca|:bohydrate 



,ERIC 



85 



f ■ "■ • . ■/.'.. .k =':[4, 9/" 4] . ; 

The dot product of K an(i P is written 

K • f = [4, 9., i4] *• [f^V.f2' calories, ; 

. . A dot product is found by. multiplying khe-i£irst. component o^ 
one vector by the first component of the other, the second compo-,> 
nent of one by the second component of the otheV and the third com- 
ponent of one by the third component of the other. These thre« 
products are then added.-. The sum is the' dot .product. ^ 

The dot product of K and F may be det^mined in this way. 

. . . . . ... . - : - , ■ ...... , 

.: . K • F = (4, 9, 4] • [f^, f^y f 3] calories • \ 

. • ,_ 4f^ .+ 9f 2 + 4f 2 calories ■,, , 

This expression gives the total calories provided by food F., Note 
that the dot product of two vectors is not itself a vector bJt , . 
rather a scalar number. 

We may write an expression that defines the dot product for 
the general case, the multiplication of two vectors of n comPQ*^ents. 
Suppose we • have the two vectors J 1 

■r_' ■• ,. ~ '•^1' ^2 a^^, . . . , a^j 

S ,• S ^I'^i ^2-^^ • •• ^i^i • • t ^n^n ' >: , 



Then 



• ' Observe: that both vectors .must Tiave the same number pf compo- 
nents, because each term of thd product contains one component of 
each vector. . / - * ^ '-^-^ j' 

The right side of the previous expressipn is rather.- long &nd 
unwieldyv Mathematiciahs do^not like clumsy notation or. expressions 
requiring large amounts of writing. As we have- said before, new ^ 
notation Is of teri. created to reduce the amount of ^ writing . There * 
is a problem though, and the . problem is tha* ' such "shorthand" can • 
jftrighten those ft«yft familiar with it. 'Tiiere is a tendency to avoid 



.learning and ' using it . However-, learn^ngpu^w notation is generally 
worth the effort-, because it si|iplifies handling vnumbers. Simpli- 
fying the handling Of numbers is a large part of what mathematics 



is about. 



' Expressions such as that on- the right side of the equation 
^Jf above may be written jn more obmpact fol^m by. using summation notation, 
In order to see how summatiori notation works, suppose we start with 
a simple exan^le. Suppose that. we want to find a quick way of 
J writing the following sum. • ' 

. a2 +. a3 + a^ + ^5 +.ag t . + ag + a^, ' " . • 

We begin by noting a- few things about this sum. All the terms are 
. the same: except -ior the subscripts, the. subscripts begin at two * 
and .run up to nine, In summation notation, we. would' write the sum 



as follows. 



The symbol '^J]" is the capital sigma of the Greek alphabet.. 
Sigma is the counterpart of our "S", the first letter, 'of the word 
"sum." The notation "x=2" beneath the ]f indicates that the summa- 
tion begins with the term in which, i is equal to 2. The 9^'above 
the J] means that the sum ends wiH:h the term in which ,i = 9. In 
other wtprds, the sum is from a2 to a^. / - 

Let us illustrate summation notation with another simple 
problem; 

' • ■ ■■ ■ . ' . ■ ■ 

EXAMPLE : 

^- 4 . ■ ^ ^ ■ . •• ■ . 

, CalAlkte X ^1 /^iven that . ' ,. . 

. i=l . i ■ 



er|c 



. V. 



^ 



9d 



87- 



SOLUTION ? 



. . = 1 + 2 + 3 + 4 : 



ThQ sum of a^. for 4 = 1 to 4 is thus It). 



' The dot product of two vectors may be expressed in terms df V' 
summation notation. Let us use the' -vector s us*"ed previously,. \ ^ 

' ' ' ■ . ■■■ ■ ■■ ■. , ■ " ' ' 

. ^ = ^2 ' ' ' ' ' ^i' ' ' ' ' ^n*^ " • 

•■ ■ • • ■ "• ■ ■ ■ ' ■ ■ ' . ■■ ■.. " .' ■ . '. ^ ■'■ . • ■ •, ,•• 

. 'ana - [b^, b2, . . . f ^i' • • • '^n-^ \^ . ' • ^ 

Tile dot product of. i and ^ is ^ - 'a-j^bi •+ a2b2 . + • t : 

+ ja^b^. This dot product "^ay be. written' more easily using summation 
not!^tion. ' > . „■ , ■ 

I.a.b.,,.'. • :. \ : ■ ■ ■ • 

■■: i?r^. . , - 

The. followi,];ig pr^^lem illus,trates the ti.se of the. dot 'product . 
to calculate the number of calories, provided by a ^ptecif ic food; " v 

EXAMPLE ! \ V ' ^ . . "■. V ■ ' ■ V 

A .beef pot pia; is /id % protein, 15% fat and 19% carbohydrate. 
How many q.alories ar,e provided by a 200 g serving of beef pot pie? 



SOLUTION; 



f 



The first step i^ 'to find the number of grams of protein, fat 
and carbojiydrate in the ?O0 g serving. This is easily done, using 
the percentages given. \ ' ! ? ' * , „ ^ 

^.10 X 200 =^?0\g protein ) ' . 

..r.' ■ V./\. ■ ; 7 ■X^'20^■. = ■'30';g fat ■■ ■ .• >' 

■ .19 200 = 38 g carbo-hydrate . 



Therefpte the protein, fat, carbohydrate ■ vect^or B f or the serving 

!■ ■ 1= ['m,- -30, :38] ; 



( 



VI 



The calories per gram of protein,- fat au(i carbohydrate are giyen 
• by the vector Sv • '. 

' \ ' •• • •. t•«.■[:4,.9,■■sJ^.. : ■ '.v ^ ..-.^ 

The total calories, in the serving of beef /'pot pie is the dot product, 
'of i and $, . ■ \ 

.. 1 • S [4, ^, 4]^ [20, 30/ 38'] ca^^^^^ .° 

: • ■ :^ = 4^ • 20^ 9 • 30 + 4 • 38 Calories * 

"Performing the indicated multiplications and addition, we obtain^ ' , ^ 

K • ^ = 80 + 270 + 152 calories . . 

■ . • ■ ■• .. ■ • ... • ';■ . . > ■ .. ^ 

. = 502 calories 

Is dot product ^mu It iplic at iofi commutative? Does it matter 
. whether we write S B or B •i>K? Let us determin|,|5 • K and compare 
the result to the result of the example above, 

6 • t = [20, 3b, 38]-[4,' 9, 4] ca^Lories 
= 20 • 4 + 30 • 9 + 38 • 4. calories 

♦* = 80 .+ 270 4- 152 calories . ' 

t^f" J .. ■■ ■ ' 

- 502 calories 

Thus B • K = K • In fact the dot product operation is always 

commutative. 



PROBLEM SET'i2: " " ^ ^ 

Find the dot^ro'duct of the following: 

(Jlultiple Choice) * 

1. [a, b] . [c, d] = " ^ • 

; a, (a + b) (c^ + d)- c, ab ^ cd 

b, (a'+ c) (b + d) d, ■ ac + bd 

c ^ . . . ■ \ ■ 
2,, [3> 7'] • [9,^ 4] « 

'• "'..a. •' 75 . . ;c, -1 ' .■ ■ 

b. 55 ' d. 35 



, • 89 

1 



11. 



12. 
13, 
14. 



.3.. -. [-1/ 33^Ci 2] » • 

4.: [5, q]f[l,\l8] = 

5^:. [x, yl-ClA] « - * ' 

7. " [x,„y]-[o, ' 
'(•Multiple Choice!) 

8. ' [a, b, g]»[xI Y, zI = 

a. • (a + b + d) (x + y + z) 

b. . (afbc) (xy^)| 

9. [1, 2/ 3]-Eirl2/ 1] = 
[1, 2; 3]-[li, ll, -1]' = 
[x, y, 'z]-[0^ |), Ol - 
[x,'y,- z]«[0, (|, X] = ' 
[x, y/ z34-i; i-l^ -1] > 



c. . ax + by + cz - 

d. ' (a + x) (b + y) (c + 

. .. .x- - 



z) 



<%, 



[x^, X2/ X3, x^, Xg, ^Cg^'tyi' ^2' '^3V^4' ^5/^6-' 



For Problems X5 through 17, find the dot products an(3 give 
' proper units . , ^ 

15. [6 cal'/g, 9 cal/g]«[4 g, 3 g] 

■ ' ■ . . ■ . ■ ■ ■ ' ■ - ■ • 

16. [3. acorns/acre,, 7 acorns/acre}* [2 . acres, 1 acre]. 

17. [^300 people/sq mile,"600 people/sq mile, 200 peop^e/sq 
[4 sq mile,' 70 sq.mile, lOQ sq mile] 

IB, Is it ipo'ssiblie to have a dot product [a, b, c].'[x, y]?- 

' ■■ ■ • — » • ■ - . ■ ■ 

19. Ttrue or False? [a, b, c]«[x, y, z] = [ax, cz]," 
.20. Discuss the difference between 2[x, ^y, z] and £2, 2, 

•'. . [x.^ y, 'z] ■ . . ■ ■ ■ ^» V . : ■ • ' ■■^ _ ■ . 



tlte 



mile] 



2] 



•6* 



V 



'7. 



(Multiple Choice) 



21. • + + + a^:f,^^ + A^' + a^' 
thay be written in /sunmiatioii notation as 



a. I &^ 

i=l- 



i-1 



c. I 7 

/i=l 



d.. i,i 

1=^1 



22. . Write th?j,.sura 



: in .gumniabion notation. 
23. Write the sum - 



St'.* 



-I- S2 + S3 .+ ...+ s^Q^ 
in summation notation. 

/ ."' . ■ « • 

24. y Vector X «= [a^, a^^ x. 'S^l and vector B = [.bj^, bj, h^l 
/ V^rite ^ * S using the summation sigh. . 

25. Write your answer to Problem 14 'using the summation sign. 
(Multiple Choice) 

26. 1+2+3 +...+ n 'can be written as: 



n 

a. I n 

i=^l 



n 

h. I i 
i=l 



^ n 
c. I ■ i 
# n==l 



d. I i 
i-1 



27. We know from investigation that a gram of protein contains 4 
calories, a gram of fat 9. calories, and a gram of carbohydrate 4 

. calorics. These, numbers are called conversion factors. Writej a 
3-component vector from tHese conversion factors arid call it 



RemeBlb^ that the order is, important. 



- 28. A sirloin , steak is 24% protein, 32% fat and. 0% carbohyflifatei. 



many grams each of protein, fat, and; carbohydratfe ajre 

o ' \ ■ i ■ 1 

n Of Steak 7 . 1* 



'a./' How 
in one gram Of steak 

■ b/. How,1nany grams of each , are. in 100 grams of steak? [ • 

!. Write a vector *J showing the' grams of each in a lOQ-gram 
steak. . 



29. A side order of French fries has i mass of 50 g; 4% is protein. . 
12%^iyarid 35% carbohydrate. 

/a./ Find the number of grams of protein,, fat, and carbohydrate • 
in/tl^ side order and write a vector f. 

/ /b. V Use the dot product operation to- find the number of calories 

' / ■ ) ■ . ■ ■ . ■ ■■■ • * ■ ■ ■ •• . , •• . ■ 

in /a side order of French fries. 

/30;k In a lettuce and tomato , salad, the tomato vector . ^ is 11, 0, '4] 
^nd the lettuce vector L is [2, 0, 3]* A tablespoon of blue cheese 
/dressing contains 1 g protein, 8 g fat and 1 g carbohydrate. . 

/ ' a. Write a vector for the ^salad with a tablespoon of dressing. 

• b. use the, dot 'product to fin^ the number of calories in the 
sa,lad. 

31. A glass of milk has a mass oil' 244 g, of which 9 g are protein, 
9 g are fat and 12 g are carbohydrate .: A:piecfe of chocolate cake 
has a mass of 120 g, of which 5 g are protein, 20 g are fat. and 
67 g are carbohydrate. 

a. Using vector -notation, find the number of calories in a 
glass of milk. 

b. Do the same for a? piece of chocolate 'cake. 

c. Add the milk vector and the cake viector, and; use the sum to 
^find, the total calories/ in the two foods. ' \ • 

d. Add the calories obtiainqd in a and b. Does the sum equal 
the answer toi c? 

32. A 17~year-^old .fetudent ^requires 3000 . calories a day and ^as al= 
ready consumed 2000 calories. Will a dinner of the salads steak, ; , 
french fries, milk and chogolate cake described in ProblLemsf28 through 
31 give him su|)ticient calories? ' How many calories mor^ or -less 

than h6 re!5u;ires will the dinner provide? ' ^ \ ^, ! 

*3'3. Food is concerted t.o energy in the body by a/chemical process- 
in whic^oxyg^ reacts with th^ protein, fats, and carbohydrates, 
to fpfm water, carbon ^ioxide, wastes and energy. ' Th4 water formed v 

balled metabolic water and is available to the body t6 perform 
the normal fi^iictions of water. The amount- of itfetaboljic water formed 
i« .4 q/gjSf protein, 1.0 g/g of f at and .-6 pf carbohyAate . 



a. Write ijl of metabolic water per g of prptein, fat and carbo- 



xhydrate, as a;y*ctor, 



b. A (Jiiaif't of milk has a inags of 976 g and 'contains 3^ 
protein, 36 g fat and 48 g carbohydrate. Write the last three 
numbers as vector M. 

-c. Use the dot product W • M to find the amount of metabolic. . 
water formed by the oJcida^ion of a quart of milk. , ^ 

V d. that the remainder of the 976 g of milK is water. • 
How much water does the quart of milk contain? , . . 

V e. • Use the results of c and to find the total amount of 
water gained by dripking a quart of milk. 

£^ ' Use the results of e and the following ^ata to determine ' 
whether consumption of a quart of milk causes a net increase or 
^decrease o^' water in the body . ' 

Energy content of 1 quart of milk: 640 cal. ' 

Water lost in-Aeat dissipation: .6 g/cal. \- . ] 
• ■/ ■ ■ . 4 ■ . ■ . ' 

.; . 1P Water lost in wastes; .8 g/g of milk, v 

g. Would a diet o'f 'nothing but milk (no other food, no water.) : ^ 
mkke a pers9n thirstier or less thir'Sty? *. " . 

34.. To convert a gram- of protein to energy i 9 liter of oxygen is 
used; to convert a ^^ani of fat 1.9 litets are used; and .8 liter 
is used to convert a gram of carbohydrate. \ 

a. -Write the amount of oxygen as a yector 6^ and use the vector 
to determine how much oxygen is used to convert to energy food con- 
taining 10 g pr6tein,|20 g fat and 55 g carbohydratei 

. b.. How much' |)xygen is" consumed metabolizing a quart of milk? / 
(Use data from Problem 33b..) 



1,. One! frankfurter has a mass of 51 grams, of which 6 grams are 
pro.teih, 14 grams are fat, and 1 gram is ca^cbohydrate . A hot dpg 
bun his a protein, fat, carbohydrate vector of [4, 2, 24]. 

a. use vector notation to find the number of calories in one 
frar/kfurter. There are approximately .4 cal/g of protein, | cal/g 
6f /fat, and 4 cal/g of carbohydrate. 

b. Find how many calories the bun has, usin^ vector . operations. 

c. How many calories does a hot dog arid buri have? 

.2. The following table- gives the number of calories per kilogram 
per minute a. person uses in performing various physical activities. 
In'brder to .find the number of calories you use in performing such 
activities, you have to. multiply the figure given for an activity 
'by your mass in kilograms. ^ . ' 



Activity 


cal/kg-min 


Was^iing, dressing 


.032 


Sitting; eating ^ 
Sitting; watching TV 


,.025 


.023 


Stand j.ng 


.028 


, Walking • ' 


.055 


^ Running V 


,147 


Typing-; dr'ivirig a car 


.035 


. "- i . ■ . . 
Dancing ;;;')'. 


.087 . 


• 1 ■ ' ' • ■ ■ . , 
Swimming. ' 


.163 


a. Find your mass to the nearest kilogram. 1 



b. Find the number of calories per minute you use in perform- 
ing any three of, the activities listed. • ' 
.3. bow many calories would you^ gain if you ate two hot dogs in-, 
eluding buns and.it took you 8 minutes to eat them? 
4. , (|hoose any three activities from the table in Problem 2 and 
find out hpw long ycDU would have to spend at each of the activitiesij 
to u^e up the net ^calories supplied by two hot dogs. 



* 5.,'. 'Effie the heffaiump spends 24 houi^.s a day, eating.. She eats 
nothing but hdt dogs night and day, cprisuming them at a rate of 

■ one every four minuted . -Ef f ie ' s 'mass never changes . What i^ her 
mass? Assume that Ef fie usee .025 cal/kg-fnin as she eats. , 

•■ ■ ' • '• ■ . ■ • ' " ' ■ . ■ . ■ ■ • 

• 6.. Suppose you had. the following dinner and it tool( you'4^ minutes 

.to finish the meal. • _ , . ' , 

t, • • . _ • . . . ..... 

i head lettuce = L= [1, 0, 2] 

. ' ' 1 tbsp'.: blue cheese dressing , = p = ,[1> 8,1] 

■ ■. < = 3-oz. •steak . .'^ " S = [^r 27> .0] 

10 French fries . =^ = [2,^7, 20]'^, . . 

• I cup.milk ' . = M = [9/ ^, 12] 

\l piece chocolate cake = S: - [5, 20> 671 

a. How many calories^ does this meal provide? 

b. How many calories wou;Ld you use while mating thfe meal? 

* . ■ . . ♦ . ^ . ■ ■ . . . ■ 

c. ■ t:hoose any three activities from the table in Problem 2/ 
and find ouj how long, you could perform each activity with tjile 
net calories you obtained frOm the meal.- 



•SECTiON;'14:-' ■ • . 

14-1. Introduction to Vectgr Equations ' 

/ ' We -have now Studied, so^^ may b| done on vec- . 

tors: -scalar multiplication, addition, subtractic|iland.dot pro- 
duct multiplication. These operations may be used to . solve equa- 
tions that contain vectors. 

The ^principle of equivalence is important to solving- vector 
equations. (We discussed equivalence in Section . 2-1.) Two vec- 
tors are equivalent if and only if their respective components are 
■ equal., , ' . . , • .' 

^ Thus if two vectors are equivalent and we know the* components . 
of one, we know the components of the other... Suppose that vectors 
S and B are equivalent. ^ 

• ■ . ^ ' -■ ■ ■ ■• ■• 

we know the components of A. 

t = [5, 7, 9] 

The' components of B, howeyfr are the j^nknowns x, y and z. 
" . % = [X, y,- a] 

We wish to find these three unknowns. ' ^ . • 

Since B is equivalent to a', each component of B is .equal to 

-»- 

the corresponding coii\ponent -of A. 

: ^{x, y, z] = [5, 7, 9] ■ 
Therefore x = 5, y. = 7^and z = 9. - . • 

The equation we just solved is a very simple example of a vec- 
tor equation. We iri 11 turn our attention to more compi^ex vector^, 
equations, but our methods of solution will rely on the same prin- . 
ciple of equivalence. _ . ^ \ 

' As a-n example of a diet problem that may bife solved by means of 
a vector- Equation, - consider the following. A certain person's diet 
. should Jclud.e SO grams of protein and 24 grams of carbohydrate per 
meal, ojie gram of salmon contains .20 grams of protein and no car- 
bohydral|^, while a gram of apple contains no protein and .12 grams 



of carbohydrate/ How -.mucih of • each sliotild th^'persbn eat to obtain. 
30 ^rams of protei'n and ^24 grams of carbohydrate? . .'' ' .-. 

' We. write the , contents . of a gram of salinon -^nd of a gtam b£ ; 
^apple as vectors / ^ and -These vectors' have -only two ^omponen^b^, 
sipce we can i^rnore the 'fat component' in this problem. 

•••^'r'*' -.5 = [.20.. oin . :^ '.■■■'-^ ■ \ 

We also express s the requirement of the diet as a two- component ,. 
vector, D. , . /r . . . 

, , . • . = [30, 24] ■/ ■ • • •. . 

.ThQse three vectors are shown on the graph below. • (The scaling' is 
approximate.) . ^ : ./ ' 




V Let X be the number of :,gramsi^j|psalmon this person should eat 
and y be the grami of^ apple. The'quantity of protein arid carbohy- 
dra^e provided by X grams CT§^«^lmon is 

The amount of protein and carbohydrate in y grams of apple is 

. ^_ • ■■ ' • '^/'■ - • •. ■ ' ' 

The total quantities of protein and carbohydrate in x grams 
of salmon and y grains oC;vapple must equal the ;^mount of protein , - 
and carbohydrate 4j:i. t^|;>^ the, sum of the two 

- scalar inultiplicaticitis %pV|^^ equivalent to the diet vector 



• This problem may be interpreted in tetms of the graph above. 
It is obvious "that the sum of X and 5 is not 5. However,, if X 
and S could.be "stretched" to, certain lengths/their sum would be 
equal to 6. T-his "stretching" is done by scalar multiplication^ 
vector g is "st/retched". by scalar X, while ^ is "stretched;" by 

scalar y« 




Thinking in another way, it is oWIjous that one gram of 
'salmon and one gram of apple is not sufficient to provide 30 grams 
of protein and 24 grams of carbohydrate. We need many times one 
gram Of salmon and many times one gram of apple. The "many times" 
are reipresented by the multiples x and y. 

The values of x and y may be fourid by substituting the numer- 
ical values of X and D into the vector, equation, 

■ *- ■ ■ ■ -± ■ -♦■ * ± 

' ^ 5cS + yA = D . 

The result of the substitution is * ^ 

■ x[.20, 01 + y[0, .12.] - [30, 241 . 
The first step in solving this equation is to-perform the 
scalar , multiplications . 

[.'2OX,. 01 + [0,' .12yl [30,V241 • 

Next we add the .two vectors on the left. 

\ ■ . . [.20x, .12y].= [30, 241 ; 
The resulting vector on tWfe left is equivalent to the vector on , 
the. right. Therefore, the respective components of the vectors 

are equal. ■ ' ■ . ■ ' .■ ■. • ' 

' . ' - ; .20X = 30 and .12y -=», 24 



WS solve the first Equation for x. 



) 

* 150 g 



30 



We solve the second equation for y. , . ' 

• . ^ .' 'y .M. ' ■ ' ■ ^ ^ 

^ .12 . ■.•!!. ' . ■ .. ^ 

■ ■• ■ .-. I .. ■ . : 

= 200 g .. 

• The diet should include 150 grams of salmon and . 200 grams of 
.apple. _^ . 

We have solved a vector equation in which ttie vectors have 
twa components. One component is zero in one vector and the other 
component' is zero in another vector. The prol>lem we solved repre- 
sents a general type of problem, We are given a diet D 1= Id^^, d2] 
^nd two foods ^ = [ai, 0] and- 5 = [0, bzJ . We are askeA to find 
a combination of the two foods that provide digrams of one nu- 
trient and d. grams of a secon^i nutrient. Tn o;fcher word§, . we 
must .find, numbers x and y such that " 

. . " xX + yl = S . •" . . ■ 

In terms of the graphical , representation ,^ the sum of vector 1 
"stretohed'l x' times and vector 6 ."stretched" y times mji^t be e.guiv- 
alent bo vector B . ^ < 

The solution of this vector equation is accomplished as in 
the salmon and apple problem. We substitute for A, B and D. ^ 
. ; x[a, , 0] .+ y[0, b2l =,.Cdj^, 

' ■ ■ . . ■ . f» ■ ■ 

. The scalar multiplications are performed. - 

;/ - [xaj;, 0] + [0, .y^pgl °-^^l/.:^2^J ' ■ 



We add the two Vec,tors^on the left.' 



[xa^r. i^b^] « [d^., d2] ' 



^;.The f itst componentjon the^-'left is set equal to the first component 

on the "right, ^and^the se'cond, component on the- left is set^ tip 

the second component on the r.ight. / 

; ■ • <v . . . » ^ y . 

< . ; • xa.^ = d^' and y)^2 ' 2 * ' ^ - ■ 

.' ■ ■ • ' ■ ; ■ V ... ' ■ . ' ': ■ ' ■ •■v' ■ ' \^ ' ' 

We solve for x and y. . , M '4 



This general solution may be used for any ^case with two 004 
vectors in' which (ine; component of one food vector is zero aiid the . 
other component of the second food vector- is zero. 1 

■ . • ■ • ■ ■ . • ■ ■ . ♦ 

PROBLEM SET 14 : V ^ / » . " : 

1. Two vectors are equivalent if and only if : 

a. their components are scalar multiples. 

b. -r their component's are the same. 

<?. their components are even, numbers, 
. i/^ Are vectors t and B equivalent? (Answer: yes or no for gach) ' 
/ ,a. .1 = [4, 6], 1 = [6, 4] ' . , 

\ - b. X /= [2, 3]/-S = [2/ 3] ' ■ r ^ 

c. ,1 = [0,1], S = [1, 0], . : . ' ' ' 

" , X = [2,1, 3.], I « [2,1, 3] ^. , ' ; . 

. . , e. i = [46, 29], l>-[46,'^2.9] " . '/^..J. ' 

3. ",What values must X and y have to malce 'the following statement 

'■ true?. ,. *■ . , ' : ■ 

;\ ; . [x, to] = [16, ^y J. 

4. V = [x, y, z], w = [r, s, t] 

' If V. «' W-, :x = ? •■ :/ , : * -,. . . 



7^ 



it " ... 



5v 



•1 • 




v Chbose the, equivalent vector ^paiirs. 



. b. '(^ and S ^ " 

v. , ;^c.;!, X and 5 



4. ^-^d S 

r 

e .* and 6 



■\: 



% a i^ ^ 

.6. Which is the fewo-'food iJiet. equation?^ 

a. 'x% + yS = S 

bi (x + y) > (X + J) = S 
I 
S 



c/ X • § + y • == 5 



7. 'Suppose food A contains no carbohydrate and food B no protein, 
then X = [a, 0] and t = ? '. \ ' 











••-•b.. 


.'JO, 










Find X. 


• 

and 



1 , 



8. xCi, 0] + y[o, 1] - [3., 4] 
1 



,9. xC3, 0] + yCo, 4^- [3, 12] 
;^ia._ x[l.*5,, 0] + yCO, .3].V[45, .1.5] 



10 



s 
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11. , The menu of .a qu^iint little seaside restaurant lists "Apples . 

^ and Salmon for Two" f or liyich. The meal , contains 34 g protein ^ 
and 3 6 g carbohydr at.e . Apples jirre • 0 % prote in and . 1 2% carbohydrate , 
while salmon is 20%' protein and 0% carbohydrate. How many grams . 
of applesv and of salmon dbes the meal contain? •' 

1.2.* Phil is restricted. to a diet of 37 g fat and 67.5 g ^carbohydrate 
per meal.; He is havi||^ham and bananas for lunch today... A slice ' 
of ham 4 g) is 22% fat and has no carbohydrate. A banana (150 g) 

■ has no* fat^^d "is 15%y3arbohydrate. 

a. Write 'a vectoi^ for the^grams of fat ^d carbohydrate 

■ ; • ■ . ■ • ■ ^ . ■ ► , / - 

content, of one s,JLice t?f ham. / . . 

b! , 'writ^ a 'vector f for the content of one banana. 



C Write a' diet vector D for Phil meal. . ♦ 

* . d. Solve a^ector equation to find out how many bananas and^ 
slices of ham Phil should eat. - ' . • ^ ' 

' ' . ■ . ■ . . . 

13: For winning the Intramural Frisbee Championship the victors, 
called the Frizzor Freaks, were treated to a dinner by the' losers 
with the main dish being pork chops topped with^ cherries.. One 
pork chop (98 g.) is '21% fat and 6% carbohydrate , and one cup of 
cherries (130 g) is 0% fat and 15% carbohydrate. 




x^A ^, \t2f.0) . 



V (0,0) ' ONe smv/^O (GRMA^> 

. • di"'^ W]iich vector represents pork chops? Which represents ' 
.. cherties?'-^Which is -the diet vector?v» : 

\ • b. HOW many gr%ms of 'fat are contained in one serving? How. 
many grams of carbohydrate - / • 

.c. Hbw many g;rams pf pork, chops and grams of cherries are in 
one saving? ' ' ^ • 

102' ■ ■■, ' ■ . ■ ■■■ ■■ 
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'•■••.SECTION "1.5 J 

.15-1 A. Second Kind of Vector. Equation ^ ^ 

In Section 14 we demonstrated tlje solution of^vector equations 
of the type- 

In this section we will add one degree of complexity. One of the 
•. . vectors on the left, side will not have a zero component. The vector 
equations will be of the -type ^ . 

x[a^,'a2], + y[0, = [d^, d^] 

Note ,|:hat neither comporient j)f tlie first vector is zero. 

We will demonstrate the solu.tion of this type of problem by 
solving a specific example. 

^ ■ Assume that Fred's lunchtime diet should include 34 grams of 
protein" and 62 grams of carbohydrate. In his ref'rigerator. are "tinly 
fishstioks and apples. Frq'd is understandably disgusted, but is 
too lazy to ^o to the store. Pishsticks are 17 per cent prptein and . * 
7 per cent carbohydrate. Apples are- 12 per cent carbohydrate but • ' • 
' contain no protein. How many grams of ^tishsticks and how many gtams ^ 
of apples should Fred, eat? . 

We let ^ be the -nutritional vector for one gram pf fishstick. 
A represents the protein and carbohydrate in one gram of apple. 
» If 17 per cent of fishsticks is protein, one gram contains .17 gram 
bf-protein. One gram of fishstick also contains .07 gram of carboh- 
hydrate. . A gram of ' apple contains 0 grams of protein and .12 gram 
of carbohydrate. The vectors? and t are thus « 

* ♦ f = [.17, .07] \ . ; 

■ % = [0,. .12] \ . 

' ' ' . ' ■ ■ • • 

We let 5 be the vector expressing Fred's diet. Then 
. ' ■ . 6 = [34, 62] ' . • , . 

■ ' ' ' ' . • 

• ■ , The number of grams of .fishsticks to be eaten by Fred is x; the. 
•number of grams of apples is y. Wr write a vector equation as we 
did in Section, 14.' ' ' " . | • 

ERIC ■ •■ ■ . V • - ■ 



This type of problem is i^presented graphically below. 



\ 




We must expand F anfl expand A so tnat tne sum of the resulting vec- 
:tors is equivalent /to D* We expand f by a factor x and expand X 
by a factor 

' * ' V We must 'solve/ the vector \ equation for x .and y> We -begin by 
substituting numei^ical values \fxyr A. and D.. >■ ^ 

x[vl7> .07] +.^.10, .i2i = [34, 62] ' 

We perform' the scalar multiplications of the first two vectors. 
■ * [.17x, .07x] + [0, •.12y] =.[34, 62] 

We then add the two vectors on the left. 

[.17x+ 0, .07x+ .12y] = [34, 62] 

'• ■; ■'- \ ' ' ■■:..!•■ : : ■ • ■ 

^ f V [.17x, .07x+ .12y] = [34, 62] 

' 3i,nce the vector on th^ left is equivalent to the vector on 

the right, ^he first components of each are equal, and the .second 
cmponents^ of each are -equal. 

■ ' - V - ■ ■ ^- .' 

• ... ,. . 17x = 34 



.07x + .12y «• 62 



T|ie f irst^«gua^ion may be solved for. x . 



J. ■ 34 



In order to .folve the second equation for y we substitute the 

fr6m the first equatioju^X . , 

. . .07C200) + .X2y = 62 

' .' ' . • 

. ♦ • " . '■■ 14 + .12y, = 62) , 

' • • '■■ • • ■ / . 

■ We feolye this equation for 'y. ^ 

,..<••.•-"•'; ■.iV = 62_---.u.4/ 

..... ■ ■/.■.12y"^ 48,.^'; J 

' ' / - ■ ' ' .„ ' , , y * 400 . . 

The answers indicated that Fred shotaid eat'200 grams of fishsticks 
and 400 grams of apples. 

Our method of 'solving this pro^eni dif.fered only in the final / 
.stepyfrom t^e solution of the vectot. equations in Section 14. - In / 
'Section'l4 each of the final equations could be solved directly f^r 
an unknown.". In the type of prpblem ;■ that concerns us here-r one et^uar 
tion contains both unknowns. Tpier ef or e, .ther equation containing, one • 
unknown is solved directly, and th6n the numerical value of th^ un- 
known' is\substituted into the other 'equation.. "^Z 



PROBLEM SEt\15: 

Vector t = [3\ 2]" and. vector S = [6, 1] . ' Vector 6 - [6, 7 ] . Problems 
1 through 3 concern isyfinding k and y sflcTi that +.vyS == ;^.. k ■ ' 

1. Are xX and yS vector's or scalars? ' ' ' 

X, 8 and S are shown on the graph on the following page. : 




2. V^c 

3 

Je obtain the vectors and yB* 



5 6 7 ^ 

to vector S, 



tpr i' is sai^ to be 
3. When the vectors S and S' are extended along the dashed 



a. ' 



The vector xX which satisf ies xt, + yB 8 isi 

(31 [6, 4]: 



(3) [3, 01;/ 




(1) (3, 2J 

' ' ' .,(2.) [6,- 2]-; ^; . ^: : ' : ^ 

b. Similarly, yB is: 
(1)<[07 7] ' 

■■ ■ .-(21 [0, 3] ■ .V' ' ■ . ■ :. 

■ ' ■ • . - ■ ■ . . ■ ' ■ ' 

a* ; What does x equal and" what does y' equal? 

In Prbblems 4 through 8 pTrovide the expressioh which belongs in 
. ■ ■ ■ ». ■ • . '■ 

the 'position of the question mark. 

4., x(4, 2] = [?, 2x] " - ' 

5. y[5, 6] « [Sy, ?] 

6. x[8, 2] + y[3, 0] « [8x/ 2x] + [?, 5] 

7. [X, lOx] + [0, 7yl> [x^?] • ^ 
a. X[2r, 5] + V[i6r p] « [21X + 16y, ?] 



iDi each of Problems 9' through 11 a 'f&otar equ'atidn given. Write * 
. the associat^ed. Isystem of linear equations i' Do not solve the system. 



9. [6x + y, 5y] » [20, 2] 



Id. [7x> 6x + 2y] = [5, 15] i ^ 

11. [lObx + 18y,Sl2x] = [18, 0] ! 

' ■ . ' • ■ ■ » 

■ ' •■ * . ■ I 

■ ■ ■ ' I 

12. ' Solve the following system of equelti 

" ■ ■'■ ^'\- ■ " " , ^ 1 ' 

r 2x + 5y = 10*f) 

* • . . • . • ■ ■ ^ ^ • ■ . ■ . ■ i • 

Sx + Oy = 200 

Solve the following vector equations fc)r x ^nd y. 

13. x[4, 2] + ytO, 3] ^ [16, 14] 

14. x[:q,-7] + y[l, 2] ^ [5, 17] \ 

15. x[5, 0] + y[6, 4] + [1, 3] = J25, .15| 

16. x[3, 1]. + xf7, 3] + y[9, 0] (= [56, 8]\ 

17. A glass of orange juice contains 61 mg vitamin C and 14i mg cal- 
cium. A bowl of corn f lakes contains no Witamin C and 5^ mc^calci^jml, 
A certain diet require? 122 mg yitamin C and 33 mg calcium. 

a. Write tw<$-dimensional' vectors [mg vitamin C, mg calcium] for 
orange juice, for 'corn flakes, and for the (^ietary requirements. 

b. Let X = the number of glasses, of orajige juice to, be drunk 

and y =* the number of bowls of corn flakes to be eaten to achieve 

■ ' " . — ■ \ \ ^ ■ 

the diet mentioned above. This information ffljay \be written as a 

vector equation. Which equation. describes this )ptatemeht? 
' , (1) X, [61/ 0] + y[14, 5] = [122, 33] 
(2) X + y 122 + 33 
««> (3) x[61, 14r+ y[0,;5] = [122, 33] 

(4) x[i22, 33] = yt^6i +D, 14 + 5] * 

c. Solve the vector equation^. , . 

d. ' How many glassesr of orange juice and how man^ bowls of cor"h 
^ . [■ ... • ... 

flakes are needed to fulfill the diet? » . r 



0- 



18. \h slice , of briad contains 2 g. protein "and 12 g carbp hydrate.. 
A spoonful of peanut butter contains 4 g protein ahd 3 g carbohydrate 
A spoonful Of jelly contains no protein and 14 g carbohydrate. How 
many spoonfuls of peanut butter and how many spoonfuls of jelly would 
make a sandwich (with 2 slices of bread) containing 12 g protein and ■ 
7*2 g .carbohydrate? . .. ^ 

19.. An average strawberry contains 9 units of vitamin A^ and 9 mg of-/ 
vitamin C. A scoop of ice creafla contalrns 120 units of vitamin A , ' 
and no vitamin C. How many sco^s, of ice cream and how njany straw- 
berries give *4 6 5 units of ' vitSmin A and 225 mg of vitamin C? 

20. . A slic'e of ! white bread contains .015 mg vitamin an(^^j .-520 mg • 

vitamin B^. A- tablespoon of honey contains no vitamin^ B^ -anp. /. 012 mg 
2 -•■•^ ■t—j , - • . 

" vitamin B^. ,To fulfill a requirement of .045 mg vitamin B. and 
.096 mg vitamin many slices of bread should you eat^^ and how 

many ^ tablespoons of honey should you use on each slice of bread?^ 

21. One egg contains 6 g of protein and 6 g of fat. Non-fat milk 
contains no fat and 9 g of protein per cupful. A girl has read a 
magazin^that she should bat 24 g of protein and 6 g of fat 'during 
breakfast. How many eggsland cups' of milk should she have if she 
fellow's, these directions? \ Use vector , notation. 

22. Martha's monkey loves >ananas. I'o make him happy and to make the 
vet happy, too, Martha s^uld give her monkey a daily d^et that 

has at least 59.4 g of protein and; 230 g of carbohydrate. She de- 
cides on bananas and ' hamburger . One banana contains one gram of 
protein and 23 grams of carbohydrate. A gram cf hamburger has .247 
gram of protein *and xxo carbohydrate. How many grams of . hamburger 
^ and how many banahas Should the monkey eat a day? ^ 

23. Mother Hubbard went' to her cupboard, but it wasn'^ quite bare. 
jEt contained a jar of peanut butter and a sack of sugar. Mother 

' Hubbard and her poor dog -ne fed at least l&O grams of protein and 150 
grAms of carbohyarate to survive for a day. ' ' 



grains grains 
V protein carbohydrate 

One tablespoon peanut butter = ? = [ 4 , '3] 

One\oup sugar = ? = [ 0 , ' 200] 
. Diet « 15 = [100 , 150] 



3,nu 
SVC 



How many tablespoons of peanut butter and how many cups of sugar 
do Mother Hubbard and her dog rieed^to eat^ in one way? 

24* Claude at.e a meal at -a pizza parlor. How many glasses pf " cola: 

and how ^ny sections of pizza/would he have to eat to fulfill a 
• diet D? • • * . ■. ' ' • ' ; : 

, greuns '■■ . graihs 

. , protein carbohydrate 

Diet = "5 [21 , \ 105] 

One section pizza^= P = [7 , 27] 

One glass of cola C = t 0 # " 24] ; 

How many -calories does this meal have from protein and carobhydrate 
alone? , ^ 



. \ 



SECTION 16: 



.. 1 



16-1 The Substitution Method f6r Solving V ector Equatiofis / 
Ail of\he, vector equations so . far have included at least 
•pne vector with a component "of zero. We will now consider' 
cases in which none of the compon^ts of any food vector is zero 

. . in the previous two sections wl| demonstrated the solution 
of vector equations by specific examples. In this section we 
will again use a specific problem, in this case to demonstrate 
the solution of vector 'equations in' which no food vectors have 
anV zero components. 



We 



are given vectors l"^ and 'representing 



the nutrient 



content of two foods. 



^2 



We are asked to determine^the quajnti;j.ies of , tl^ese foods needed 
to fu^Lfill a diet giviin by vector 5, 

I D = [12; 16] ^ 
As we have done previously, we multiply the food vectors by 
' scalar multipliers and write a vector equation. • _ _ 

. ■ ^i^r^2 ^ ; ■■■■ . ; \ 

-The scaled 'multipliers are-'x ahd^y. tche equation expresses tjie 
fabt that X gr^s of /thi^ .first food and y grams of the second. food 
fulfill the requirements of the diet. 

' You 'should by* nbw. be familiar wi.th the first several -steps 
or the solution. We substitute-'^the^ numerical values of the. vectors 
into the equation and; perform the scalay multiElicationst 

' . . . " x[2, 4y+^,y[3, 2] =|^[1^, 1^]. 

^2x, 4x] + Wyv2yJ.«7l2^^ 
The two vectors on- the left side ^^f W^quation are added;.. Then ^ 
the fipst . component on the left is ^t to the' first component 

on the right, find the second components are likewise set equal 
to ^afech other. ' , . j ^ 





If 7; 



[2^ + 3y, 4x + 2y] = 16] ' . 

. . 2x + 3y - 12 . (Equation; 1) 

/ ' . ■ 4x + 2y = 16 (Equ!|itioj:x/2) , , • 

The result is a pair of equations, each of which contains both, 
unknowns x and y. • | 

' We have, hot previously encountered this situation. Neither ^ 
equation can solved directly for one unknown. However, we cai\. 
solve one equation for one unknown in terms of the other tinjKnown. 
We can transfer x to the right side of the equation, for example, 
and isolate y bn tHe left side^ This is solving for y in terms . . 
of X* The following steps show how to solve for y in terms of x 
ifi Equation 2. - 



2y 16 

V 2jr = 



4x + 2y =^16 (Equation 2) 
16 - 4x 

',,„■.. y = 8 - 2x • - 

We now substitute the expression 8 - 2jc for y in Equation 1. 

2x + 3y = 1? (Equation 1) 
; " . 2.x +^ 3 (8 - 2x) = 12 - 
' . * 2x + 24 - 6x ^ 12 , . 

^ ;24 4x = 12 • ' 

This equation^, may be .solved for x. 

. . I -4x. = -12 ■ ■ . . ^ ■• ■ • . ^ > 

We have now solved for x/but have not yet found. y. We may 
find y by substituting the value of x into either Equation 1 or 
Equation '2.* Since we have already^ sqlved EqCiation 2 f or y in terms 
of x we will substitute into, that result. 

\; . • ; / y « 8 - 2(3)- ; ^ ■■; •. '■. ; . 



The method" of solution in the above example is calli^d tne . / 
substitution' i^ethod . Let, us review the |teps involved. ;/ / 

1. We solved one of the equations .^or one of the Unknowns 
in terms of the other. i ' 

/' 2. We substituted -.the expression we obtained in step 1 into • 
the oth^^jlpuation. We solved this equation for th^ second unknowns' 

•3. We substituted the value of the second unknown, obtained 
in step 2, into the expression obtained in step 1. The resulting 
equation was solved for the' first unknown. 

When we solved the pai.r' of equations in the example, . we did • 
step 1 by solving Equation 2 for jy. .We could just as well, have 
solved Equation 2 for x, or solved Equation 1 'for x or y. . 

EXAMPLE: ' 




. Solve far x and<y, 

.:20x + .25y = J.0 (Equation 1) 

' : .lOx + .75y = 15 / (Equation 2) 

■ ■ * * ■ ■■ ■ / ■ . ■ ■ ■ . 

■ SOLUTION ; ' . _ * . 

■ ■ ^ ■'■ ■ . . ■ . , '. ■ ' ' ' . ■ ■ ■ ■ ' I. 

Many people pre'fer to work with linear equations having . 

coefficients which are integers. In order to put E<juatiDn 1 in 
this form we fitst note that the coefficients are expressed in 
hundredths, .Therefore we multiply the entire equation by 100, 
obtaining , . 

20^ + 25y = 1000 - 

Next we notice that 20; 25 and 1000 are all divisible by^S. . There- 
fore we divide the entire equation by 5, obtaining' 

. 4x + 5y = 2D0-'' J( Equation 1) 

^The Equation is now reduced to lowest terms . This is important 
in simplifying subsequent calculations. Equation. 2 can also be 
converted, reducing to 

2x.+ :^5y = 300 ' (Equation 2) ./\ 

Suppose that we now ^^olve Equation X for x. 



.|iC « 50 - ^jr 



We substitute this expression into Equation 2 and solve fox, y. 

2(50 -"|y) .+ 15y - 300 



4- 

' 100 - |y + ISy-tOO. 
' • ; ' 100 + ^y = 300 : ^ 

.» ;. ,Ty = 200 , , 

The value of, x is now easily computed. 

,4- 



X = 50 - |y 




^ „ ' • . - = 5:0 - |(16) . 

■■ ■ .■ •■ . ■ "■ ■ ■ ■ ■ = '30 : ■ • - / ■ ' 

We conclude that X = 30 and y = 16. v. 

■* ■ . V , ■ 

•K. ■ - . 

PROBLEM- SET 16: 

1. Solv^ the following vector equaJtio.ns for x and, y 

■ ^ ■ ■ - '■■ ■ - 

a. Jc[6, 4] +. y[7, 3] = [75, 3*5,] ., , . 

b. . x[2, l"] + yt4, 5] = [2a, 2^] . '^ / ' , 

■ c- xi.063/ .0.0^] t y[-002, -.005] + [.090, .JSO] = [v31p, .60D] 
• # d. •x[7, ,3] + y[9,^ 4] + x(2, pj =IJ99, 391 ' ^ * 

e. xElSr 91 + y[12/' 3] 1= 3[i4> 7] , • ^ ; >- ■ ;' 

2. ^ carrot contains ^5500 utiits of Vitamin A and 4 mg of Vitamin 
C.: A stalk of celery con|:aini5 100 units of Vitamin A and 4 mg of , 
Vitamin C. John's diet recjuires 5900. units 4?f Vitamin: A- and 20 mg 
of Vitamin C.' Write a vectoi:' equation. Solve it, 

3. An apple cpnta-ins- .04 mg- o£ Vitamin B^^ and .02 mg of Vitamin 
B2. A pear contains .q4/mg. of Vitamin B^, and .07 mg of Vitamin B2. 

' HOW many apples and how many pears would you "have to eat i^f*9^t . 
l;io mg of Vitamin b1 and 1.20 mg of Vitamin the minimum daily 
requirements? . 1 ' 




/ 
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4V*. 'Ones cup d/ jnacarpnl contains: 1' g of fat a^4 3'9 g carbohydrate. 
-A* cup of cheese |as 36 g fat "and 2 g, carbohy^f^'te. If i^ou ar^^^on 
.V^;diet:. restricting you to 20 g fat and 79 . ^^c ^ohyd raie, how maipy 
ctips each of macaroni and cheese can you eSTr^nd what is the ratio 
\ o'f m^caiji);ni/to cheese? . 

■ 5. ' A sai>dwich consists of two slices of br^aA, a spoonful of 

; peanyt butter and a spoonful of bel.iV- . A spoonful ©f. peanut butter 

■^^rife^ins 4 g protein, arid 3 g c^tbohydrate. A spoonful of jelly 
.. contains nonprotein and 14. g carbohydrate. A &^ bread conr 

tains 2 g protein and 12 g oaxJDohydrate . A glass' of milk '"colilsains 
; 9 g'" protein. and 12 g carbohyarate. If you desire ko have a lunch 
^ of 35 g . protein and;- # how many sandwiches and how 

many glasses oi niiik s )ipM have? - . 

^ 'G% Master Chef Bander snatch likes to make salads that have a 
^ prot^in-to-carbbhydrlte ratio of .l to 3.. Note that any scalar- 
V multiple of the diet vector 5 = [1, .3 ] will have such a ?:atio... 

^ . , one hea^le,fetuce = L = [3> 6]-,.; 

X . one carrot =5= [1, 5] 

'Make a Cfeef Bander snatch salad from lettuce and carrots. What 
t^would be the proportions of thfe smallest salad that made use of 
an integral number of carrots and heads of lettuce? ^ 



17-1 th^ Addit ion- Sub.trabti on.. Method ^fo^ Solving Vector Equations 

•. . In'Sectioft - ie we solved a yectpj: eqiation 'in which-no coinpon©nt^^ 
of any vector was zero. The equation was ' . " ' 

. x[2, 4] + ^[3, 2] =:;[i2, i^r ^ ' :. 

We corxve,rted this vect6r. equationjto the, two equations •, . 

,♦ ■'" •<' ••' V ■' \. ■ . '■' ■ •■. • ■ ' . ■ 

/ . < ■ * ' • + 3y - i2 , . (Equation 1). .. 

■ ■ ■ A. - . . ■ ■ ■,.»•■■.....■■■■'•. 

• • * 4x + 2y .= „16 (Equation 2) • ^• 

W« obtains* the values for jx and y by solving the second 
equation for in tenns of x, substituting this expression for • 
y^Lnto the first equation and solving this equation for x. Finally 
We substituted the numerical value of x into an earlier .equation and 
solved it for y. The' solution w6 obtained was x = 3 and y =» 2. ' « 
Thii pjrocedure *is called the substitution method. / 

We. will now discuss an alteryiajte . procedure, called the addition^ 
, s ubt f act ion method > which'^nay be used to solve the same pair of 
■.equations;. ""'-'-.^r ' ' -^^i^' 'V 

•V- 2x + 3y = 12 (Equation 1) 

4x + 2y = 16 " (Equation 2) ; ' 
Consider the ifesult of fmultiplying the first equation by 2. We 
designate this. result by^ 2 (Equation 1) . 

• 4x + 6y^= 24 2:(Equation i; -j^, 
Suppose . nojit. that we subtract Equation 2 from thi§ new .form of 

■ . ' \ -J * \ " ■ '' * ■ ■ \ . ■ ■■• ■ ■ . ■ • 

Equation 1. .; ' 

'" v. • ■ ' ■ 4x + 6y =,,24- 2(Equati9n 1) . ' \ . 
^ . - (4x + 2y" ° 1&-) - (Equation 2) . ^ 

'observe that we^'hl^^e eliminateel terms contai^iing x. The resulting ■ 
equation can be .solved* foir .y. . • ■ "* 



The vaWe of x is now easily found by substj,tuting 2 fo/ y it eithe 
of the jbriginal equations. i 

■ . S 2x + 3y « 12 , (Equation 1) . 

■ \ ' 2x'-+ 3.(2) = 12 ■ ■ j • ■• 

k''':^ \ 2x- + - 6'. '«-12- *:• 

. The- values oi x and.i^, not surprisingly, are the same that we 
obtained by "the substitution method. The addition-subtraction 
method produces a r^ew pair of equations wi*th the same solution set 
as the "original pair. J^heti two systems of equations have the same 
sninfinn Rgt^ they are said to be equivalent systems . 

The crucial step -in tha addition-subtraction method is the 
adjustment' of M:he' equations so. that one of the variables has the 
same coefficient in both 'equations. Usually this involves multi- 
piying one or both, equations by appropriate numbers. Another 
exalRiple follows. i 

V ■ • . ' . ■ ' . • ■ ■ ' ■ f 

EXAMPLE ; ' ' / [ 

: • Solve for x and y, ' \ . . ^. ■ . 

* .5x + .2y =? 9 (Equation 1) 

. ' .■.4x + .3y = 10 : (Equation 2) / i 

SOLUTION:;. » ! /■ ' • .. 

Neither variable' has the same coefficient in both equations. 
Therefore we must adjust the equataons.by multiplication. Wp can' 
make the coefficient of y equal to .6 in both equations if wp 
multiply Equation 1 by 3 and. Equation i2 by 2. 1 ' 

'. . • . -1. 5x + *. 6y = 27 3 (Equation 1) | 

., ' ..°8x + ..6y = .20 2 (Equation 2) ^ 

We nowi subtract the' second equation from the- first. , 

1.5x + . 6y = 27 3 (Equation 1) 
- ( ; 8x _+„. 6y 20) -2 (Equaislon 2) 



now substitute this value ' into the origi'nal Equation 1 ^o find 
^ the value of , V 

^ . 5x + . 2y - 9 (Equation 1) . • 

. (.5) (10) + .2y =9 

. • . ■ . ' -a* ...... . . , ■ 

■. "5-+ v:2y 9 .• • 

Let us now» consider a more practical question about the Iddition- 
subtraction Aethod. When should you use this method and when Should 
you" use the substitution method? In many problems, .personal preference 
is the best guide. In general, the addition-subtraction method is 
most convenient when the--c*)efficient of ah unknown in one equation . 
is a simple multiple of tKe coef f iencti^ in the other equatiori. /The 
substitution method is most convenient when one of the coefficients • 
is a srtiall integer. Both methods will always work.' Consider the 
following problem which we wfll solve by both methods. ^ , ; ^ 

EXAMPLE ; . • 

Solve for X ai^ y. • • - y 

X f l^^Y = 76 (Equation 1) ^ * 

llx - .4y = 46 . (Equation 2) ^ 

SOLin^ION: (SUBSTITUTION METHOD) • 

— ' — ■ ■ .' . . ' ; ■ ' ■ ■ . ■ ' ■ ' . ■ .1 

■ Solve the first equation for X. 
*' • ■ • ' ■ X =■ 76 - .14y ■ ■ ■ . ' ■.. ' » 

Substitute this expression i^to the second equation. . 
' ^ ll(f6 -. ;L4y) - 4y = 46 ' . 

V . 836 - 154y - 4y - 46 ■ \' 

^' \ ■ 836 - 158y « 46 . . . 



Solve fQt X' 



-ll8y « -790 



> V. Substitute y = 5 into the first equation. - 

X + i4 (,5) > 76 . 
. /' • \ ' .. X + 70 -=.'76 . 

' ' , V ■ .-x = 76 - 70, ; ■■ 

J' ■ . . .' ■ ■ ■ ' 

' ' . ; ■ X = 6 :■ ' ' V 

"... :• 

SOLUTION : (ADDITlON-SUpTRAGTION METHOD) 

. .^Multiply the first equation by 11. 

■ ; llx + 154y = 836 11 (Equation 1) 

Subtract from this the second equation. 

lix + 154y ^ 836 11 (Equation 1) 

^ _ - (llx - 4v ~ 46) -^quation 2) 

158y = 790 . . ^ ' 

■ . .- Y - 5 V ■ , ,.' 

Substitute y == 5 and solve for x. 

X + 14(5) = 76 ^ 
• • X + 70 =■ 76 

Which method do you prefer? » 



.J 



PROBLEM. SET 17: 

Sdlve the vector equations in Problems 1 through .6 forx-and y 
by the addition-subtraction \5eth0d. ■ 

1- X[3, 6] + y[4, 5] » [39, 4'3] - 

2. x[9; 91 + y[^, 7] ^ [570, 850] > 
: 3./ x[8,,^24] + y[6^ 24] -^ §2600/ 9600] " : 

''4. xf.20^ 1^00] + y[..l^, .36] » [2, 64] ^ 
^;5. xtri3, .17] + y[.09, .06] « [38.40, 38.10] 
• 6. ; x[.20, .25] + y[.14, ;35] - [110, 225]_ \ ; . 



7; Which of the following systems of equations are equivalent . 

• • • , ■ ' ' ' • , 

to the. system * 

' : ^ • •. ."; ■ • *• ';. . /3^3c[+ 7y ■'=5. 5| ■ ■ . . ; " . . ' 

■ 7x - 9y =—49? • 'Z ' ... 

There may be ^no re than one correct answef in this problem. Recall 
that equivalent systems have the same solution set, 

. a, X ■+'■ 3 5' ■ ' . .' • • 



' : '"^ ^ ^^^^ ' .'. 

b, ^ 6x + 14y ~ 110 

.-■■.7x 9.y/- -49_. ; .■ 

c, 13X.+ 5y =»- 61. . , ' ■ ■ • ■ ■■ . . ■ 

■ - ■ 5y =; 35 ■- ' ' \ " / ■ \ 

d, 3x + 8y = 59 * 
- ■ 7x 8y « -40 

8-, John, -a football player^, loves- fried chicken drumsticks and 
miik. He was told that during training he should eat 767 g of 
pifctein, and 169 g of carbohydrate each day. John decided to eat 
drumsticks and. milk three meals a day. Fried chicken drumsticks 
are 32,5% protein anH ,1,3% carbohydrate. Milk is 3,9% protein and 
5.2% carbohydrate. ' 

a. *How many grams of protein and of carbohydrate are in one 

* . ■ . . ■ 

gram of chicken? In one gram of milk? 

b. Write proteins-carbohydrate food vector^ for chicken and 
for milk. 

0- . > 

c^. How itteny grams of chicken and of milk will John n^d per 

day t^ fulfill his diet? , 

d. If John fulfills his diet by eating onl| chicken and milkr 
he will' consume 239 g^of fat per day. Use the conversion vector 
to determine his d<\d.l| caloric intake, f ■ ■ ' ' 
9. For dessert, Jane likes ! apple pie a la mode {with ice cream on 
* top) V How mani^ pieces of p^e and how many grams of ice cream can 
she eat if she can have only 39 g of fat and 93 g of carbohydrate? 



There are 15 g of fat and 51 g of carbohydtate in a piece'of apple 
pie. Ice cream is/ 12%. fat and 21% carbohyirate. Use vector nota- 
tion and be careful with your units (pieces and grams). # 



1 ^ y 
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REVIEW PROBLEM SET 18: ' . . 

If X « [3, 2, -1], 6 » [-2^ 5, 7] and 2 « [1/ -4, 3] compute the 
, following vectors. •/ 

1. * X - t . . : • 3r. "• 2% + S - 32 ■ ■ ' • ' 

. . ^ ' ' • ' ■ ' . ■ ■ ■ ■ ■ 

2. 3? - it 



The following are nutrition' yeqitors for tl^ ingredients of a meal. 

one hamburger patty = [21, 7, O] 

one cup wax beans B - [2, 1, 10] 

one cup rice casserole ^ = [4, 2, 38] 

Suppose' that a, certain meai consists of two hamburger patt-ies, one 
cup of beans and half a c.up of rfce casserole. 



4. Express the nutrition vector for the meal in terr(is of ,the, vectors 

5, S and ^. , ^. 

5. Compute the components of tl\e vector in Problem 4 and write the 
vector in terms of the components. ^ 

6. Compute the number of calories in the meal. . 

7. 'one evening Norbert Numnitz had a ,meal consisting of one terrapin 
steak, 2 ears of corn and half a cup of mixed vegetables. Use the . 
information below to compute the nutrient vector for one cup of the 
mixed vegetable dish. / 

: total meal ' ^ = [27, 7, 36] 

one terrapin steak ? «/[19, 4, 0]\ • 
one eajr of corn C f [3, 1, 16] 

The following table lists the calories used during certajln activities 

Activity / cal/kg-min 

Washing*, dressing .032 

sitting; eating .025 '. * 

Sitting; watching TV .023 

Standing / .028 

WaMcirig / '055 

Running ^ '147 

Typing; driving a car .035# 



. Dancing/ '087 

• Swimming .163 



Suppose that a 7 0~kg person cons\!(pes a nutrient vector 
S « [25, 12, 21]. ' . 

8/ Find tl;ie n'umber of calorieg in the meal. ^ 

The meal took 30 minutes to eat. How many calories were used 
■ in e^tihg? 

iO'. Thiii meal was followed by a 60-minute walk. How many calories 

' were used the walk? - 

11. ■ At the end of the wallft; how many calories remained from the meal? 

12. The ntJtrient vector for one chi:ckea drumstick is D = [12, 4, O'J. > 
Salmonella, a 60-kg woman^ ate a drumstick sp slowly that she just 

' broke even on calories (neither gained nor lost calories). How i 
long did she spend eating the drumstick? 

13. Find X and y in each vector equation, 
a. [x, 4] = [3, y] 

. ; b. [x + 2„5] = [-2, y - l] 

, ■ " -. • ; ■ . ■ ■ ■■ ■ ■ ■. ■ 

c. [17/11] = [2x - 1,/y +,5] 

14. f Solve for X and y. ' - 
, V- x[3, 5] + yl2, 4]> [34, k] 

15. A snack of raw tuna and tangerines contains 3.6 g fat and 7.2 g 
carbohydrate. Tuna is 4% fat and contains no carbohydrate, Tai^- 
gerines contain ^ fat and are 9% carbohydrate. Give the amounts 

of tuna and ta;igerines\ in the snack. 

■ ■ ■ ' /■' ' ■ \ ' ■ ^ ■■ ■ ■■ ■ ' ' ■■ ■ 

16. A lunch yith 33 g protein and 21 g fat consists of chicken 

drumsticks i And avocado i^iiiad. The nutrient i^ectors are 
one drumstick . \ [12 g protein, 0 g fat] 

one helping salad [6> l4] ^ ^ ^ ' ' . 

How maHy drumsticks and ho>^ many helpings ?)f salad are in the lunch? 

ih. A .90-g steak contains 21 g of protein and 27 g fat. A 50-g , 
order of French fries contains 2 g protein and 6 g fat. How 
many grams of steak tnd how many grams of French fries. must be 
contumed to provide 31 g of protein and 45 g of fat? 
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SECTION 19: 

19-1 Inequalities ' 

Certain nutritional problems involve determining how suffi- 
cient quantities of nutrients may be supplied, at the least cost. 
The solution to such problems could af fept. the lives of many people 
in poor cQuntries trying to cope with starvation. An example of ' 
such a problem is the following. • 

One p6und of whole wheat flour contains 60 grams of protein, " 
' 20 mg of" niacin and no vitamin A. A pound of so^ flour con- 
. • tains '168 gtams of proteih, 10 mg of niacin and 500 lU (inter- 
( national units) of vitamin A, Suppose whole wheat : flour costs, 
. 15 cents per pound, while soy flour costs 30 cents per pound. - 
What is the least expensive combination Q.f the two types of 
flour that meets or exceeds a requiic^ement of i252 grams of 
protein, 30 mg. of niacin and 500 of vitamin A? ^ 

This problem differs 'from previous problems in one important 
respect. The 4iffererice is the phrase "meets or exceeds.?' . The 
c<^hibination of whole Wheat flour and" soy flour need not contain the , 
exact amounts specified in the dietary requirements; it may contain 
more than is required. The combination may contain 252 grams of ■ 

•IS .... 

protein, for example, or it may -contain more. 

Since the amount of protein in the flours mu&t be either equal 
to or greater than the amount specified, the algebra of inequalities 
is involved. /The algebra of inequalities has its own spfecial .nota- 
tion. We will now study this notation in order to better understand 
the nutritiorial problem which we have posed. 

/ The statement x > y means that x is greater than y. For example, 
6 >4. y means that X is either grea>ter than or equal to y. is 
trnie that^^^^4, and it is also triAe that 6 > 6 . 

' f X < y means that X is less than y. For, example, 6 < 8. x'< y 
indicates that x is less than or e^ual to y. . ' 

The statement x ?^ y iaeans that x is not equal to y. For example, 
6 J* 4 and 6 ^ 8. 



YQjj iriay remember which sign indicates "gteater than" and Which 
sign "less than" l?y, noting that the wider >ide of the sigfi is toward • 
the larger nuiriber. . The wide side in 6 > 4 i.8 toward 6, and in 6 < 8 
it is toward 8. ( 

inequalities in- many respects are like equalities. Ah in- 
eguality is a statement that may be true, false or open. (Recall , . 
that an open statement may be either true or false. ) The following • 
inequalities are true. • . ^ 

■4. > 3' -.9^3 
■ ■ 3 < 5' .• . •■ ■ 5 > 5 •. 

]How0ver, the following inequalities are false. * • ^ 

■•- , ■ 4 <.2: ' ■ ' 4>;4 ■ . ■ . ■ ^ 

■ ■: ' ' : 2 >'A . : ■ ^-^-Q ■ " ' ■ ; •/ ■ ' .'■ 

The follGwing are open Inequalities, because ,they may be either ; 
true or false. 

. ' ■ ■ . ■x>''4; ^ ■ ■ ■y$x + 2 ■ - 

y ji 'J y < mx + b 

The solution set of an open statement is the set of numbers 
that makes thfe statement true. . . • . 

19-2 Graminq Inequalities 

One of the best ways to study inequalities is through graphing. 
Graphing ineqiillities will be essential in our solution of the 
nutritional problem we .posed earlier. Therefore we will give this 
subjec.lj .some attentijon now. ' 

•■ Bqullitifes may be represented graphically. For example^ y. 3 
maffil^^^eprestented. by a line, as shown belpw. 
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Inequalities may also be represented on a graph. The inequali,ty 

X > 0 is shpwn by shading the entir'e region in which x is greater 
than or equal to zero. 




j>- »y. 



The inequality y may be shown by shading the entire region in 
which, y is greater than or equal to zero . / . 



. When one side of an ^inequility is grfeater than the other side 
<a>b)V as opposed to being greater than or equal to (a^b), a ^. 
dashed line bounds the shaded region. For -example, ' the graph on 
the left below is y i 2, while the graph on tha right is y > 2. The 
' dashed line indicates tha^the line itself is not included in the 
region, in other words that y ='2 is not part of the solution set. 




Y 




Other examples of inequalities repr^ented graplrcally are 
shown below and oh the next page. 



Often a problem contains more than one constraint.. For .; 
example, in our flour problem the amount of whole wheat flour can 
not be negative. We cannot buy a iiegative amount of whole wfeeat# 
flour. The same goes for .sdy flour. If x' is the quantity of 
whole wheat flour purcl^ased and. y is the quantity of soy flour. 

purchased then " — ' 

■ • ■ ■ ■ ■: . ' ■ . , , . ■ ' , _ ' . ■ ■ ■ 

y k 0 • ' ■ 



X ,^ 0 



and 



HOW can we graph both these inequalities at once? The solution 
developed on the, following graphs. Where the two shided regions 
overlap is the r legion where both constraints are true (Figure 4 
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;More than two Inequalities may be represented on the "same 
graph, and sometimes the resulting shaded region, is .entirely bounded. 
For example, th^e tliree inequajtities x > 1, 'y ^1 and y Irx. + 4 define 
the bounded ;shaded region in thib following graph. By co.ntra&t, the 
.shaded regions in the previous graphs are unbounded; that is, they 
extend I indefinitely in one or mbr^ di^rerctions. / 
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As, a final exairtple, consider the region -defined b^ , the con-- 
straints 

■ ■ . : . ■ -x^ 4 ■■ •■ ■ • 
■I t- V /y^' 2 

•These- four constraints are represented on the graph below. 
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, . : * 1- ■ .■w 
PROBLBM SKTvXSs . ; 

1 . Stiate whether the following ine.qualiJties are true , false or opei). 

• • . ■ ■ ■ ■ ■ . ■ ■ ; .■ " ' ; '■. ■ .; • • ' ' • • 

"; 'a.'.--io'> 7'.* * ' ' '. 

# • ' ■ •• . ;,, ■■ ■ • ■■. , ■; , ■ ; •;: • ... 

• c. •• -4 > 3 •; y . • , ; • 

•e..'-pi3;^ V ..• . ■ . '■• ■ - 

f/ <and s:^ 10 " . ■ :^ ■ ■ 

g.^ -10 >t3.;+.5-; " ■ \ . ■.: ■ ' ' v ■ ' ' 

■h,^ 2x + y i 7. 

i,^ -Sk'^lO ■ -V ■ ■ 

2 . / Express the following statements symbolically . , 

a. Five is less than six. - . 

bV -Negative three is greater than or equal to negative 10. » 

.■ ■ . . ■ ■ . • . ■■ -.'^ ■■ • . ■ .;■ 

- c. Three is greater than two and 3 is .le|s than 5. 

d/ ;s is a negative number •/ , . : ; . 
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4 , Match the following sets o f inequalities with their graphs at y 



the right. 



a. X > 0 

y < Qr 

'X^ 0 

y > c\ 

y < 2x + 1 
x£2 

c. X ^ 0 



X'>r| 



y 

y ^ -X + 1 



w. 







j 


r 




• ^ 1 
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In each of problems 5 through 7, graph the set of inequal?.ties on 
ine grapji^and shade the^ founded region., \. ..' ■■ . ^ 



y ^ -3» . 

r X > 0 
6\ X < 0 

X > -2 

y ^ -X 
s y >x 
7. X > 1 

X < 5 

♦ 

y > -X + 2 f 

■ . y < -x + 5 
y ^ 0 
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SECTION 20: » t . , 

^0-1 Vector Inequalities 

Let us ill turn to the problem presented in Section 19. The 
problem is to find the least expensive combination of whole wheat 
flour and soy flour that provides at least 252 grams of protein, 
30 mg of niacin and 500 lU of vitamin A. We may represent these 
quantities by the diet vector 6. 

5= [252, 30, 500] ' \ [ . 

^The grams' of protein,, milligrams of niacin and international units 
of vitamin A in one pound of vhoie wheat flour and in one. pound of 
soy flour are given, respectively, by the vectors • 

W [60, 20, 0] 

and ^ = [168, 10, 500] 

We let X be the number of pounds of whole wheat flour and y , 
.the number of pounds of soy flour. We may express the fact that 
the whole wheat flour and soy flour must supply at least th^/ 
specif ied quantities of each, nutrient by writing , 

xW + yf ^ B 

or x[60, 20,, 0]+ y[168, 10, 500] > [252, 30, 500] • • 
Both expressions are vector inequalities . 

Recall our interpretation of a vector equality . Suppose that 
two vectors, / ^2] and [bj^, b2] are equal. 

■•• ■ ■ " ■ \ ■ ■ 

Then the respective cdmponents are equal. \ ^• 

/ ■■;.... . .. h = ^1 ^"^:^2 = ^2. I ■'■ 

• e ' A .vector inequality is interpreted in a similar way. The ^' 
statement . 

' ; ■ ' . {a^, a^] ^ [bj_, b2] 

means that each component on the left side is^ greater than or equal 
to the comparable component on the right side. ' . y' | ^ 

aj^ 2 bj^ sfnd a2 k bg, 



I. 



■' ^ Let us return- to the vector inequality written for the whole 
wheat and soy flour p'roblem. ^ , 

x[60, 20, 0] + y[3^JB, 10, 500] > 1.252, 30, 500] 

"Uglcon^irert the left sid^ of the expression into a single vedtor by 
first Performing the scalar i^pltiplicatioh and then adding the two 

~ve'ctors-.— — i'— . _ ' _■ _„_. j ^^--^'^ 



[60x, 2(fx, 0] + [l68y, lOy , 500y] ^ [252 , 30, 500] \ 

. [60x + 168y, 20x + lOy, 500y] ^ [252, 30, 500] .\ ' 

Each of the three components on the left side is greater than 
-or equal to its^counterpart. on the right side. We. may express this 
fact by writing an inequality 'for each component. 

• .\ . 60x + leay.^ 252 

' . • ' 20x + lOy' > 30 

500y ^ 500 

20^2" Algebraic Manipulation of Inequalities 

•#u have learned to graph linear functions when jthey are in 
the form y = mx + b. Therefore, we will convert each\ of the three 
inequalities to either 

. y i mx + b or ^ ^ mx + b 
in order to-^epresent them graphically. ., 

However, we have. not yet seen how inequalities may be manipu- 
lated. 'Therefore we will oncg again leave our flour problem 
briefly to discuss 'how to hanc^le inequalities. y 

Equal quantities may be adde(^ to or subtracted f rom i^otX sides 
of an inequality. For example, staiit with the inequality 
■ . \ 9 > 5 

• If 3 is added to both side|s, the result is 

. .. . ■ / ■ ' ■" 12,>8 . . 

If 3 is subtracted from both sides, the result is 




Try other examples if /you wisiy and you will se^ that tl>e ' resulting 



expressions ar4 alway's true. , ^ ^ 

\ Both sides of ah inequality may also be multiplied jor di^hlded 
by ihk same positive number. For example, if j9 and 5 arW ^joth multi- 
plife^d by 2, the rei^uiting inibuaXi^,ty is true. 1 

J Ts > 10 

And if 9 and 5 arjt both divided by 2, the resulting expression is 
also true. 



\ 



A 1 9 1 



Hfewever, if both sides of ^n inequality are multiplied or. 
divided by a negktive nujnber, the direction of the inequali^ty^ roust 



be reversed. For example/ 



is tjue, bii\ 
is .not true . Rather 



9 > ^ 



-2(9) >-2(5) 
'-1W< -10 \ 



9 is greater 'thaii 5/ but -2 times 9 i\ less than -2 times 5. ' Lijce- 

wise •. ^ * ■ ■ ■ 

(9 V -2) > (5 T -2\ ' ; •• ' 



is false, buf 

♦ ■■ 



(9 T -2) < (5 T -2) 



is true. ■ -,• v ' \'' I 

' The first inequality of our flour problem; expresses the constraint 
thak the protein content of the two flours be equal to pr exceed the 



anibunt sp^ified. \ 



\ 



60x + 168y > 252 



In order to graphy this inequality it is convenient to put 
it in the form ' \ ■ ' 



. y ^ kix + b or y < mx + b 



Since we m^y subtrai^t the s^ame quantity from both sides of an 



Inequali'tY* let subtract 60x from both sides of the protein 
inequality ' I 

^ . 60x + 168y - 60x 2: 252 - .)^0x ' ^ - 

• ■ . 
168y ^ -60x + 252 

We inay also divide both sides by the same positive ^umber, s 
^ we dividj^ by 166. 




\ 



168y ^ "60x 2S2 
168 ^ 1-68 

■ • 

■ -60x . 252 

y ^ - w^'^. f 



Our second inequality represents tlie constraint /that the flours 
contain atUeast^ 30 milligrams Of niacif. 

20x + lOy ^ 30 

We convert this to the ^standard form in thesame way/ that we converted 
the protein . inequality'. We first subtract 20x fronil both sides. 



20x t lOy - 2(bx > 30 - 20x 



1 



lOy a -20.x + 30 



We then divide each slHe by 10. 

\ jLO ^ 



1 



-20x + 30 
10 



^ 20x . 30 

y :^ - "Tr To 

y > -2x +3 



The third iJnequality is 



500y ^ 500 

: This- inequality expresses the . constraint/ that tljie _^f lour that 4s pur- 

chased contains at least 500 lU of vitamin A. It 'is simplified to , 
\ ' the standard form by dividing both sides by 50a. . V J 



|0-3 Region of Feasible SolutionI . - 

' we have been developing a pr6cedure for solving a problem. The 
problem* is to find' the least expensive combination of ^ pounds of 
whole wheat f l<3tir and y pounds of soy flour that '.contains at least 
certain specified amounts of protein, niacin and vitamin A. ^ 

•We will be concerned with finding the least expensive combina- 
tion "in Section 21. In, this section we are concerned only with 
determining the possible values that x and*y may ^ave while meeting 
the nutritional requirements. 

These values are represented by a region of a graph of x ver- ; 
sus y. The region is determined by 'the Constraints the problem ' . 
imposes. 

In Section 19-2 we pointed out that x and y cannot be negative 
numbers. This constraint is expressed by the inequalities 

" ■ ■ .' y ^ 0 ■ ■ ■ . 

In Section 20-2 we derived expressions for three other con- 
straints. . * 

. ' ■ -n'^ff ■ : . * ■ 

. : y > -2x + 3 

■:. y' ■■ y ^ ^ ■ ■ ' - 

The solution to the pro.blem must- be within the region where all 
five inequalities are true. This region is called the region of 
feasible solutions , because it represents all combinations of x and 
y that are feasible solutions to the problem. The region of tEea|i- 
ble solutions is represented by the shaded regi-on in the gra^h on the 
n^xt page (^d it* extends indefinitely upward and to the right) . 

•The region of feasible solutions is bounded by, the lines repre- 
sentlng the four equations 



■ \. 



iconsiraint that y be greater than or equal to zero is not 



.involSd74i)ecause another cojistraint requires that- y be gi^eater 



than 




Any paitv of values, of x and y within the region of feasible 
splutions is ^a sQ.liition to all five inequalities J^For example, the 
point X =2, y - 2 (P on the graph) is within the region Of feasible 
solutions. T^ls point represents 2 pounds of who 16 wheat flour and 
2 pounds of soy flour. . . 

If we substitute th^e values of x.and^y into the five inequal- 
ities, all five ^expressions are J^rue. . ' / 

. / , , , • . • • • . ^ _ 




. ■ » 

it " 

, y a. 72x + 3 




The last three inequalities were obtained from the vector in- 



.- equality ■'; • • ■ ■ ■ : ■ ' - ^ '■ 

X 1*0, 20, 01 + y [168, 10, 500] [2^2 30.;' 500] 

If we substitute X - 2 and y = 2 into thi^ vector inequality, 

• : we obtain' . ^ ' i ■ '■. ^ ' ' ■• . *" ■ 

2"l60, 20, 0] + 2 1168, 10, 500] ^ [252,- 30, 500] 

..(120, 40, 0] + [336, 2'0, lOOOi^ [252, ,30, 600] . 

^ We ^d thei vectorfe on thf( left side and obtain ) . , 

: [456, 60, 1000] 2 [252, 30, 500] 

This Expression is true, because each component of the vector 
on the left is greater than or equal to tjhe^ corresponding compo- 
nent of the vector on the right. Tw^ pounds of whole wheat , flour 
land twro pounds pf soy flour contair/4 56 grains of protein, 60 mg of 
niacin and aOOO IU of vitamin A. Al^l of these quantities exceed 
the specified a^mounts. , 

] , ■ . Of eoiarse Jt2, 2) is only one of an l^nfinite number of points 
lying in the region of feasible solutions. We could just ai ^ell 
have choseii (6,, 4) /or even (8^ , 1000) , which represents 80 lb pf 
wheat ^loujr and '1000 lb of soy flour. , . 

Y pur ta^lc in the next section will be to find the values of- x 
and y within the xe.gion^of feasible solxitibns that meet the specif i- 
•cition for the lowest cost. ' • 




Mo 




159 • 



\ 



PROBLEM. SET 2^: 

Perform algebraic manipulations that will', isolate the variable on 
one sideVr the other Of the inequality sign. . f 



1.. y + $ > 10 

'2.'---8'< 2x_ ■ -V-/ . 

3. -. ■ -is >1S : ■ ■■ 

4. - ■-2q - 8 < 4 

Transform the following in^ualities into the standard form 
y .£ mx + b: or y > mx + b ^ . • 



5.. 


.5y > X 


- 7 


6. 


. 2 y. + X ^ 15 


7. 


-3x - 


6y < 12 




/ 1 






-2x. + 


6 < y - 


9. 


Given 


that A 



> 



that x^ + yBi"$ . 

a. Substitute the component form of the vectors. B, S into 
the equation and write, the new equation-. . . 

. b. Perform.. the scalar multiplilcation. 

c. Perform the indicated addition. | 

. ;d.' Use. the ineqij^ity convention, for vectors to \^:ransform the 
vector i!nequal.ity/d^to a set of alg^raic inequalities. 

10. G^er\ the^Vector inequality . 

+ yS ^ 2 

^ and that/ ' [2, 4], S = [3, 8], 5-- [15, 10] ' 

a/ Substitute the cc^p^nent form, of the vectors, 6,. 2 into 
thej vector eguatton and*w£'ite the new equation. 

b. * Perform ftie indicated scailar multiplilcation, ' ^ ^ 

c. Perform the. indicated vector addition .V 



/ 



IC 




f 



'Hi 



i 



V k» A Use the inequality cohyention -for vectors to transform the 



vedl^r :|jnegu|ility into a system of algebraic inequalities . 

tewrite the inequalities in the form y >mx + b. . . _ 
the inequalities of Part e and the inequalities x 2 0 and 



\ 



y >0. define^^ region of feasible solutions. Graph and label this 

region. : \ : \ ' " " ' ■. { 



11. Given \the veci^r inequality 



•and -.given tjiaf. ' . .\ . . 

. ; .J.=' [2, 1, *-l],^i^'^[4> -1, 1], 5 =^ [8, -3, -5] 
a. Following the steps Problem 10, trans form. the vector 
inequality. into a set of algebraic inequalities. 

. b. Given that 0 and y > 0 ,\a:aph the five inequalities And 
label the resulting region of feasilDie sdlutions. 



J^':'-'^'-- ...... ■ ■ ^, , . 



-fccTION,. 21: ' . •• • - .. ■■■ " ' 

• The Optimal Solution . ; ^.'V- ■ ;-o,.'t;><^;;\J '.t- 
the previous twp section? we ^^W^^^ 

for solving - a problem. The. problWn ijs ^^^^^^ .• 
x pounds of whole ^/heat f lour and y poundtd^^^^^^ that/pro-' 
vides 252 grams of protein, 10 milligrams ' n^^ and 500 lU of 
' . vitamin A for the least eoSt.^ ^We assume thistt WhQle wheat flour 

• cost^lS cents per pound/ and ^^oy f l^^ costs r30 ce^ts per pound. 

. . ' - In Section 20, we "graphed the region of feasible solutions. 
This region is the part vo£ the. graph in which .the Values of x and 
y satisfy all the constraints of the problem^ Twa.of the constraints^ 
are that X and y have non-negative values, since we cannot have less 
• than zero . pounds of either flour. - ^ 

■ ' ■ •■ .' . ' - ■ ' ' . ■ - . ■ ' , ■ ■ . \ ■ vV-:; : ■; ■■ : 0 

• _ ... ■- . *'■''« '■ ■ 

y >^,o V . 

.'■ . ' — tT" -t . ... • ^ .. •. 

Three' other constraints were obtained from the vector inqualitj%6«<*^ 

■ ■ ■ ' *' ' ■ ■ ■ . ■■ ■' ■ ■' f-- ' ■ ' • i 

I : ■ x[60, 20, 0} + y[l.68,: 10, 500] > [252, 30, 500]. 

* * I ■■ ■ • . . ♦ . 

1 ■ . ■ ■ * ■ ■ . ' ■ . . ■ .• 

■ \ We expressed the vector inequality asjfthree inequalities, andv • 
we ^converted these inequalities to the form . ■ *. ^ . ^ 

:' , /» y > mx + b or y < ^ H- b " ' 

The results were . • ' . , ^ ^ 

■ .. .y >>2x "+ 3 ■ . . ■ ■. • . 

••■ " ' ■■ ' Y 1 ^ ' ■ • . ■ ■• .:■ . ' 

, The region of feasible solutions, the region in whicli the, five 

* .: constraints are true r is shown on the graph In Section. 20-3. ! - 

iJow we must find a' solution within the region of feasible solu- 
tions that involves the least cost.# The valuep of x and'y re^.ulting 

• I ■ ■ ■ ' ' ■ ■ . ' ■ *• > • 
in the lowest cost a're the optimal solution to the problem^ 

' We begin by writing an, expression for colt as a function of x 
and .y. W|>ole wheat flour cp^ts 15* cents per pbuivi; -and soy fl,our 
f ' ♦ costs . 30 cents pound, so if we let "p be; the total cpst in cents 

: •■ ■* ^ V. '. • ' ' ■ ■ ■ . ■ ■ V . ^ .,c «i 15x:;+.30y ■ »:'■ ■ ' ' - .■ , .N ' 

'•• ■ \ .. . ■ ■ - •'■ . ■ ■ . ,~• 

ERIC V i * • ^ > 



c:)° 



We: can f Ind^^ha* cost cor respond in^^ to any point (x> y) on- the. plane 
'/■ by simply s\ibi^tituting .into t|?e. equation abo^e. Our objective ,is 
to-.,find the ^oint in the region of Jfeasibl^ solutionsf which gives 
-'the siRa.llest possible, value for^ / ' - * , 

" ■ ' . ••■ ■ t -V ' . ' '. 

• We. can. begin by asking, for example/ which- points on the plan^ 

. • \cOrresponft to a cost of 30 cents?. These will be the points (x, :y) 
..satisfying the equation ' .' . /. 

' ' ■ ■ ■' \ • '\ ' ' . « 30 " 15x ^+ 6Dy ' 

''v^This JEa linear equatiort which canj. easily, be put in th6 "^familiar 
■ form y = mx + b.' s^he result is ■ " " ' ' 

:• " ■■ f - 1" ■ ■ ■ . '■' . •■ ^ • . ■ ''.■ 

■ •'■ • . y.-- r j.x > i . \ - 

. The 'graph of. this.' equation is shot^h below as thJ line labeled- c = 30 




> o 



. The line y = >--=-x + -1 d25es not pass through the region of- 
"feasible solutions. Th^refot.fe there is no feasible combifiation - 
of flours *costifig 30 cents. As you will s^e shortly, the cost must 
be greater, than' 30 <i(Snts. i * • . ' 



•» Before we try pther values of c, we .put the^co^t equation 
• c « 15§ri- 30y in the form. .y : = mx + b. ., ^ . . 

•-;.'„■■■■ IS-x +.-.30y =--c- • -o' • 



We now check cost values of 60 arid 90 cents , When -'thepe values 
are substituted into the >equ at ion above we get the two equations. 

' ■ ■ ■ . ' : ■ . y = - J''-*. 2 ., , ■ ■ . 

.•■ ■ y |x + 3 . ■ ■ ■' ■ . ■ ; 

The graphs of these lines are. shown below. 




There are two important things to note about the cost lines. 

/ 1./ The 60-cent and 90-cent lines pass through the region. of 
feasible solutions. Therefore, the nutrient requiremerits may be 
met by combinations of flours with these costs,^ 

2. Thi cost lines are a>ll parallel because they have the / 
'-samei. .slope.' ..* ' ■ *' ,. ■, - ^• 

. what about the cheapest combination? We reason as follows. . 
\ There must be a cost line parallel to tfte ones drawn on the graph 



i 



and just touching a corrier of the shaded region.) The line will 
correspond to 'a cost' somewhere between 30 cents ahd^O cents. To 
get an idea of what the line ]iDoks like, tHink of sliding the c = 
30 line upward towar'd the c */ 60 line unt^l Vou touch the shaded 
region. The first point touched will be the intersection of the 



\^aines y = -2x + 3 and y = - ^ x 



V The coordinates of the intersection of the lines y - ~ ^4 ^ 
• ^ ahd y = -2x + 3 is the solution, of-^the two equations. We may 
. find the values of x and y at this point by solving the pair of 
equations. 



We have encountered , two methods for/solving a pair of linear- 
equations. One is the sub^||j^tution method; the other is the add ir 

The results, which, you may verify for - 



tion-subtraction method. 

yourself, are , ^ 

_ 21 . ' ^ 

■ .' ^" 23' ■ ^ 

> "27 

■ ^ = 23 .■• 

'\ ' ' ■ 21 

The least expensive solution to our nutrient problem is ^ 

pounds of whole wheat flour and j~ pounds of soy flour. 

The cost of these quantities of flouf is calculated by the 

equaticJn < ' ' 

c = 15x + 30y 



15 

15 
23 



(21 + 2 



27 



23j 
• 27) 



M + 54) 



15; 75 
>v23 



/ 



c ^ 49 vcents 



21-2 Linear Programming 

The procedure We used td Jolve the flour problem in Sections 19, 
20 and 21-1 is called linear programming . . We digressed from solving 
tie problem in several instances to discuss related matters. Since 



you tnay wish |o see the solution to the; problem in a form that is 
easier to refer to; it is reviewed below as an example* \ 

EXAMPLE : • 

i ' Suppose that whole wh6at flour costs 15 cents per pound and • 

contains 6 Q g of protein, 2t) mg of niacin and no vitamin A. Soy^ 
flour cosfc 30 cents per pound and contains 16'8 g of protein, 10 mg 
niacin and 500 lU of vitamin A. How much of each type of flour, 
should you buy to obtain at least 252 g of protein, 30 g of niacin . 
and 500 lU o/ {vitamin A at thd ij^east cost? 

V SOLUTION ; . 

.1. Let W represent the nutrient con-tent of whole wheat floiir. 

" . ■ ._».■ ' .. ■' ■■ "■''^s-^ ■ .• ' 

..' W = [60, 20, 0] 

Let ^ represent the jfi^trient content of soy flour.) 

S - [168, 10/ 500] V 

Let 5 represent the dietary- requirements. ^ * ^ 

.... . • ■ ■ . * • ■ * , . ' ' i . ' 

, D = [252, 30, 500] , . ^^^^^ 

Let X be the number of pounds of whole wheat flour ^and y be 

the pounds of soy flour. 
•'• ■ • ■ ■ » ■ ' ■■ . ■ ■ ' 

2. i^Write inequalities to express the constraint that x and y 

cannot be negative numbers. " ; ' 

_ ' X > .0 ■ ■ : ■ : ' / ■■ . 

■ y 10- ■ . ;■' 

3. Write a vecj^or inequality to express the constraint that 
the flours must, con|:ain at leas't as much of ea^h nutrient as . the 
aitiounts specified by the diet vector. ^ > / . 

( x[60, 20, 0] + y{l68v 10, 500] "> [252, 30, slo] 

4. Perform the indicated scalar multiplications. 
[60x, 20x; 0] + [I68y, lOy, 500y] > C252, 30, 5<00]>^ 



Add the vectors on the 16ft* 

. • ■ ■ 



; I [60x + 168y, 20x + lOy, 500y] > [252,^30, 5p0] 



Write' this -vector iifiquality three separate inequalities 



.\.-^',_J|_ (|a) 60x t 168y |f 252 



c. ,500y >. 500 



• (b) %0x *+ lOy >! 30 



{ V 5. Convert eidh of these inecjiialities to the form y > itix 



+ b or y < mx + b, j 
/ (a) 168y > -60x + 252 



iOy > -2 Ox f 30 
■"> y f -2x +3 
(c) y > 1 



' ^ — ^ tjaree)' 



6,t Represent the two constraints of .Step, 2 and the tjfree^con- 
straints of Step 3 graphically/ This is dqne by graphing tl^lines 
tepresentir^ the following five equations. 



y 1 0 ^ 

5 ^, 3 

y = - 2 

I-'- 

y = -2x + /3 



Indicate the region of feasible solutions.. 



< 




15^ 



n47 




7. Write an equati^pn- for cost (c). in terras of x and y. 

/ . ' • * c = 15x + .30y /. 

Convert this' equation to one that gives y in terms qf x. 



and c . 



, 30y* - -15x + c 

1 L 1 
= -2^ 30^ 



■ \- 



. 8. Assume values c and\ substitute those values in the 
equa^i^li of Step 7. Draw the l^ies representing thejse equations 
on the ^raph. The equations when 30 and c = 60 are represented 
on the following graph. ' \ 




• .9. Locate on the graph the point at which c- has its least 

''J * ■ ■ ■ ' » ■ ...... 

\ value within the region of feasible solutions. » .This point is\the 

. ■• ■ '5 3 

intersection of the lines y - --jjx + ^.artd-y =* 2x + 3.. Determine 

the coordinates of, the-l-rltersection by solving the two equations ^ 

simultaneously. . In this case ,it is convenie^ht to use the substit^u- 

tion m4th<?d. 



—•x ^ I =— 2x 3 



23 

2 



X = 



I 
2 

21 
23 



21 A 
Substitute ^ 2^ into either expression for y. 



'I 



V*- 

\ 



_5_ 
14 



21 



23 



21 

■ <■ ^ ' ^ -. ■ : . • • . 

10. Determine the cost of this solution by substituting 
' 21 ' ' 27 . ' 

X ""^^ y ~ 23" ^^'^^ expression for cost. 



C 15 



21 



+ 30 



27 / 



c e . 49 cents 



I5d . 



. 149% 



I 



"' The iea^ expensive solution to the problem is tq| purchase ' 
II pounds of whole wheat "flour and || ^^ncls of soy flour at a # 



cos^ of approximately 49 cents, 



PROBLEM SET 21: t I 

.1^ J^Suppose thkt in a dertain linear programming problem the cost 

•function i.s- •. .;. ' ,/ -.-i' 

/c = 2x :!■ y /(c in dollars) 



The 



^raph ^elow shows" three cost linesba^d^on this equation. 




a. Line Q, correspoijfis ^to a cost of 



doli^ars 



(Multiple Choice) ; , 

b. If the line 2y.^ - 3 were added to the graph., it would 

U) between^ lines and Q. . 



(2) between lines Q and R. 

(3) ab^ve line R. ,157 



c»/ Lines which aire closet to tl^e origin correspond to ^ 

(higher, lower) va3,u^ of c. . . 

2. The graph below shows a sl^adl^ region of feasJLble solutions 

and 4ashed linfes corresponding to costs of 2 and IQ, ^ 



B.^k mm 
mui mm 



■■I 





a. The point D (7, 0) corresponds to a cost of 



Hn Give the letter of the point iV the region of feasible 



solutions which will yield the minimum cost, 

(Multiple Choice) 

c. The minimim cost will 

(1) be at least 10. 

, -i '■ ' ■ ' . ■ 

. (2) be no bigger than 2. 
O) lie between' 2' and 10. , 



, 3y. The graph below shows the region of f easible solutions 
mined \by the inequalities' / 

X > 0 I /^4x + 3y > 12\ ' 



deter- 




Suppose we want t 9^ find the minimum value of the function J 

• ■ . s = 2x +■ y ^- . • . 

on the shaded region. • 

a. . Put t-he equation S = 2x + y in the form y mxj + b. 

b:. Reproduce the region of feasible solutions- on your own 
.graph paper. Then add^.graphs of the equation in part a when s - 
3' and s ■= 5.. ; " ' ■ 

c. Give the letter of the point in the .region of feasible solu 
tions 'Which corresponds to a minimum vajLue o^ s. ' . ' 



d. What are the coordinates of the point? 



e. Substitute into the equation s =■ 2x + y to find the minimum 
value of s. f • 

; ■ .. ■ • ■ ^ !■■ ■ i ■ .. ■ ■ 



4, In this problem you will be working with. the region of feasible 
solutions defined by the following inequalities f 



: a. Graph the region of 'feasible solutions defined by the ' ... 
ineqjialit'ies. . , ; * 

Vb. Suppose t^at you want to find the mihimiim value of the 
function w = x + y on the region of feasibility. Put this equati^ 
in the form y = mx + b., ' 

c. On your graph/ draw in' the linjGS Gorresponding to the values 
w =a 2 and w = 4 . 

,d. Find the coordinate? of the piint in the region where W^wi 11 
be a'^ minimum (solve a system of linea^ aquations) . 



— 



/ 



■ Vftiat is the minimum value of /'w? 

Consi<^er the following problem: 

5. Elpio has decided to try.^Kving on wild foods. He is planning 
a modei^t dinner partly consisting of swamp cabbage and raw, snails . 
He figures he will need to collect enough cabbage and snails to ' 
meet orl exceed a diet v.ector 6f 5 = [60 g Drotein> 40 g carbohydrate] 
One poui;id of swamp cabbage h^s a nutrient vector of 5 .?= 15 g pro- 
tein, 2 g carbohydrate and one pound Of snails a vector of S = 
[30 ^ prlotein/ 10 g carbohydrate] . It takes Elmo 30 minutes to 
collect a pou^ of swamp cabbage and 20 minutes to collect a pound 
of srfeil^. What is the least time Ae can spend in collecting dinner? 

a. liet X = number of pounds of swamp cabbage, and y = number 
of pounds\ of snails. Exp^lain why it must be true, that 

x5 yS > 5 . 



b. QSiiven that \ 



x6 /+ yS \ S 



S^ow iniermeiiate steps between, this Jlcfeor and the \f flowing 
inequalities.! ; . ' 

+ 2y >^ 4 • Iprotein) ^ ' , 



s 

V/ 



■j (2) -^K + 2y >^ 8 '(carbohydrate) . 



and 



p/. For each of the ^boye ingijua^ities. show steps betweenXthem ^ 
d the following inequalities. . . \ ^ ^ • \ . 



•••■/■••• -s- 



. d. Why is i,t also true that x 0 and y , > 0? 

e. y/dare fully graph the inequalities of parts c and d and label 
the r|^ion of feasible solutions, Label the horizontal axis '"pounds 
of catjlpage" and the vertical axis "pounds of snails." ,|cale tne 

graph ;'/so that 2 cm =^1 lb. 

■ ' ' ■ 'Jt. 



f,'^ Let T represent the number of minutes required to collect 



the Jf)od 



Explain the„equation ; 
- ■ " \ T = 30x + 20y 



< . Derive the equation. 



\ ■ 



-ix + -^T 

.2. ■ 20 



^ Graph two time equations on the graph for Paiiit e, one for 
T = 4b minutes and one for T =, 80 minutes. ' V ^ . 

ibcate the point in the region of feasible solutions where 
the, time T will be a minimum. Mark the point with a star\ (*0 , , ^ 

j.\ Find 1 the coordinates of^the point ih Part i.g (Solv^ a 
system \of linear equations.) ' • 



i What is the mj,nimuik time T? 

■ . \- ■ I "■ 

Consider^ the following problem. 



6.' One i)ound of hamburger contains 90 g fat and 100_IU of vitamin A. 
One pound of chicken contains 15 g fat and 400 lU of vi*tam±.n A. • 



If hamburgtj^' costs $1.0Q/lb and chicken *costs $.5Vlb how 



many pounds of each should, you buy f to meet or ©xceed a diet 
vectoi? of S « [180 g fat, 800 lU vitamin Al^for"the> JLeast amount 



of molley?' ' . ' ^- ■■■ .-^^ . . V - • ■ .\ . 

a. If H represent:^ one pound of hamburger and 2 repi*esents 
one pound of chicken, is it tr)a.'e that 

\ fi [90, 100] and 

. S = [15, 400j? 

If it is incorrect write th6 correct vectors. 

/ b. If X = number of pounds of hamburger needed, and y = number 

of pounds of chicken needed, explain y^hy it must be true that 

■ ■■ . ' \ . ■ ' ' '' . \ [ ^ 

' : , xS + y^ > D 

c . Given^that , ^ . 

must be. true, shbw intermedia'te steps between this vector equation 
and the following set of inequalities. > 

(1) 90x + 15y > 180 (fat) • ^ 

(2) lOOx +. 400y X 800 (vitamin 'I 

d. For each of the above inequalities show inlsermediate equiv- 
aXent inequalities between th^m and the following inequalities. * 

(1.) y > -6x + 12 (fat) - _■ 

, (2) i>',>_ -^x' + 2 (Vitami^n A) 

e. Why is is-al&o^rue that x > 0 and y 2l 0? 



f. Carefully gq^aph the inequalities* of Parts e and f and label 
Uhe region of feasible solutions. ► Label tHe horizontal axis "Pounds 
in Hamburger" and the vertical axis "Pounds ih Chicken." Let 1 cm - 

'i .lb. ' ■ ■■ ^ . 

g. Use dimensional[ algebra arguments and. the information 

1 lb hamburger. =^ 1 dollar 

»• • •. . • ■' .J - . 

• . •. 1 ■ . ■ - 

; 1 lb chicken = dollar, 

derive" the ex'pressioh V 

A cost in dollars « x + j-y \^ ■ \ '■. 



c. Trom the vector inequality 

; . . • .. . ■ . ; ' . . \ . ■, . ■ ' . ■ ' 

; ■ > . "icU, Br 6] +;;y[2/ syri] > [12, 74, 24] . 
• aerive -the folrowirig^ systsem of linear inequalities. 



. ^x + 2y > 12 (aspirin) 



" . > .• '8x, +• 5y > 74 ^ . (sugar) • ' 

^ 6x\^ y ^ 24 (cinnamon). ' ■ • • <w» 

Show all work.^ '■ ■ ' ■' 



d. From the; inequalities in Part c derive the ^oll6wing 6et " 
, of inequ^ities . . Show^ all work , , . ; , • • 

y.>vr 'j.x + 6 .. (aspirin) ■ , ♦ ' . ; 

. ; Jy .2l -^ex + 24 . ■ (cinnamon) : 

■ " » . . » ' ■ ■ ■ . ^ ■ ' ,. ' * . ■ .* . . 

./ 6. Graph the region of feasible solutions/ I^emem^er, thd^ 

ara feive- constraints Label each ax,is accurately ^ .• ♦ . . 

f. Label the regic^h pf feas-ible solutions on your graph.' " 
^ g| Write a one. , sentence interpretation of 'the algebraic statement 

h. Prom the , equation in Part g derive the. equation . ' .. 

..... .■„•. ■«■• - . . . 

.: y- = '-x + n . ' ■ ■ ■■ '''-'^ 

i. /'(\). Graph th6 equation in part h :for n' = 4 on the graph fpr ^ 
P^rt e. Write n 4 on the line . 

, (2) Repeat part (1) for n == 8 *and.«n =" 10. •. 

• • ••• . ^ . • ' . .'. ' ■ ■ ' - ■■ ' ■■■■■ - > 

Ref^r to the graph you have been :constructing. Select the 

appropriate^^'mbols. in order t£> make ^ the following statement trtie. 
, . ■ ' (1) .s- i= 5 itnpliis ^^^^^ ' . 

^^^^(2) 8 < 10 implies^hat xS + yS ? 5 / : ; . - ^"^ • . 
* (3) s = lO.impliee th^t xS + yi ^ ' * • 

. •■. • I ■ *■ . . ■ .• \ • ■ . ■ V . I ■ • ' • '• o * 



. # - . .- . . . . ■ . 

k.. The minimum ^limber of pills necessary to meet or exceed.^ 
Prof. L. Mobucs* reoruirements is ^achieved when x -' and y = 

. ■ ' ' The nijmteer W pills is the sum of x and y, which is' ■ 



.8. Of the twenty-odd amino acids making up protein, eight cannot 
be synthesized by humans and ^are known as the essential amino 
acids.. .; A diet which provides adequate amounts, of the three amino 
acids tryptophan (TRP) , lysine (LYS) and methionine (MET) will 
generally provide enough of /the other essential amino acids. Meat 
is -an excellent source of the- essential amino acids, but they may 
ralso be obtained from several other spurdes. One of the sourd^s 
is nuts.. In the table below is listed the approxim&te number 6f 
ygrams oi the amino acids TRP,^ LYS and MET in a pound of beef, a 
pound of peanuts and a; ppu'nd of cashews . 



TRP. 



LYS 



MET 



: \ 




• , . Beef * 1.2 8.0 .2.4 

• ' Peanuts l.'S . 5.0 ' 1.2 * 
Cashews 2.0 3.0 1.5 - 

_ , ' ; . 

peanuts cost $'.50 a pound- and cashews sell for $1 . 50 a po^und . Our 
problem is. to. find' the' cheapest combination of peanuts and cashews 
that contain an amount 'jjj|»each of the three amino ' acids equal to 
or- greater than the am^j^ln.n a pound of beef. 

■ .,: . ■■.'^ ■> tt*'' " ^ / ■ ■' ■ ■ ■ . ■ ■ 

a. Express*'th^ vjuantity of the amino acids in beef as a thred- 

dimensional vector B. Alsp write three-dimensional vectors ^f or P 

'■->-■'■. ■■ . , . ■ ■ . ■ . 

and C, the ami^o' acids in peanuts and cashews, respectively. 

• b. Let X = pqunds of .peanuts and y = pounds pf cashews. Iden- 
tify a vector inequality expressing the constraint that the amount 
of each* amino acid ini the nuts be equal to 6r greater than the 
amount in ' a pound of beef. ' \ ' 

■ ■ \ ' ' . ■ ■.■ * • ' ■■ ■ ■■ ■ ■ ■■ ■ ■ 

U) x[2.0, 3.0, 1.5] + y[1.5, 5.0, i. 2] > [1 . 2 , 8 . 0, 2 . 4] ' 

. •(2) xfl.5, 5.0, 1.2] +,y[2.p, 3.0, 1.5] > [1.2, 8.0., 2.4] 

y ■. :(3). x[1.5, 5.0, 1.2] +,'y[2.0, 3.0, 1.6] > [1 . 2 , 8. 0, 5.0, 2. 

• (4) x[1.5, 5.0, 1,2] y[2.0,x3.0, .1.5] > [1.2, 8.0, 5.0, 2. 



I c. 'The vector inequality may be written as three separate 
inequalitiea, one for each amino apid.v ^ The inequality of tryp-. 
tophan, for example, is 

• ■ • " . 1.5X-.+ ■.2..0y > 1.2. ^ . ■. . 

Write corresponding inequalities for lysine and methionine. | 

d. The three inequalities in Part c may'be solved .for y . For 
tryptophan,, for example,, we obtain f >_ - ^ + Solve each of the 
two other inequalities for y. ' ' 

e, VWhiChchoipe below expresses the impossibility of. a nega- 
tive amount of either nut? • 

- (1) x = 0 and y = 0. (4) x > 0 and y > 0 

(2) . X y " (5) X < 0 and y £ 0 

(3) X > ? and y > 2 V ^ 

% f^ Graph the inequalities of, Part d-along with the two you f 

chpse in Part e. Label the region of feasible solutions. Label * 

»'"•■'■. . ■ ■ ■ o ■■' ' ■ / 

the axes. ■ . ■ . . ■ 

g. The cost, Cr of X pounds of peanuts and-y pounds of cashews 
is given by which equation? . ^ 

- (i) c = .50x + 'l,50y (3) c = l.SOx ,-. .50y \- • 

(2) c 1.-50X + .50y (4) c = x + y j 

, ' h. The equation of Part g may be rewritten as 

■ : . (1) ,y = --.SOx + l.SOq, ; Y3)^ •/ 
: . (2) y - \ + |c ^) y = 1^ ' 

• ' \, : Plot your answer to Part. h on your graph for c = $. 50, 
c = $1.00,and c « $1.5A^ 

'H. What is the lowesS^ value of b for which the cost line inter 
sects the tegipn qf f,ea§ible s61utions? This is the minimum cost 

of nuts that will provide ^enpugh of each amino acid. » , * 

'•/■■.■ ' , . • ■ . • . ■ 

' . • At the point of miiiimura cost^, x * . and y * : .. ^' 

■■ ■ ■ \. . ■ ■ ' . ■ . • ■ • 

Therefore, the cheapest combination^ of nuts that contains at 

least as much ot the thre^ amino acids as a pound of beef is 

pounds of peanuts and , ' I pounds of cashews. ^ , • 



i, 

9. In Problem 8, a diet of peanuts and cashews was determined 
which . contaiji^.-*^^ of three of the eight essentfal amino acids 



as' a pound of beef . In cai^ a diet of nuts does not appeal to you* 
another satisfacjtory vegetarian diet may be devised with egg and 
pinto beans. The table below gives the approximate grams of each 
of the three amino acids, in a pound of pinto beans^and in one egg, 
as v^ell as giving ^ain approximately * the grams of each .in a-pound' . 
of beef. 



. . ' : TRP li^S MET ' ■ ^ 0 ■ 

T'^~"'|^^Hfelb l.a 7.5 1.0 

: /^/-^'-eggt^-'g^v ' 0-1. 0.4 ■ 0.2 . .. • . • • . •• 

1 lb beef 1'.2 8.0 2.4 

Assume that eggs sell fof.60<: a dozen (5<: apiecef andT that pinto, : 
beans cost 30 <: a pound. Find the least expensive combination of 
eggs and beanj that provides af least as much of each Essential . f 
amino acid as a pound. of beef does. 

10. An outfitter in charge , of setting. up ^the menu for group back- 
packing tirips . plans tp/serve scrambled eggs and pancakes as part 
of the^ breakfast menu. To minimize weight, bothi are purchased, in 
the form of dried preparations intended, for backpacking. The pro- 
tein, fat and carbohydrate contents of 100 grams of each dried ^ 
preparation is as follows. .* 





grams 
protein 


grams 
fat 


^rams ! 
garbohydrate 




scrambled eggs 


'52 


42 


.'. 0-. 




pancake mix 


15. 


15 


. 60 





On the basis of .dietary consideration the outfitter wants to- serv6 
enough of the two ditehes each mbrning to provide a total of at least 
^20 grams of prSbein, 18, grams of fat and 30 grams of carbohydrate. ' 
per person. ^ . ' 

. a.'' Suppose that the outfitter, is- interested in minimizing the- 
v^eight of the)ingr(Sdients to be carried. How many gprams of each 
<^ied product should hei allot per perfeon per day? - 



h 

/ 



. ^^b.. Suppose that the scrambled egg. mixture costs $1.00 per 100 
» gfaips and the plincake mix costs $0.^5 per loo grartis. If the out- 
•' fitter is interested in minimizing the combined cost of the products, 

how many grams of each dried||>roduct should :he allot per person , 
•' per day? I ■ . 




PROBLEM SET 22: 



, In Problems : 1 through • 4 compute the range of uncertainty , 



•V; 



1. , (80 ± .Id.) + (17 ± ,05) 



• 3. 
4. 



2V (.037 ±^002) + (.162 4 .001) + (1.06 ,± .01)' 

5. 09M '. 01) X 10^ i + .1(6. 34 ± . 01) x 10^] 

000,000 ± 1,000- ' i •/ 
+19/GP0,00O ' ± 500 I 




5. The following is part of a 'table whigjh appeared in the 
Biomedical Science Text. . i > 







ABSORBANCE-TRAj 


yJSMITTANCE 


TABLE . 


# 




Trans. 




Trans . 






Trans 




Trans. 




(%) 


Absorbance 


\ (%) 


...» 


1 


(%) 


Absorbance 


(%) 


Absorbance ' 


0.0 . 




W.o ■ 


.600 




50.0 


.300 


75.0 


.125 




2,300 


2^.0 


.5.95 




50.5 


.29§ 


75.5 


.120 . 


1.0 , 


> 2,000 


261,0 ^: 


.585 




51.0 


.290y " 


76^0 


.120 




1,825 


^■26\5 


. 575 




51.5 


.29J) 


7^'. 5 


.115 


2.0 


> 1,700 


27.0 


.570 




5.2,0 


.285 


77.0 


.115 


2.5 


■lr600 , 


27.^ 


.56p 


. 1 


52.5 


^ '.280 


77.5 


.110 



a.'^^What is the implied uncertainty of the transmittance values 
in the> table? \ / ' 

•^b. What is the implied uncertainty, in the absorbance values? 



6. The dry mass of a flask is 75.03 ± .02 g. After the addition of 

■ • . . ■ ■ \ / 1 ' ■ . ■ ■ ■* . ■ 

a portion of hamburger tlje flask ar^d hamburger have a combined mass 

of 94.87 ± .02 g. What l\ 
hamburger? 

(8.9 ± .1) - (3.1 *± .1 



the ran^e"of uncertainty of the mass of 



,7. 

8. 

9. 
10. 



(8.32 i'.Ol) - (5.10 ± 
[(3.75 ± .01) X* 10^1 - 
fL7.0l ± .02) - (1.31 



.02) - (1.01 ± .01) 



6(2.01 + ..02)^x IQ^],^ 



01) + (1.52 ± .03) 

. Use the approximate foirmula for the product of two ranges ||bf 
uncertainty (x ^ Ax) (y ± Ay) -\xy ± (-x Ay + yAx) to solve Problems 
11 through 14 . 



ley 



I 



7 



T 

11. (20 ± ,1) (15 ± 1) « 

12. a. (10 ± .l) "^ •• . , ■• • • ■ : . 

: b..; (10 ± .i)^- . • ■ ■ ' ■ .N ■ •■ 

13. . A square ha^ a side 20 . i . 02' cm in length. Determine the ran^e 

of . uncertainty of thei area. , ' / ' "> 

•••• . •• . ■ • ■ ■ , * ■' ■ . ^ ■• ■ n • 

14. A cube has aft edge of 1 ± .1 meters. 'Determine the range of 
uncertainty of the volume. , \ , ' , . 

Stiate the- relative uncertainty of each of the^rariges of uncertai^fity, 
im Problems. 15 thropgh 17. 5 • ' ' • • 

15. V56 ±.'.5 '. ■ ' '■ ; 
I ■ 

16. 250 ±' .5 



■m. 50.0 ± .03 / 

m ■ .. . ; ■ ; ". .... . ■. •;■ ^ .... 

^y^'i^Ptate the absolute uncertainty of the ranges of . uncertainty in 
y /''Problems 18 through, 20. V 1*^ 

18. 87 ± 5% \ 

^ 19. 92 t .5% 

2y6. 146 ± 1% . 




^1. Determine the rang^ of uncertainty of (187.1 ± .5) + (22.9 ± .2) 
in terms of , 



I 



<• a. absolute uncertainty 

b. relative .uncertainty i 

22. ^iley wanted to calculate the mil,es per gallon th/t his Burp- , 
.mobile was getting. When he filled up his tank his odometer read , 
;40,356.2 miles. When he ran out of gas it r^ad 40/612.4 miles. 
Burpmobile gas tanks hold 12 gallons. , His odometer/ havS "ua correctable 
uncertainty of 4%. The odometer errs ok the high side. In other 
words, the indicated number of miles traveled minus ''4% give€* the 
corrected number of miles travjied. How many miles per gallon did 
oRiley Vs Burpirtobile get? Round your ansvJ'feri to the nearest .1 mile .y \ 

per galloh> 1 




170 




ERIC 



163 



I 



»■ ■ ■ . . I. 



23.' Riley readjusted the* ignition timing on th« old Burpmobile.. 
He -went 190.0 ± .05 actual mi left on 10 * .05 gallons of gas. . 

■ ■■■ .' . : ■ ■ !■ ■■.■ • i .'. .■ ■ ' • ■. ; ^ 

, a. What is the range pf uncertainty of his miles-per-gallon 



calculation. Use th« 



iA Do yi)u think Riley ought to learn more about ignition 



timing? 
24. A solution of 125 



± 1 ml contains 6 . 25 -± . 03 grams of eggwhite. 
.a. ^ What is the concentration of the solution in g]^ams eggwhite 
per mi of solution? Sta^te youf answer in the form (.midpoint ± 
absolute uncertainty). ; i 

^« b. What is the cohcenttation (as a range of uncertainty) in ^ 
^ams eggwhite per 100 ml of solution? > ,■ ■ . ■ ^. . '.. 

25. The protein concentration of ail feggwhitejsolution iftay be 

obtained by this dimensional algebra l>roblem. * 

■ ■ / ■ ■ . ■ ■ • ■■ ■ ■ • . . 

(E) g eggwhite (g) g prote^ ^ (C) g protein 

(M) ^ 100 ml solution V (P) g eggjrpite 1|)0 ml solution 

If the relative uncertainty of each -of the /j|pictors is 

, . . relative 

* factor uncertainty 

. • ■ / " ■ ■ - 'M 2.0.%- ^ . .. •■ ^ 

. . • / ■• ^ ■ '-■ .-.p' ' •■ ■1.1% . ' '■ ■ : ^ 

what is tl\e relative uncertainty of the proteii.fi concentration (C)^^ 

^ ■ ' ' ' j \ 

26. A slice of bread contains 2 gjams protein, 1 gram fat, and 12 i 
graj^is carbohydrate. ' \ 

a. Write a row vector S ^or the nutAtional ingred:|ents of one 
slice of bread. ■ ■ : \ - , ^ . ■ , 

b . If a loaf of bread has^O slices, write a vector £ which 

Aepresents the nytritional ingredients of the loaf w 

.■ ■■ P ^ > ■ 

27. Given ttiat 1 ;= [-1, 0, 3], B [0, 0, l], C = [-2, 3, 5] 
" f a. PSiid -IB ^ ( 

. b. .Find r2A + iS ^ 3? \ ^ 



28. 



;29. 



30. 



If i ^ ii, 2, -1] ahd - [0, 1/ -xo; 

"a. i ..• ■ •■ v." 

b. --'x + ■£•«'■ 

c* 2X 3L. = . 

' ■■■ * . . 

If X^. [2, 1, -2], S = [0, 1, -1] 

a. 'S ■,== ■- '■, ■■ " ... ■ ■ 

■b..,^ B • A * ■ , . ■'. ; • ■ 

C, Does B * i: = S • B? 



^1. The vector K = [4, 9, 4] represents the number of Q^Xorie's . 
Gontairied respect iveXy in X gram of protein, X Igram of fat and , 
1 gram of carbohydrate. Given that a Xettyce and tomato saXad 
vector is 71" = [3, 0, 7], use the device of -dot product to ^ter- 
mlne. the hiimber of caXories in. the, saXad. Show your work .' 

32. From the vector expression [8, XX] = [2x + y, rx - y] 

\,' a. Derive, by appXication p£ the principle of vector equiv- 
aXence, two open sentences. ; . 

b. SoXve the open sentences for x and y. . 

33. A group of GirXyscoutSv^at Swiss cheese and appXes for Xunph.. 
If their' totaX diet intake was [64 g protein," 80 g carbohydrate] , 
determine the nuiJber of appXes and the number of pieces of Swiss 

•cheese that were eaten Vx appXe = [O, XB^ , X piece of Swiss cheese 

34. In order to achieve i diet of [800 units vitaiiin A, 200 mg 
. vitamin e] how many Calif brnia and- PXgrida ora-nges' must you eat? 

«(X 'caXifornii orange - [250 units vitamin A, 80 Ag vitamin G] , 
aifd X PXotida orange =^ [300,. 60].) . ' 
.351 Solve the equatioj^ by\the substitution, method. - - , 



f 



36. State whether ti^e foXlowi^g inequalities are true, farsne, or 



a. ^ £,15 
b/. X > y ' 



.4- . -rr,,-^-:^ 



cr-fa < a arid 3,0 > a 

/■■ ■ ■• ■ . . 
dJ "9 > -3 ■ 



/ 37. : translate the ft^llowing in1:o mathemai^ical statements Ghoosirig 
letters when needied to represent Unknown quantities. 

a.. Five is greater than negative two, but less than 8. 

bi: Twice. a certain number is three more than one ha^f the number. 

I cV The total'^mber of nut trucks and bolt trucks is at le^st 
sevbn but no more than fifteen. ^ ■ 



38. 



3^. 



d*,: T is a positive number. \ 

Graph the region determined by the following set of inequalities. 

,.■ y < ,+ 1 ' _ \ . ■ ■ ; : 

Graph the. region 'determined by the 'following set of inegualities. 

X > and.x _< 3 ' 



40. 



y > -4 and y < -2 ' 
raph the region determined by the f pilowing ' set of inequalities. 

■ ' ■ -y £ -x . ■ ■ y ■> -4 .1 

:% . ■ .■ ■ . - . . ^ t ■ I. •■ ■•. • . ■ . 

41. Transform the fallowing inequalities into the standard form 

■ ■ ■ " * . ' ■ ' ■ ■ ' . 

•y' < mx. + b or y >^ mx + b. 



a, 3y £ 6.x + 15 
I 



c. -X - y £ 0 

- ■ . ■; ^ • r. ■ . ■ ■ , ■ .- ■"■ ■ .\ _ 

. b. ' 15 - x.>. 2y • d.:2x£-y-3'- % ' 

42. Given that -aX + bY > i, where X = [2, -1, 3] , 4 JtO;, -2^,^ 1] 
and 1 == [-1, 0,' -1], transform the vector inequality intjo a set : 
nf algebraic inequalities.- Show your work . 

.43. Given that t = [1, 3], ^ = [O, -2] and S = [-1, -l], . ; 

a. ■ Transform th^ inequality st + tl £ ^ into a set of algebraic 
, inequalities.. • . 



mic 



i. 



173 



1*6 



43. . b. . ^^raph the region determined by tl^e inequalities. 



44. "Given the vector in^qualit/ H» 'y? > 



-^ -i-.j^ere S « C.0, 1, 1], s [4, -2,^/^ $ « [-3 , 2, 1], derive 

algebraic inequalities and shade the region of simultaneous solution, 

/ 1 ■ " * ■ ■ ■ • ■ ■' ' ' ' I ■■ ■ " 

45. J Tn,e following table shows the protein and carbohydrate coiitents. 

of lent'ils ai?d soybeans. 4^ 



Protein 

Lentils (100 g portion) \ 25 g ^ 
Soybeans (100 g portion) l\ 35 g 



Carb 



ohyd 



rate 



60. g_^ 
35^g ' 



\ 



.Suppose that we want a combination of lentils and soybeans which 
will" contain at least as ri^uch protein and carbohydrate as the ^ 
diet 'vector . 



. D = [210 g priotein^ 455 g carbohydrate] 

Find the cor||bination satisfying this requirement such that the com- 
bined mass yf lentils and soybeans is as small as* possible. What 
is the smallest possible mass? (Show all work!) V 



; SECTION- ■2'3:, ' • . r \ ■ ■ "\- ■ v. 

23-1 Int roduction to. Stati$ tics ' . ' .. 

. ! During the next few week? you will be studying the mathfcmatical, 
;field called statistics . When you h^ve mastered some of the basic 
j^ondepts, you will perform several activities in which you will 'col-- 
lect data and apply statistical: techniques /to the results. ^ . .. 

Roughly speaking,., the fi^ld of statistics involves the study 
"of certain trends or patterns which arise in large populations or ; 
•groups. In medicine, patterns of disease are studied, using star 
tistioal methods.^ JVn . example is the inve/tigation of the relation- 
ship between smoking and emphysema. ; 

I What is ^Involved in testing whether smoking, and emphysema aiai^i 
related? If you have krt'own a 'smoker or two who developed emj^hysema 
it proves nothing at all; it could, have just hajppened by ch&nce. On 
Ijhe other han(^, suppose you Work in a hospital .and^ you notice that 
.most of the , pak:ients with emphysema Mre smokers. Can you now 4on-,. 
elude that smokers are more lively to develop emphysema than non- 
smokers^ The answe^" is still no. Perhaps most people in the general 
population are smokers. " Then of course most emphysema victims will 

be smokers too. - * 

. ■ ■ V - ■ ' ' ' • • ■■. 

In order' to show that smoking and emphysema are statistically 

■ • ■ - ■ '■ 

rela|;ed we muist do two^hings: . ^ . ' • . 

1. We must show that a .higher ^ercentage of smokers ,than 
nonsmokers develop emphysema. * • ^ 

' .2. We must have dat| on a large number Of people so we 
can be confident bf our resul'^ts. > . 

We want data on a larcge npmber of people so we can be reason- 
ably sure that ouhr results^aren't j^st an acci^nt— just a fr^ak / • 
pccT^ence becauSfe we happened to investigate an unusual group of 
' pe(^le. But how do we know when we have Gollected/data on enough 
people? How- can we know how likely it is ^that our results .are ' just 
ail' "accident" and, prove nothing' at all? In the sections' to come you 
Will Xearn how to use mat/ematics to help answer such questipris. 

* / ■ ■.: . . -1. •. ■ ' ■ 



Before we go on/ however, a Word of caiation is needed. Medical 
researchers are 'always i^rying to find the clause of particular medical 
problems.. Therefore they do statistical research to identify vari- 
ables which ar4 commonly associated, with the ailment. However not 
all things which are associated with an ailment are c auses of the 
ailment . A misunderstanding of this idea could lead to disastrous . 
result?-. For .example, suppose Dr. Elmo's research^has shown that ' ^ 
all emphysema victims have, heads. \ fThe distinguished Dr. Elmo con-. 
eludes that heads a rq the, cause of emphysema, and recommends the. 
headectomy (removal of the head) of everyone. Perhaps Dir. ^Elmo should 
be the first, to try but his revolutionary new procedure. 

2-3-2 Ra ndomness / * . . 

• ■ ' ~~ ' - - - ■ ■ ■ . / )■ 

In- everyday life we are .face^d with doiraj^g^evejits which we hardly 
think about at all. But once in/ a while s^HKiing happens which is 
so unusual that we take Special /notice o£ it. For exam|)le^ suppose 
you went for . a walk*^ and the -fir^et five people you passed were all . 
naked'.* This would certainly be an unusua| event, but it could occur 
by chance, alone. Npw and then/.some people get the notion^to go out 
and walk around the block naked.. I f^ five such people happened to _do 
so ^t the same time,, that could account for* the event ^^ut;. the com- 
bination is so unlikely that, yo\^ would prob.ably look £or "some other 
Vxplanation besides chance., Perl^aps you walked into a nudist , colony 
by irti stake or were having an hallucination. „ . _ 

' event which occurs by chance alone is called a random event. 

Some r^dom events occur frequently. . Others are very unusual. An 
unusual event li'ke the o^e feibove is ^variously described as a rare 
event, an'^yent with a low relative frequency , an event with a low ^ 
probability . . . ' ' . 

' In cur 'fetudy of' statistics we will be particularly interested 
in rare random \vents. You Will bqgin by performing a- random evelhts 
activity with a s^^t %f 16 coins.' *You shake them up and then dump 
them out on your disk' top. f You- probably already have some correct 
Expectations about what will happen. For example, you would probably 
bei surprised if you got 16 heads or 16 .tails. .This isn't impossible^ 
bui it is a rare event. You probably would expect 15 heads and .one 
tail to happen more often\than 16 heads and so forth. 



|What..;nui|iber of heads do you thinfe w^ld be 'seen most often? 
f. .'The asnswer hasN^omething to do with our expectations about th6 way 
•v. "fair" coips Ibehave. Ih the long run we expect to see just as many 
\heads as tails. 'This- has implications for our setpf|16 coins. It 
suggests that we might expect to see 8 heads, and 8 tails more of ten . 
than any other combination. We can summarize •t)ur Intuitive feelings 
by saying that we expect 16 heads very arqly, 8 heads most often 
, and zero heads very rarely, l' Would you expect 10 heads or 9 head^ to, 
occur more qft^n? Singe Ip heads- is farther away from 8 we would 
. expect 10, heads to* happen less of ter^ than 9 heads . This then is the 
"general trend of things for 16 coins, /nhe farther away from 8 treads 
the , less oj^en we expect to see it . How often we see an expected 
pattern o'f events is- somewhat dependent upon the number of trials. 
In I an e??perimeht with a ir\illion. trials we will produce a pattern 
that agrees very closely with the expected' pattern. Wheji the numjDer 
of trials is small we will more often see unexpected patterns of 

' ... . ■ 

."events, ..." .■ \ . 

23-3 A Coin -Dumping Tally . , \ 

So far we have put forth s^me ideas on the outcomes when 16° 
coins are shaken up and dumped on a*'desk. How will these expecta- 
tions be^r ou-t in 'practice? I.n order , to flnji out, you will spend a 
class period '"-dumping a set of 16 coins. To hAp you record the » 
experience and app^ly it-, we will define some words feo describe^ the 

' '.' activity. Ybu will be repeatedly durpping 16 coins and counting the 

..... , ■ . ^ . ■ . ■ ■ 1 - 

number of heads. You will be doing this again and again. It would 
se^m reasonable to call* one dumping a "dump." Hpwever , . wfe won ' t 
because' there is -a lack of dignity in the word "dump." You may wish 
. to agrue this point . We will 'call each dump of the coins a trial . 
This is the language of rstatlstlcians. For example, a statistician 
WQuld say "The result of Trial 14 was 11 heads. "^^ 

> T • -jWhen 1.6.. ^Qpins are dumped there are 17 pbss il^le outcomes , ^ f rism 
16 heads all . the way ^own to zero heads. ^ We will call each of i^hfese 
possibilities eyent. For- example, 16 heads is an event. In 
general,^ the set on all possible outcomes of trial is the set of 
possible- events! Poir« example, when a single die is thrown there • 



are' 6 possible eveh^s. 



ft 



c > 



" '^'V' ^'"^^ since you dump 'put '*h6. 16 Qoiris>gain and again, it is likely • 

that a,?par'£id$iilar ey^nt.will happen more than once;' We will ca];l 
' the number of tim^s^^ event occurs the frequency of- the 

ev^t. .; Foj>';^ample, . M performed 50 trials. ' The f re- 

quency.>>dfr9 hWads v^as :'8. In other words, ifte everit 5 heads occurred 
8. jtim^s. . • .. .■■<!'■' : : : \- 

( When you do your bbin dumping, your results should be recorded-(' 
In a manner similar to the way we have recorded the results of an 
actiiai. set. of- 50 trials. ■ - ' 



-Event (Number 
of* Heads) 

■ 0 

/. ■.. /■ 2.. 

5:. - - 

10 

11 ; 

12 ' . 

■ 14 

^ , 16 ' 



Observed Frequency 

. . * * ■ 0 . . .' 
0 

•0 • " 
■ 5 ■ 



Total Number 
of Heads for 
Each Event 



//// /V/ 9 




total numfcer.; 
•of trials' 



8 
6 
4 
2 
0 
0 
p 
0 



5x5 = 25 
6x8 = 48 
etc . 56 

, ' .-■ ■ "72 
. 72 
60 

. 44 

24, 



^ 50- 



total number _^ ^q^^ 
of heads ' 



i 



Mean = 



401 

50. 

■ ■ i 



8. 02 'heads,, per" trial 
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' . .When yo^u have compieted of your trials you«will report ' ^ 
your frequentJ'ies to' your , teacher, who will, record the grand totals / 
"fbr. the entire class. >^Th^n, you should calcul^t^ the m^aii (average ) • 



1 7s' 



number- of heads .per trial for 'your data. We have demonstrated how 
to do tliis in the example shown on the previous page. Your teacher 
wi5*l calculate ttie mean 'number of heads per trial for the ei>tire . 
class. You are doing this to test a statistical prediction.; The 
prediction is that th'e mean for the whole class will: be closer to . 
8 'than most of the students' individual means. - 




P«^BLE]4 SET 2^<k^ ■ • t 

1. ,(True.'or.;faX.^y If you have known a couple, of smokers who 

developed" emphysema then it proves that smoking causes emphysema. 

\ ' «... * 

2. SuBpos'e that** you work in a hospital and you notice that most of 
your emphysema patients ■ are smokers., One possible explanation is . 
that smokirfg causes emphysema.' What are other possible explanations? 

3^^. What tWQ things must be done to show that smoking causes * 
emphysema? ; 1^ ' ^ ... . 

4. listed below -are -pairs of variables which are associated with 
each othfer. Which >|ii airs are r^l^ted as cause and: effect? 

■ «■ ' ; ;.; ■ .;. ■■■■ ' 

a,- It has been found that countries Vith high per capita incomes. 
:. ' ■ ■ ■ * 

tend to have high heart dis.ease rates . , ' 

. b. It has been "found that '82.4% of ^11 people w^jo break their 
hips were wearing shoes at. the time of thei-a^ accident . ^. ■ 

e. An increase in temperature is associated with an increase in 
volume for a quantity of trapped gas at constant pressure, 

. d. An increase in pressure is associated with a decrease i,n 
voiume. fqr a quantity of trapped gas at^constant temperature . 

e . ' People go to lunch in California when the clock strikes, 
3:00 PM in N ew York .. 

■ • , ■ * ■ • . 

5^. : List two -variables that are commonly associated with one anotner 
that are no,t related as cause^ and effect . , Do not ,use any ^pxample 
li^sted aliove,. , . \ . ' . . 

6^ ' Identi jfy/th J random, e^verits in they fbllawing list. Adl decK;|j|.^ 
(Jice and coins -are "fair. • • ' •. 



. a. . A boin i,^"tl)^sed. I It turns up heads. \ ^ 

b. ' J» pair of ditie is tolled. A pair of sixes comes up, 

• > ■ •„ • ■ ■■■ '■ ^ ■ '■ • ■ 

c. A card is dealt. It i^ a'jacH. - 

*d. '|A key is inserted into a %ock. It' opens the lock. 
er.: A car runs out of gas. The car stops. , 
rill! 



f. ' A person ^il Is a pair of dice. He gets ten 7 before he. 
■" reals a. 2.'- 'a '- 

7. List two random events not listed in this 4:ext. . . . ' 

8. List twd- nonrandom events n^^listed in this text. • . 

9. jmich event iii Problem 6 . is the rarest tfandya event? ' ' 
10. Sixteen coins I are shaken up and repeatedly d^uraped on a table top. 



a. * Which two numbers of heads would we expect to, see least bf ten? 

b. What number of heaks would we expect to see .^st often? 

• ■ \, . ' ■ ■ 

c. In the long run, the farther away from 8 heads, the (more, \ 

\ ■ ■ . ■■■■ ■ .. . . ■ 

less) often we expect to see ^it. v 

11. six coins are shaken up and repeatedly dun»ped on a table top. ^ 
Below we have listed all possible events which might occur (h * 
"heads") . The set of all possible events «5= { Oh, Ih, 2h, 3h, 4'h, 

.■5h-r*6h}.' ' 
a. Which two events would you expect to see least often? 

■ .J ■ f : ' ■ ■•■ ■ ■ •' ■ • 

' b. Which single evei>t would you expect to see most\ often? 

'c. WhicJi event would you Expect to see« more often, 3h or 2h? > 
• d. Which event iwould you expect to see more, often, 4h' or 5h? 

12. 'Ten coigns, are shaken up angl repeatedly dumped on a desk^top. 
Below, we have a table ,th at orders our. expectations about the number 
of Mjeads. It goes from lAost: often to least often. Insert Oh, Ih, 
2h,' etc.* in 'tKe appropriate box in the table.. ... 



*■ 



■erIc 



/ 

•f. 
it ' 



Most 
Often 



-f 



Least >' 
Often 



13/ aV . When 10 coins af^ duAped) thfere ar^ 



possit)],e events . 



When ''"n" coins are dumped, there: are _ 



♦possible event'$* . 

In- class you dumped 16 .coins at a time in feafch^ tikal . Iiii^ihe >next, ' 
prob^ems> suppoi^e you are dumping. 100 coins at 'a* time and counting 
the' number of heads. Therefore, On any given ttial you can get any-* 
thing between zero and 10& heads. . Si^pose the number of trials is 
very large. ■ i- ' ' . • ' . 



14. We expect that the most frequent, event will be 

15.. Which event do we ^pect to*be rarer^ zero heads or 3 heads? 

16. Which, event do we expect to be rarer ^ 3 heads or 52 heads? 

17. • Which event do we expect to be rarer ,. 4Q heads or 62 .h^ds? ^ 

.X'fter four trials of a fbur-coins-at-a-^ime-. coin dumping experiment | 
the, tally sheet looked like the one belpw.^ \ * ■ 



Event 
(Number of Heads) 


■ Tally 


bbserved^ 
Ptequency ^ 


■ . 0 • - 
• . 'i. • ^ 


.'■ I- 

i : : ' — ■- 


■■ 1 ■ 


ft 






■ • 2' ■■ ."• 


'• : ^ 


. 0 


.■ ' 3 ■ ■ 


' I"-'., 






11 


.■ ' 2 r 



18.* Dd^^'^'the : tally sheet vprove that the coins are behaving in a 
■ncjf\ra?ndoit\^J^fashi^^ (Yes or No) . . ' 

.;H;qw do ,the results, in the table differ from oui: .expectations 

3- abckit randomness? 

.■ .(if V ■ . . ■ ■ ■ . ^ I 
' .'20. v.what might Explain the pattern in the table 



: i: 



, (' 



5 



181- ' 



^ • ■■■■■■ ■ •' ' 'V V ■ / ' . ' ■ ' ' 

' Below is. the taaiy sheet ! for the 'feame exp^iment after 20 trials 



. Event (Number 




Observed ^ 




of Heads) 










■■/■■ •• 




■ 

•.A 


■ - •' ■ 


H-H-/ 


6 






mi-// 


1 




3 


'////; 


4..'. 




■ • '4 


// 


■ ' 2 ■:' 





-• • • ■ • . ^ . ■ . ■ » ■ - ■ . 

21. How many p.a&Bible events are there? . . 

22. ; How many trials, (or dumps) were there in the above activity? 

23. The event "4' heads" occurred with frequency 
24* The most frequent event was heads. 
25. The rarest event was heads. 



26. What was the total nuifeer of heads appearing in all 20 trials? 

27. What was the mean number of heads per trial?.. 

The following .table Shows the results of measuring the systolic 



SystoTi^^ressure_ Observed r 
(mm/Hg) r^YBqueiicy^ 




• 1 110-X29- 
130-149 


■ 18- ; 

• 

. 31 

• 




' ■ 15b-16"9 


' ■■"23 * .■ 




* 170-199; 


20 :^ 




\90-209 


1 




210-229 ■ 






,230-249, 


■ ■ 2 ■ 






^ Total 1^^ ; • 


t 

■ » 

<- 



;Z8. a. How many possible Events Vre there in this survey? ^ 

b. How many trials- were there? . ' ' ' y ' ' 
29. - The event of, a blood pressure in. the, range* 190-209 mm Hg oc- 
curred with a frequency of ^ . • • ^ * * • 



30. .. a. ' The most /frequent -event ;w^sl a blood pi?eissur(3 the range * . 



.Of 



mm Hg. 



b^^' The. r a re's t obs ei?H/ed 
' mm Hg . ' • •. 



was . a blood prfessur^ in the range— • 



Some oif the best medidal surveys available are based on military 
per^pnnei and. on inmates ' of mental hospitals . This no surprise 
sipce such people are given systematic 'medical' examinations.' The 
following table gives 'the head heights in mm- of 68 male mental: pa- . 
tients. The source* of the table did not explain exactli' fwhat "head 

height", means, but this is unimportraht for our 'purposes. 

? •. " •■••■*<). . / ■/ . ■ . 

• • DATA ^ON HEAD HEIGHT .0^ MA jil INMATES OF 

HADDINGTON DIS'I^lRICT ASYLUM 



Head" Height (mm) 

ri5-119 
120-124 . 
125-129 
' 130-134 
135-139 
140fl44 ' 
145-149 
150-154. 
155-159 



Frequency 

1 

0 
10 
15- 
1" 
16 
• 5 

3 

1 



/ ■ 



31. The most frequent event is a head height .j^n the range mm. ^ 

32. iThe r^r^st event is a head height in the tange mm. 

33.. This survey was based on only 68 males'. If the survey' were done 
' on 1,000,000 males, which event is likely^ to be more u.nVisual, 11^- 

119 rtln or 120-12^^ gmin? • ; ' ' .' 

■ ■ ■ ■ ■ * ; .■ . . . ^ ■ ■ • ■ ■ ■ ■. 

34. How many trials v^er'e there? • ' • . 

Create tally sheets and record the dafa for the experiments described 
, ■ below. -y • . ' ^ 

35; 153 trials of an experiment with fivff, possible events is run. 
The frequency of the/zerpth event was 6. 



'The ■'frequency of the first event 'was 21./ ,^ 



. • The frequency of the second event yas 80. 

The frequency of the third eyentit/as 33, ^ \^ ; ^ 

♦ . The frequency of tjke fourth event was ? 

Be Vure to include the, numerical value' for the frequeifcy of the- 
•; \ fourths event. . ; ' . * • . " 

36.. 127 trials of an experiment wi^th seven possible evenijfe is run.- 





Heights 


in 


,the. xahge 150 
• 


•cm 


td. 


154 


cm 


are 


observed 


7 times. 




■ Heights 


in 


the 


jrange 


155 


. cm 


to 


159 


cm 


are 


obsei?yed 


]/7 .times. 


... 1 


Heights 


■ I 

in 


the 


range 


160 


cm 


t!o 


164 


cm 




observed 


41 uSes. 




Heights 


in 


the 


range 


m. 


cm 


to 


169 


cm 


are 


observed 


36 times. 




Heights 


in 


the 


range 


170 


cm 


to 


174 


cm' are 


observed 


15 times. 




Heights 


in 


the 


range 


r75 


cm 


•to 


179 


cm 


are 


observed 


9 times. 




Heights 


in 


the 


range 


180 


' cm 


to 


184 


cm 


are observed 


? times. 



* 



SECTION 24:= ' " s/ / ■ * \\ 

24-1 Tally Ho ! . , ■ 

:. A. tally similar tV the one you made in the previous sectioA is 
one way 'to display a^ frequency distribution . It shows the frequen- 
cies of different eyents. . We Will later examine more elaborate ways 
of' displaying a frequency distribution. But there is much more that 
'ican be -learned from the simple tally in'Section 23-3. V 

For example, were our Acpectatior^S; .confirmed fpr that par - 
ticular s6t of trials? ' In other words, did 8 heads^ occur most • of ten? 
Were^ firequencies lower for events farther. away from 8 heads? Cer- 
tainly 8 heads was most often seen arid, in general, , the farther away 

from 8 heads the less--f requent the event.. . 

■•. . ■ I ^ .. ..■ ■ ■ ' .. 

^ There is an exception, though. Can you spot it?' Six and 7 . . , 

heads both occuTred 8 times. -But 6 is farther away trom 8 than 7,. 

therefore we expect that its frequehcy should be less than the .fre- 

t quericy of 7. This result underlines something important tq keep in . 

mind ab6ut random events. We can only predict what is.; most likely j 

to happen . We can. never be certain- exactly what, will jdappen . ^ 

The' unexpected pattern of 6 hfeads and, 7 heads happens more often ' 
wiVh..small numbers of trials* (The grand tally for the whole class 
probably will not sht)W 'this kind of behavior .)• There is an under- 
lying principle here. It is that frequency distributions will more 
closexlrj f ^Lt -our expectations (if they are correct) as the nu^|r of 
trials inc^reasls. The exercise in computing the mean number of heads 
per trikl was designed to 'test this hypothesis. If the hiean for the 
entire class was clpser to 8, than a^majority of the €i^ans ' f or indi- 
viduals, then our expectations, pro^d accurate for yoi^r class . How-^^ 
ever, if the grand meaji wasn't closer, this does not disprove ^our , - 
hypothesis. ■ since , we are ciealing with random events there is always ^ 
the possibility that a >rare eveat may be observed . / 

■ ■ . ■ ■ ■■ i ' ■ ■ ■. • . ■ ■ 

24^2 Relative Frequency;. A Zero-to-One Scajje for yfever to Always 

■ * IsHi^n event that^ happens only pnte a r^e event? The answer 
depends on the number of trials. If there v^'ere only^ one trial, then 
i the answer' would be, ."Not necessarily. " If there were a million V 



. ■„:,.. ■ . / . ■■■■■ is: ■ 



6 ^ ■ ■ V--' 





( 



trials, the event would indeed be considered a rare one. The ratio ' 
of the: observed frequency to the total number Of trials is Called ' 
the relative, frequency of an event. This is' suinmarized in the formula 
below. V 

■■' ■ • • • ^ ■■ n: ■ ■ : ;• • 

^where R - relative frequency 

0 = observed ^frequency ,. -. 

' N = tbtal number of trials 

Fot exiampie,, the relative frequency of 8 heads in our earlier example 
is the ob#efved frequency (9) divided by the total number of- trials 

(50..) . ■ • . • ■• • . ■*. > ■ .■ ^ ■ ' ... 



i ■ 
V ■ 

r- • ■ ■ ' . . ■■ 9 



Jo . 

- . . = ....18 ■ 

.V What this figure means is that the event .8 heads occurred in 18% ' . 
v of the trials. You wiil calculate reiativ.e_f reque'nqi^es for ^y^^ 
own arid the entire' class tally. . . | 

' Remember ,that a relative frequency b£ one means that an event 
always happened, while an R of zero means that it never happened . 
Also/ relative \ frequency is a descriptive statistic. It describes . 
''how often a parfticular^^vent happened. ^ 

24-3. Probability— An Expected Relative^ Frequency - 

Priobability is a predictive statistic* it predicts how often 
k pai?ticular event can be expected to happen on the average. ^ ^ ' - 

^ . Probability is related to expected "frequency and the number .Of 

■./■..■■( * ■ ■ 

trials by" the' formula • , / . 



E 

n' 



vhere p *= probability /S" / ' . 

V • . E = expected frequency 

. N •= number o/ trials,. . 1 , ^ 



ERIC \ ' ■ . • ' y ■ . ;,*i79 



This formula looks, a lot like the previous one and it is. p and R 
are related quaritit-ies. A probability of one means that an event is 
certain" to happen. A probability Of zero means. that an event cannot 
happen. Relative frequency deals with history while probability - 
deal? wit'h future expectations.*^ . . ' 

In the relative frequency formula/ R is generally the unknown. . 
N and 0 are known. However, the p is generally a known, quantity in 
the pfbbability formula. Thl unknown is usually E or expected fre- 
quency!^ We can. use this relationship to predict the expected number 
of heads for a particular number of tlriais. 

* The* first thing We must do is to determine the probability of 
getting a head on a single throw of a coin. We shall, assume that 
the coin is^' "fair" (heads and tails are equally likely) and that 
it c^not land on edge. . Since a head is one of two equally likely 
events, the- chance or probability b| getting a head on a. single 
throw is one-half 6r .5. - • 



/ 



7 Suppose we flip a jingle coin 16 times. What is the expected 
frequency of .heads ?T We know p (it is .5) and N (it is' 16) . Note " 
that we are: calling, the flip of a single coin a trial: What we 
Miili calculate i§ the expected frequency of heads in 16 flips. 

' '. E ' ." \ ■ : ■ ■ ■ ■ ; ■' 

. -p-'N ■ .. r ■;: . ■. . / ' 

• where p = ..5'' .„.-... • / . 

. ■ ■ ■ . . ■■ ■ ■ . ■ /■■■■■■ 

We substitute these .humbers into the form\|la. 

. . ' I*. ~ 16 ;^ 

■ . . (.5) ('16") = E ; , - 

■ ♦ ■ . • ■ ■ ' ' ■ . . ■ . ' 

When a single coin i9 flipped 16 times the expected frequency 
o£ hea^s is 8. What does "expected"-:mean in statement? 'Two 
things. It means, that 8 heads is more likelyVhan. any other<)ut-T . 
come. When we* fliF^ single' coin 16 times. ' It tlgb-meW th^ if 
w* repeat the series of 16 flips many, many times, we expe.c^^the ^ 



average number of heads per series' of 16 flips to be very close 

*. ."^Qia may have already realized th^_ flipping one coin le-times 
is equivalent to dumping 16 coins at d^ice, as you Ad in clags. 
This equivalence permits us to state that 8 heads Isjthe most likely 
event when we dump 16 doins at once. Notice that this does not mean 
that 8, heads will cbme up in a majority of the trials. Eight'^eads 
did in fact appear more often in our fexample than any other number,, 
but still only 18% of the time. * 

For the same reason* we expect' the average to be very close to 
8 he.ads per trial (of 16 coias .at a time) after a very large number 
of trials. In Section 23 the average number of heads per trial, 
after 50 trials was 8.02. This is' indeed very close to 8, ^ 

For the sake of variety we consider another example of the use 
df the probability formula. 

• EXAMPLE ; ' ^ . 

. : . -What, is the lexpeeted -f xequency^^of a. 3 in 6X) rolls J3f ^. s ingle 
. die? ■ ■ . ' ' ^ , ' ■•' 

SOLUTION ; , ' : ^ 

Since we expect that each side of the die will come up equally 
.often, the probab.il i'ty of a ' 3 coming up is one out of siix or 



1 ■ ' f 
^. The ij^umber of trials is '60 

.6. ..■ ^ . 



E 



where p = g- 



■/• ■ N =■ 60 

. • •"■ ■• ■■ '•■ •.• ' ■ V - E = ?'■.■■■'. - 

We substitute this information into. the formula. 

'•• ' '• -1 - J- • ■ ' ' 

• / ./ ; . ; 6 ~> 60; . ■ • . ■;. ^ ■. \ ■■ • • ; 

( -■• y . io'= E ' ■ ■ f ■ ■. ' , \ 

e see that the expected frequency is 10 for a; 3 coming up 
n 60 rolls of a single die^. 



PROBLEM SET 24: 



7 



simple tally is ond way to display a 



2. (T or P) Statistics allow us to make exact predictions about 
the future. 

3, Relative frequency sets up ^ zero-to-oni scale fox _. 



4. In the formula 



i 



R = ^ 



. , -a.. R ='•.••.•■•■'•. ' 

■ •;• b. . ; 0- =. ■■ ■ , .' . ■ ■ 'o ■ . . , ■■ ■ _ . . . 

d. Which variable is most commonly the unknown? • . 

5. 'Relative frequency is a descriptive statistic. It descril^es 
how often an event ■ • ' »' 

6. Probability is a - statistic. 

7.. (Probability f Relative frequency) predicts the pattern of 
future.events while (probability, relative frequenc*) describes^ 
the pattern of past Events. ~ * . 



8. In the formula 



a. .P . 

b. " E « 

c. ■ N. = ■ . " \ 



d, Which variable is most commonly the. unknown? ) . 

(Multiple Choice) 

■ . ■ ■. ■ ' ■. < . . * ■ . '■ 

9.; When 16 coins are dumped simultaneously we expect to see 8 heads 

(half the time, every tim^/ more, than hal^ the time, more often than 
any other event). ' .> 



10|j A single 4ie is rolled 90 times. # 

■ ■ ~ I ■ ' ■ ^ ' 

a. on a single roll wh^t isf the probability 1;hat a. 5 will 

come up? r : 

•• ■ • • ♦'• , • . , . , • • 

b. What is N in the formula p =^ ? - ^ \ 

I • • ••./ • ■ y ■ 

, e. I Calcula-^, the ^xpected numbel: of* times, that a 9 will come xip. • 

/. d. If 5 came lip 17 t^imes, would you be suspicious .about the / 
faiirnes^ of trtfe die? ' . ' j. 

e. If 5 cam8- up 90 times,, would^ you be suspicious? 

■ • '■ ' • • ■ ♦ -J ■ .J • 

11. In order to compute the relative ftequency pf ^n event we dxvxde 

the observed frequency by . 



12, If the relative frequency of an. event was .62, it means that the" . 
event occurred in • % of the trials. 

The following table appeared in Problem Set 23. , It shows the ou-t- 
comes" of 29 dumps of ^_ coins. ( ■ ' / \ ■ 



-Si- 



JJvent Observed 



fHIumber of Heads) Frequency 

' :■' ■ ' •■' ■ 3 ■ ' ■■ ■ " ■ 4., . ';■ ■ • ■ 

'■. :--v ' ■ ' . .4. ■' .■2-,: ■ ^ ■ 

13. Show. calGulatipfis verifying that th^ relative frequency of .the 
event 4^heads was .10. • I 

14. Show calculations verifying that the relative frequency of the 
event 2* he^dfe was .35V 

The fo J. lowing is the ^ame table as above, except that the observed 
freiqufettcies have been replaced with relative frequencies. 

, Event . • Relative ' 

.(Number- of Heads) Frequency - 

; •■ - ■ •."<•• • A ■ • . ■. ■ . ' 
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..4 . 



. 0 


,j05 • ' 










.30 








■ "■ ? ■ 


.35 










,■ . 20 ' ' • / 




















\ h 

• 




'* 185 

«. .. a 



( 



15. What event occurred in 5% of the trials? 

16.. One. of the following s£atements .is true.' V?hich one is it? 

a. The event 1 head occurred. With the. same relative frequency •. 
as the event 2 heads. , ; , < 

• ' b. The event 1 head occv^rred" with the same relative frequency . 
as the combined evelit 3 heads and 4 heads . 

Vc - The event 0 heads was mor4 frequent than the event T beads. . 
The following table is based on a survey of heitloglobin values for ^ 



54 female medical students. 



J 



Event (Hemoglobin value 
ranges in grams per . 
100 milliliters blood') 
"V" ' ' 


1 

Relative 
Frequency • 


.11.5<V^12.0 ^ 


.037 


12.0<V<12.5 


.056 


12,5<V^13.0 \: . , 


.166 


13.0<V<13.5 


—--2-2-2 


13.5<V^14.0 


.204 


14.0<V^14.5 ^ 


.222 


14.5<V^15.0 


.037 


\ \ 15.0<V<15.5 ■ 


^. . ,056. : , 



1.1 ■ 

■6 



17. -Hdw many possible events are there' fpr this set of data? Re-^. . 
member that an ev^nt is-a possible ouj^come' of a "trial. A trial in 
this ease is a measurement of _ hemoglobin valMe.. 

18. How many trials were there?, > 
,19. 16.6% of the students had hemoglobinyvalues falling in the 

range g /ffll. . , ju, 

'20 : h hemoglobin value . in the range greater , than 14 ,*5 to ol 5 ,. 0 ^/ml . 

was observed in % of the cases . ' ^ « * • \ ' ^ ^ • 

'21 Notice that the relative frequency of a v^l«'e in the ra,nge . 
greater than 13.5 to 14.0 g/mX^is .204 . SKow" th.at, the coiftesponding. 
: 6bser4d frequency must be 11. . (pi; Wiir'need: to u^e^-the formula 
R a 2 and solve for' 0.) a , 



22. What was the observed frequency of , values in the range greater 

than 14.5 to 15.0? 

• ' . ' ■ ' .... • . • 

^ 23. What is the sum of the relative frequency' column? (Don't add— ^ 
think about it.) " 

24. Recall that the probability p is .'0.5 that a coin will come up 
heads on* a given toss. Compute the expect'ed number of heads when 
a coin lis tossed 20 times. (You will nSi^ed to use the''formula 

E 

p and solve for E . ) . ' . ' 

i . . . ■ ' ■ . ■ ■ 

Z5, The probability p that a certain expeVimental drug will be 
effectivei is 0*6. If 100 patients are trea^ted. with the drug what 
is the expected number of patients Xipon whom the drug will be 



effective? 



26. Calculate the relati\ne frequency of each of the following 
observed frequencies. N f= 250 



a. 


117 


b. ' 


220 


* 




c. 


25. 


d. 


93 



'27. Calculate the relative frequency of each event for the total 
Glass data from the coin dumping activity of Section. 23.. 



i9 
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SECTION 25: 

25-1 A Descriptive Frequency Histogram 

We mentioned 'frequency distributions 



.-./. 
./ 



10 




the previous secjbions , 

We will develop a few more details in ou^ descriptijon of them. We 
can make a g^aph of 'the tally of Sectj^ 23. We will put observed 
frequency on the vertical axis and/ gvent (number of heads) on the 
horizontal axis. ' . 










1 


4 




3 


1 


1 ^ 



0 



2 3 4 , 5 6 7 8> 9 lO- 11 12. 13 14" I5.:;I6 



er|c 



.. A graph like the One above is called a, frequency, histogram ; 
It is a good way of "picturing"^ a frequency distribution. Notice, 
«that the vertical axis is scaled in terms pf observed frequency;. 
For Qxample^ it says that 12 headg were observed 2 timeS. ' 

•A histogram is' a convenient method of displaying biomedical 
data also. For example, we will con&truct a histogram foi; the • 
hemoglobin data of Problem Set 24. 



25-2- A Relative Frequency Histogram , .. 

• • • ' ■ ■• 

In the future we mil of ten want' to compare observfed frequen- 

cies with probabilities. It turn.s out that relative frequency is 

more comparable. with probability than observed frequency. For this 

reason, i.t is coijveiVLent to scale the vertical axis of our histogram 

in terms of relative frequency instead of observed frequency. The 

relative frequency of each"4vent is summarized below. 



EVEMt, ^""f^ 
of Heads 


6 


1 


2 


3 


A 


5 


6 


7 


8 


9 


10 


11 


^12 


13 


lA 


15 


16 


Relative 
• Frequency 


0 


0 


0; 


0 


G. 


.10^ 


.16 


.16 


.18 


.16 


.12 


.08 


.OA 


0 


0 

' .1 . ^ 


0 


0 



The graph of this frequency distribution is similar to the 
previous graph. The only dii^ference is in the vertical axis. It 
is scaled in terms of relativ^ frequency, As you can see, the ) 
relative frequency of each eve^t is written on the corresponding 
histogram bar. A graph' of thi^' type is called a relative frequency 
hi stogram . Note that the shape^ is identical to the observed 
frequency histograrn,' 
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The. two graphs and the tally are all different ways of representing 
frequency distributions. In math class you will construct a^relative^ 
frequency histogram.. It will show the frequency distribution of. the . 
results of the class coin-dumping exercise. 

25-3 Combined Relative rrequenciejS ' 



. This sequence of lessons -is leading up to the interpf etation 
of a statistic called chi square. The chi-square 'procedure produces 
a probability for a combination of events. To understand the meaning 
of this probability we are. going to start out by finding relative 
frequencies for combinations of events* For examt)le, hov; often di(^ ^ 
either 7/ 8 or. 9 heads come up? Half of the. time. We. can, determine 
this by adding the relative frequencies of each of the three events. 

.' .16 + .18 + .16 T= . 50. 

An important point to keep in. mind is that the sum of the rela- 
tive frequencies of ' all the events must always be one. . This is true 
because the sum accounts for ev^ry event* that Qccurred, and therefore 
the sum represents an event that always, happened'. An event that" 
always haf^|ens has a relative frequency of.l. Try adding up all the. 
relative .ifequencies on the histogram bars of our example. * The siim 
should be . ■ ' ^ ' 

-25-4 Area and Histograms . . V ^ ^ 

A very important feature of histograms is the relation between 

the area df at bar and relative frequency." All „of the bars have a 

•base of 1. The height of each bar is the relative frequency of the ' 

particular event. The area of each bar is the product of the base' > 

and the height. Since all of the bases have a width of 1, the area. 

o^ each bar i^yiiimerically identical to the relative frequency of 

the particular "event. This idea is very useful when describing com- 

bined relative frequencies. The Shaded region of th^ graph on thp 

next page represents the combined relative frequencies of 7, 8 and 9 

heads. The shaded area is . 5 and the unshaded area i£ .5. 

...... / . , . %' 




10 11 IZ 13 14 15 \h 



The- relationship Jbetween area and relative frequency is not 
always as obvious as^ it is with our coin-dumping histogram. Con- 
sider thq . histogram on the next page of the heTrnoglobin values of 
the 54 female medical students. 



J9o 



^20 



.057 



.222 



-.037 



Notice that the base of. eadh histograin bar is .5 g hemoglobin 

■ ""'i- ■ n 

per-lOO ml. If th^ heightjbf efech £>ar (relative frequently) were 
multiplied by this .5, th^ij^he area of each bar would pot be nu- 
merically equal to the relative frfequency.^ However, this is an., 
artificial problem which is related to the scaling of the horizontal 
axis. We can consider each hemoglobin valuC; range to be one event - 
wide . Now, if wi; multiply the heigjrit of each bar by its width in 
termfl^ of events, then the height of each bar, will again be numeri- 
cally equal to the area. Consequ^rjtly the total area will be 1, 
■just iilce the total relative f|-equency> When we look at the histo- 
gram i'n this light, then it is siiiiilar .tp oyr coin-dumping example* J; 



; PROBLEM SET 25: ^ * 

.The following tabl« suiranari'aes the outcome of dumping four coins 
. 20 times. (This example appeared in the previous two problem sets: ) 

EVENT (Number OBSERVED. RELATIVE , . 
of heads) FREQUENCY FREQUENCY 

■ • ■ ' ,0 ■ 1 ./ ■ ^05 



r 



2 ;V. . ■ \ . \ ' v -35 ( ■ • . 

" • •■ ;. -3 ■ 4 ■ • ■ ■■■^ .-20 ■ ■ 

• ■' ' 4- ' ' 2 ■ .10 ■ ■. 

1. Draw a frequency histogram of -the above resvilts with the vert i- 
ca'r ^xis scaled in observed firequency . • ^. 

" Draw a relative fre.guency Jiistogram of the above results. 
In Probl^s 3-5, give tshe relative frequency of each combined event. 
Refer to the table above or to your "histogram. - 

3. Zerd heads or four heads. ; : 

4. One h*ead or two he^ds.' """'"^'X^ ^ 

5. More than one head. , . 

\ ■ ■ ■ ■ . . .. 

6. What two events may be combined to give a relative frequency 
of exactly 0.50? ' \ 

The following relative frequency histegrams are the same as in 

the. text example. In each case, give the area of the shaded pokion 

of the histogram. . . 



19:1 



ERIC 



191 



v 




3 4 5 e 7 S 9 10 ir 12 i3 14 15 ' 16 




ERIC 



192 



Z 3 4 5 . ^ 7 8 9 10 II 12 13 14 15 M6. 
' EVEWT IWUMeee OP HEAP^) 
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10. How far away, from event 8' heads ^a^the 'events which correspond 
to 'the shaded bars, Problem 7? 
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The relative- frequency ''.histogram belcfw is. the same as/the table on . * 
page 1914 . Th^ relative. frequenQies aire-, written pn|tths \bars. .'v 




T 



■V 



■15.:0 < V < 15. 5 
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^For Problems 11. through 16 determine the relative frequency of the 
combined events. . , ' - ' 

11.- A |iemo.globin - value (v) ,iri: the ran,ge. greater- than 42. B to 13. 0 
.(12.5 < v $ 13.^0). " * 

12,.* The combined events, 1, 2 and 3. . 

^ - . ■ ■ > 

13. A value <v) i'n. the range greater thaij 13.5 to 15.5 . 
(13.5 < V ^ 15. .5) . : ' ' , ■ 

14.. The combined events • 1 , 2, 7 and 8. 



194 



20i 



i 



15iL A value (v) in the pange greater than 12.5 to 14.0 ^ 
(]/2.5 < v i 14.0)-. ; V- ^ . , ' . ■^T- • 

What is the relative frequency of a value (v) in the range 
(reater. than 11.5 to 15.5 (11.5 < . v ^ 15.5)? , <; 

.7.. Calculate the observed 'frequency of each event in the hemoglobin 

. " ■ - . ^ ■ . ■ ■' ■ ^ ■ . ■ ■ . « 

histogram. Keep in mind that each observed frequency must b© a whole 

, . • ■ ■ " ■> ■ ■ ■ " ' ^ • 

number. ■ , • 

'■ . 

18. The combination of events 4, 5 and 6 accounted for what fraption 

' ' J- ' ■> 
of^ll 'observed events? ^ ' 



•19. Construct a relative frequency histogram for the total cXas's 
data from the coin dumping activity of. Section 23. 

. ■ ■ ■ . > ■ ■ ■ . 
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SEGflON 26; ' 

• " • *'■ f ■ . ■ ■■ ■■ , 

.26-1 Yet Another Fygquency Histpgram 



J. 



. . How often will tjjie number of males, in a' randomly selecte(i class deviate '^ 
by 4 OS more fjpqm the average number for all classes? ' ' 

^ This is an example of the kind of question whigh we wi],l be 

answering with the chi. square procedure; . • v ^ . 

>) ' .. . ' ^ • / . • ■ ■ ^ 

.In this section we will develop a histogram tliat focuses on 

*(3fevi>ations . . . f rpm the avierage" and a table that focuses on the . 

. or more" phrase in the question above. .... ■ 

** ■ ■ ... ^ . ■ . • . f>. * 

To develop these new tools we rettirn (as usu^l.) to, the familiar 

coin-dump>,ing. data. • , .' , 

Recall from Section 24 that .the ^xpegted. frequency of . heads 

in a toss'pf 16 coins is "8i In other words, '8 is, the expected 

■ ■ ■ . ■ . . '. • ■■ ■/ ■ ■ ■ ' ■ ■ ■ 
number of heads per trial. . ^Qenerally,' the farther from 8 heads the 

morfe i?are the' event,. We can focus on this pattei?n by drawing a his% 

ogr^m Based . on deviaibion' from the expected number of ' heads . Eight \ 

h§ads has a zero deviation from the expected value. Bo,th 7 and 9 - 

have a deviation of 1 from the expected value. . The frequency hi sto- 

gram will p^icture" the 'relative f reguisncies of particular .deviations. 

from the expected value. The information needed^ ta ^construct such 

a histogram is the table below. ..V * ' 



, EVENT. 
P number 
Vof heads J 




0 


V 


. 2 


3 


4 . 


5 


6 


.7 

« 


3 

i 




10 


11 


12 


i3. 


14 


15 


*16. 


RELATIVE' 
FREQUENCY 


0 


0 


s 

6 




.0 




; 

; 16 


.16 


.18. 


i 

• 1.6 


.12 


.08 


;04. 


0 


0 


0' 


0, 



" Your table '.will have the^form .shp^wn belov. Note that we have 
changed the event row' to .^-ecord deViatioriis f rcjm the expected, event ^ ♦ 
(8 heads) . For example/ the r-elatiVe frequency of. a deviation of • 
1 is the Sivn 'Qf the relative' frequencies of 7" and 9 heads, namely, 
"'.16 '+ . .16, or-'.3-2.'-. \ ■ „. .. .. . ./■ 



1 


! , EVENT 
Deviation from 
expected va lue 


Ah i 


0 


'-. ti 


. .-2 , 






5 

s 


6 


1 ''.;'] 


8 


REUWIVE 
FREQUENCY 


.1-8- 


.32 




■ . 18* 

■ ^ ♦ ■ 


.04 




0 


0 


, ' " "o V 



. . We are using Ah , ("delta h") f or -deviati^ from .the expected 

■ * ,■ ■ ■ ■ ' ' • ' ' ' ' .' 

numbei?; of , head#. Recall that deltas ai^e Supposed to, remind you ^ 

^ of.. differences since both delta a.rid dif-ference start* with the 

letter "a". Ah will ^]^ways jDe^,the positive value of the difference 

between a "given event and the expected event. 

pSXAMPLE ;. « - - 

; , Expected ev A> - 13 heads 



Given event =20 heads 

"■ Ah = ? : • . 



SOLUTidN: 




< 



•-Ah = 20 .-*13 . 



In oth€ rewords, the event 20 heads i*s 7 events i^way from the ; event 
•13 -heads'.. , . ""' '/ -'X: : ■ "'^ 

Bielow" is a frequency histogra^ of the deviation ba'sed table. 

. j^^v., . 

^. "' 




I 

5 



3 



. ■ . ". ' .■ . ■ ■■■■■■■ ■ i 

'' Since ^the expected event is the, mean number of heads after v 

;an infinite number of^'trials, we will call this kind of frequency 
histogram a mean-centered ;histogy am . You wiljL h^ve "the opportunity 
to construct one of these histb(grams for the grand class tally re- 
sulting irom the qoin-dumping af&ivity. You should- note a few 

iiatures of this particular freguen4y histogram. First, o ail,_ 
ovement %o the righ|^is mojyement away from the expected value. 
ISecond, the* highest relalfive frequency is not at zero or the expected 



./ 



value. It is just to the fright of. it. From there on /-the farther 
away from the expected value, pie shorter the bars. . : \ 

This kind of frequeticyhistogram has the same relation be- 
tween retative; frequency and area as'our earlier hi-st^rams. For 
example, the area of the zero bar is i,lS\ x (1) =- (-.18). Area" 
is equivalenj; to rel^l^e frequency. Look at the graph on the 
next .pa^eT* The first two bars have been shaded in. The shaded 
egion repr^rfsents a combined relative frequency of .'18 + .32 = .50 



for how ^ ft en 7, -8 or 9 heads weye seen. 




■ . ■ ■ ■ ■ ■ ^. . ■ •■ 



26-2 Rare Events and the Phrase 



Ot More" 



. ' ■■ We mentioned earlier our desire to measure the rarity of ran- 
dom^events. This kind of histogram makes our task easier. Events 
'farther to the right on the horizontafl scale were seen less ofjien. 
They 'are farther away from the "expected" event. We can use this 
histogram to answer such questions as.,. "How often did the number 
of heads deviate by 4 or moye from the expected value?" The 
shaded region in the graph on the following page represents the 
answer. .- , '■ ■ . 



111 
> 

(V 



.30 



.2a 



AO 



.3^ 



i .10 



5^ 



: Aha 4 



V 



J . 2 3 4-^5 7 
MOR£ RARE. ■- — ■ 5- 



In other words, a deviation o^ 4 or mojre from the expected value 

•'occurred in onJ.y 4% of -th^ trials. 

. . ■ ■■ ■ ' ■ ■ . . . ■ , « 

• This Tcind, of tjuestion; is very similar to" l\he one wa . opened 
the section V!?ith. But for a fev> phrases they a^^e identical. \ 

How of ten did the nuinber of ,heads, deviate' by 4 or more from the expected value?' 
Now often will the number ofmaTeP... .deviate \^ 4 or more from the average? 

The graph below represents the answer to another question' 
about the rarity ofr^a jjerta^n set > of events. Can you give the 
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Th^ c|;uestion il^r •"h6w often did the number of heads deviate b^j^^ ^ 
orlinore from the expecte!^ value?" The area of the shaded region 
iS 'M8) .+ (^04) = .22. . 

' The shaded area below represents the combined realtive frer 
qii^riiGy of a deviation of 2 or more. ; 



.30 




111 
> 



Look back now at the last three graphs.- Notice that we have 
moved from right to lef^, shading in an additional bar >in each step. 
In the next section we will demonstrate how. to construct a table, 
which record^ the combinated relative frequencies which correspond 
to the process we have visually produced hq^re. . 

26-3 A Table of Combined Events ^/ A 

A table, that shows the relative frequencies of different combin 
ations of events will have this form. 

. • . . • TABLE OF COMBINEE) EVENTS 





f EVENT^ 1 




0 


1 


2 


3 


4 


5 


6 


7 


8 




Deviation from 




or 


[ or 


or 


or 


or 


or 


or 


or 


or 




expected value . 




more 


more 


more 


Anore 


more 


more 
. • 


more 


more 


more 


RELATIVE 




? 


? 


? 


?' 


? 




9 


? 


• 


FREQUENCY 



















I • 



Notice that ||he events in the table all have an "or more" tag.* 
-We^can find/the relative frequencies for these combined events by 
following th«L»reaaoning (if the previous discussion ^nd using thte 
inf ormation in' thrf table below. This is the same table that we 

Just below \is: the Tbable of combined 



developed in Section 26*-l. 
events ♦ f 



TABLE 1 





tVpNT ^. . 
Deviation fromj Ah « 
eoipected value 1' 


Q 


1 


2 


' ^ \ 

■? . ' 

\ ■ 


[ 


S 


■ 0 

6 


7 : 


/[/ 

8' 


' — »^ 

RELATIVE 
kEQUENCY 


/. ia 


.32 


.28 




\.04 ■ 


0 


0 


/ 

y 

0 . 


0 



COMBINED RVFNT! 



EVENT Ah> 
Deviation -from 
ejcpected* value 



• RELATIVE 
FREQUENpY 



i:oo 



.50 



^0 




ore. 



0 



Table ^2 may be most efficiently developled ;by st/rting from • 
-the' riglit and working left, zig-zagging/between taMes .^J^v 
.'Foi^ example t^e relative f-requency for/deviations <Sf^ 3 or mOre may 
be found by adding R for 4" or more ( . ,d4 , .Tabie 2) to the'R for a 
deviation of exac^y 3 ( . 18 / Table 1)_ to /get VR '=/(j|i?2 (Table 2) 
"ior .deviations of 3 o* ^|^orb. ^ 

Now it is time to tak6 a break froinri calculations and look at 
the' table we have constructed. Remember that a relative frequency 
of 1 'means that--ajr event ^Iways happened. We see by ' looking at 
the Table of Combined pvents that 0 or mpne hea(ds happened all. the 
time. This is ver.y reasonable. From a mathematical point of ^ew, 
we also know that we got the idelative frequency for Ah > 0 by adding 
up all of the relative frequencies. And, we know that the sum o^^, . 
'all of the relatiVe.frequencies must be 1. y 

Now notice that the relative frequencies decrease from 1 to 0 
as you move from left to^ right (-»■) "in the table. In othep words^^ 
if an event is to the righH^^of another eyent, the right-most event 
is more rare. ' . 



■ V 



. Pinal ly, remember that the relative frequency which '^is entered ';, 

in the combined event table represents an area. It is the combined : 

■ -■ • ... 

area of the histogram bars for Ah greater than 6r equal to the 
Stated ^h'. * . / 



PROBLEM SET 26: 



The following relative frequency histograms are the same as the one 
developed in Section 25 based on the tossing of 16 coins. > 




ERIC 



1. The shaded area* i'h the above histogram represents the relative - 
frequency of the combined eVent, " Jieads or heads y" 

2. Therefore, the shaded .area represents' the relative frequency of 
a 'deviation (Ah) of from "the expected value of 8. 



3. Therefore, the relative frequency of a deviation of 1 from the 
expected value i^s __ . / ^ . . 



202 
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(i, 7 ■ ^ 9 1^ II 12. 13 14- 15 



4. The. shaded area in the, abov^ histogram represents the relative 
frequency of a deviation of _^ frpni the expected value. . • 

i5. t The relative frequency of this deviation from the expected 
value IS . 
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ive-the letter of the. correct completion of the sentence: 
■haded area "in th? histogram above represents the relative 

ncy of 1 , . 

* . ■ " 

a deviation of 2 from the expec ted" value , " 

».■ ■ ■, ^ 

a deviation of 3 or more from the expected value-. " 
a deviation of. 3 from the (^xpegted value. ^ - 
a deviation of 4 or more from' the expected value." 



21 i 



204 



I • " ■ . 

_ * '• ^ _ ^ ' 

The above mean- center e^a histogram is !the same as the one developed 
in Section 26. It is another way of displaying the results\of toss- 
ing 16 coins. — ' > \ 

7. The shaded area represents the relative frequency of a deviation 
of from the expected value. 

8. Does the relative frequency .28 agree with your answer to 
Problem 5? ^ . 




~ i . z,' ^ 5 C0 T 0 



9. The shaded area above represents the relative frequency ,ot a 
deviation of or more from the expected value. , ^ 



10* Here we' have Copied the Table^of Combined Events and the Mean- 

. ■ • • ■• ■ • ' ' ' . ■ . . ' ' ■ < . ' ' ' • 

Centered Histogram developed in this section. W6 have drawn in 

lines to show how a particular table entry corresponds to the area 

of a combinatJIpn of histogram bars. 





0 


1 


, 2 


. 3.' 


. 4 


5 


6 


7 


8 


-Ah. 


or 


or 


. or 


or 


°1 


or 


or 


or 


or 




more 


more'. 


more 


"ihore 


moi^ 


more 


more 


. more 


more 


R 


1.00 


.82 


.50 


.22 


.04 


Q 


0 

i 


0 ' 


0 




a. JTopy both the' table and the graph on your own paper. \ 

' b. Draw in lines- similar to the ones, above for each relati\/e 
frequency in the R.row of the table. 

The following table summarizes the outcome of tossing 4 cGins 20 
times (you have seen this- example in previous problem sets) . 

, ' ■ • .. ' - - • '• • ' 

Z*^" ; EVENT RELATIVE • 

> (Number Of -He.ads) FREQUENCY 

■ •• , y -0 ^ ■ "■ i^os' 

' . ■ 1 -X -'3^ - 

' • ■ ■ , -■ %' .. ■ ■ 

r • • ■ \ . - 2 .■, .35 

U: * The expected value for the table above'^is 2 heads. The r-ela- 
tive frequency of fl^viation Of 1 f r^m the expected^ value fs' __ 

206- . \\ . ■ ^ ■ ■ ., ■.■ 




12. Use the table aboye to complete the following table. 



. . EVENT , 
I Deviation from 
expected value j 


. Ah 


0 


1 


2 

\- — 


. RELATIVE , V 
FREQUENCY : 









i 



13 . C<yistruct a mean-centered, histogram, based on the table of 
Problem 11. . ' *\ • ' 

14. Using the data of Problem 11, complete the following table,, 
^ptice.the addition of the "or more" phrase to the column headings. 



9 



17. 



, EVENT \ 

1 Deviatio;^^ from Ah 

[expected A^alue./ 


0 

or 
more 


' 1 
or 
more 


2 

or 
more 

S.' 


RELATIVE , 
FREQUENCY 

■■ '■ ■■ : ■ * 









or more was observed in 65% )6f the trials 



15. A deviation of 

16. 14 coins are repeatedly dumped. . 

a. What is the expected number of heads for a single trial? 



b. List all "events for which Ah = 5. • . 

c. When h = 9, Ah = ?- . ' 

d. When h = 5,xAh . , . 

e. List all events for which Ah 5. 

•f. ' List all events for which Ah >_ 3, *, 

g. List all events for which Ah < 3 . 
(Remember that 0 is lesi^ than 3.) 

12 coins are repeatedly dumped. ^ 

Wha^ is the. expected number of ^heads for a single trial? 

List all events for which Ah = 0. ■ 

■■• '/■. ' — .■ " ■ • 
List all events for which Ah .= 1. r 

List all events for which Ah 1 l*' 

List all tyents for, which Ah = 5. . 

List all events f^r whi,ch Ah' > 2. 

List all events for which Ah < 2. 



a* 

c. 
d. 

f. 

g- 



'V 



j ■ 



18. Calculate the observed (0) frequency of each combined event in. 
'the table of conilsined events in- Problem lo. 



19. (jonstruct a mean centered histogram for i^e total cJLass data 



for the coin dumping activity pf Section. 23. 



c 



/ 



( 



n 



21 
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SECTION 27: ' ' ' / 

2>1 Frequency Distributions from a Theoretical Point of View \ ■ . 

Sp.far we have been concerned only with the description of fre- . 
quency distributions that we have obtained expeMmentally. *You'tiow 
have quite a good idea of how 16 coins behave when they are ^tossed 
a large number of times. But this informatioji did not come particu- 
larly easily. Tossing coins and tabulating results took quite a bit 
of time. And to make things more complicated, maybe some of the 
coins' you used were lopsided, and maybe you didnit throw;" them .in a 
random way. .Maybe the frequency distribution you devel6ped in class 
,is i ■•freak" and doesn't look the way it should. ■ ^ i- . > 

r Because of the above- considerations it is Very useful to iDe able 

to predict the appearance of a given frequency distribution. " Sincd 
a frequency, distribution is based on random events, we can never pre- 
dict it exactly, but mathematicians have developed methods (for pr^ 
ducing an "ideal" model.- Their predictions for 16 coinS\ are summar- 
ized in the table that follows. Remember that a probability is a 
theoretical relative frequency. It is related to expected frequency 
and the numhjsr of trials by the equation ' 

E 

% 

where p. ~ probability , * 

^E = expected frequency 
N = number of trials. 



P = 5 



NUMBER 
HEADS 


APPROXIMATE 
PROBABILITX 


RELATIVE 
FREQUENCY 


NUMBER OF 
HEADS 


■APPROXIMATE 
PROBABILITY 


RELATIVE 
FREQUENCY 


0 


.000015 


0 


9 


.174541 V 


. 16 


1 ■ 


,000244 


0 




. .122192 


.12 


'•2 


.001831 


0 • 


11 


..066650 : 


.08 


3 


008545 


0 


12 


.027771 


.04 


: 4 


.027771 


0 


"13 


.008545 


■ 0 


5 . 


.066650 


A .10- 


14 . ' 


.001831 


' 0 


6 


.122192 


1 • .16 • 


. 15 


.000244 


0 




.174561 


' .16 , 


16 


, • , 000015 






„ .196081 


■ ■■■,18.; 









' In acquainting yourself with the ^'informati^ in the.l table 
npticd* that there ^i.s rough- agreement be tv/eeri/^^^ 

relative frequencies (probabilities) and' theo-eb^ryed relative ' 
frequencies. A statistician would tell u^ that the' larger the . 
number of trials, the mor« closely we should expect the two to 
agree. Notice also that, some of ^he probabilities are very - ' 
small. Perhaps it is a little diff-ictilt to appreciate what they 
mean. We can illustrd'te their ipe^hing in a little more depth- by 
using the formula , ' ■ ^^"-^-^ ' 

. EXAMPLE ; ■ . ' ■ . 

"How often. do we, expect to see 14 hea^s out of 16 coins in 
50 trials? 

SOLUTION ; ■ ' . ° . , • ; - 

\ ■ - - ■; ■ " ^ ^ ' ■ ■ . 

• . By referring to the^able we find -that the p'robability of 
14 heads is. -.001831; therefore, p=^ '.001831. The. prqblem says 
that N =-. 50. We substitute this irrformation' into the-" equation 



to get 



. .. ' P N r • . ' 

O • f ... » 

y \ ' ...ool83i =/ ^ , . • • ■ • 

. / . •■ ., ■ . .09 =^ E , . ' ' ■ . ■ 

So j^e see that the" expected frequency of 14 heads is'^omuch much less 
than 1, This means .that we would very rarely see 14 headg. in 50 " 

dumps of 16 coins i / ' . . 

■ . . • * . , ■ • 1 ■ * 

Since we found 1bh\.e expected frequency for 14 heads in 50 dumps: 
to be:, much less than 1, . it would be interesting to, find put how. many 
trials it, would take to expect to see l4 heads once. 

EXAMPLE : ■ . • . \ ' ' ' 

, . ■ • * * ■ ■ . . . ^ " . ■ 

How many Jtrials^ are necessary to have an expected frequency . ' ' 
of 1 ^or 14 heads otit of .16 coir^s? 

SOLUTION: ' ' . • ' ' : ' . ■ . .• ' 




V;- 

In the piroblem it states that 



The problem is to find N. We isuh^itkte our known information 



intp the formula 



to get 



- E 



■ .001831 .« ~ . 



.001831 

i ■ ■ ■ • « 546 ■ ■ 

In other words , we expect to see 14 heads out of 16 coins about once 
out ^of every 546, trials. 

' Below we have made a his togr^ that represeiits the probabilities 
for 16 coins. • 



r 




A p > r & 9 \0 „ II 
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• .it is important to notice some features of the above 

graph. First, it is symmetrical to the left and right arourtd 8*. 
•heads, l^econd, it has a shape similar to a bell.. . In statistics . 
there are .a variety Of bell-shaped his^togramB. We will not now 
■pursue the' mathematics involved in the derivation of these, proba- . 
bilities. L^ter, when we deal, with the suUject of genetics, we 
will, explore this topic in greater detail. For our present pur~ 
poses we will assume that the mathematical derivations are accurate 

and merely use t!je results. ... 

- • . ^ . ' . ' ■ ■ ■ » . ^. 

' Interestinglyv the same histogram describes rather well our 

expectations about the number of niales (ojr females) in a family 

of: 16 .children. For example, it predicts the .122 (rpughly one 

eighth) of all 16-chil'dren families would have e^a^tly 10 male 

children. 

27--2 A Theoretical Mean-Centered Histogram 

Just as in Section "26, we are interested in a histogram that 
shows the relative frequencies of, the different deviations from the 
expect^^J^ value (Ah's). The table is constructed .just as before. 

EVENT Predicted Relative . 
(Deviation from Frequency 

expected value) . > or . . 

^ - or Ah PROBABILITY ^ 

0 • .19638 • 

:' 1 • . 34912 

' i .24438 • V. .. 

V 3 .13330 ' . 

4 .05554 

^ : ' / ' - . " 5 . .01709 .. \ . , ■ . 



S • .00366 

7 . .00049- 

8' . .000.03 



V -0 



iA histogram o£ ithis theoretical freqti^f\cy distribution appears b^low. 



.2^ 



.20 



N 



9^ 



34^ 



.Z44 



33 



0/7 4 

id. 



0 



*Just as before, there is a relation between the area of histo- 
grams and the theoretical relative frequencies. The shaded region, 
in the histogram below represents the probability that the number 
of heads will deviate fropi 8 by 4 or more. 

In the context of a 16-child family it predict? that only 
.00366 (about (1/275) th) of such families will the number of males 
or feroa:le children be exactly 14 (Ah = 6) . / | 
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The table belo^ shows' the combine^ probability of different 
itiohsi from the mean 
move from left to, right. 



deviatiohsi from the mean. Notice that events become rarer as you 



. EVENT 
(Deviation f romj ; Ah 
expected value) j 


0 

or 
more 


1 

or 
more 


.2 
or 
more' 


* 3 

or 
more 


4 

or 
more 


5 

or 
mol-e 


6 

or 
more 


7 

err 
more 


8 ' 
or 
more 


COMBINED . 
PROBABILITY 


..11 * 

1,00 


.804 


.454 

• 


. 210 


.077 


.021 


. 004- 


5x10""^ 


3x10"^ 



Remember that the above; table is based on theoretical predic- 
tions. It tells what relative frequencies we expect to find after 
an infinite number of trials. It is illuminating to compare the 
above theoretical table with the one we; got from our run of .5 a^^- . 
trials. This table follows. 



EVENT 
/(Deviation from' 
expected value) 


Ah 


.0 
or 
more 


1 

or 
more 


2 

or 
more 


3 

or 
mor^ 


4 

or 
more 


5 

or 

more 


6 

or 
more 


y 

or 
more 


8 

or 
more 


COMBINED^ 
RELATIVE 
FREQUENCY 


1.00 


.82 


.50 


,22 


■ ■ ■ 
. 04 . 


9 


0 


0 . 


0 



PROBLEM SET 27: 



\ 



1, List two reasons why* it is useful be able to predict the^ 
.appearance of . coin-produced frequency histograms. . 

2, How does a probability differ from a relative frequency? 

3, a. Complete the table below. All entries in the third, column 

. ' ■ . ■ * ' ■ ■ 

should bepositive. ./ 



Event 
(number 
of hea(33) 



P 



R 



b. Construct a table similar to the one on the preceding page 
which compares probabilities with the observed relative frequ^cies 
of the total <:lass coin-dumping data. Include. jll events with non - 
^ zero observed relative, frequencies . 

In Problems 4 through 11 refer to the table on Page 209 of the text. 

4. The event which. is expected in about 19. 6% of the trials is 
heads. , 



5. Thirteen heads and ■ heads are expected to occur with equal 
frequency. >i ^ 

6. In about 2.78% of the trials we expect the event 

a. - 1 head c. 12 heads = . 

■ • ■ ■ . • 

b. . 8 heads ' : 

7. If the number of trials were 10 OO then the expected frequency 
of 7 he^ids would be ' . 

8. If, the numbed of trials were lOOrOOO then the expected frequency 
of 19^ heads would be . 



f If 

. HC 



9. HOW many trials are necessary to have an E ofi 1 for 16 heads? 
(E - expected frequency) - , 

10. How many trials, are necessar,y to have an E of 1 for 8 heads? 
.(Use p> .20) ; " 

11. si. How many' trials are necessary^ to have an E of 1 for 15 heads? 
(Use p ^ .0002S) 

b. How many trials are necessary to have an E of 1 for 1 head?.. 
(Hint: No calculation is necessary) . 

12. List^two important. features of the histogram in SectionX23-l of • 
the text?. ■ 



In Problems 13 through 1& refer to the'table on Page 212 of the text. 

■■|- • ^ 

13. * The probability of getting either 10 hea<fs or.^ h^ads is about 

.'.244. • ' . • ■ ' ' .. , • . ■ , 

14. A deviation of 7 from the expected val^ue is expected to occur 
" about 49 times in every trials. 

• ■ ■ • ■ ■ • , ' 

15. The rarest event is a deviation of from the expected value 



t is the distributi<|^ 



16,' Construct a fnean-centered histogram for J:he theoretical frequency 
distribution describ^ed in the table below, 
for repeated dumpings pf 8 fair coins. 







V iilillliJcX. 




of ■ heads) 


P 


■»o 


.004 


1 


.031 


: 2 


. 10 9 


: :■ I ■ ' : 


.219 




.274 


■ ■■ 5 • ■ 


.219 


6 


.109- 


7 . 


.031 


8 


.004 



17. a.. Construct a table of combined probabilities for the frequency 
distribution in Problem 1,6. . , % - 

b* Let N = 5P* Qfelculate an E for each p pf part/a/ 

18. Construct a mean^centered -histogram for the theoretical frequency 
distribution described in the table'^feeiow. It is the distribution 
for repeated dumpings of 6 coins. 



EVENT 
■(number 
of heads) 


P 


0 


.016 


1 


.094 


2 


.234 


3 


.312 


. I 


.234 


•5 


,094 


6 


.016i 



19. a. Construct a table of combined probabilities for the frequency 
distrU:butioh in Proiy.em 18* 

b. . Let N = 50. vCalcult^te E.for each p of part a. 

The fallowing table shows the predicteS and observed relative fre-^ 
quenci-ej^ of the various deviations from the expected value for re-< 
peafeed dumpi)igs of 16 coins. fSee p*214of the text.) 



EVENT 

(Deviations from 
expected value) 


0 or 
more 


1 or 
more 


2 or 
more 


3 or 
more 


4 or 
more 


5 or 
more 


6 or 
more 


7 or 
mor« . 


8 or 
more 


COMBINED 
PROBABILITY 


1.00 


.804 


.454 


.210 


,.077 


.021 


.004 


-4 

5x1.0. . 


3x10"^ 
♦ 


COMBINED RELATIVE 
FREQUENCY FOR: 
SAMPLE DATA . 


1 .00 


.82 


.50 


.22 


.04 


. .0 


0 


0 


0 



'2.Q. Both the combined probability and the oAerved. relative frequency 
are'lfhe same in the "0 or more" column. Why must they agree?" 

21. Look at the last four- columns of the table. The' probabilities' 
are riot 0; but the observed relative frequencies are all 0. How 
can this discrepancy be explained? " , ' - . 

22. Copy and complete this table. Use the relative frequencies from , 
your, class's coin-dumping activity. 



EVENT 

(Deviations from 
expected value) 


0 or 
mor^ 


1 or 
more 


2 or 
more 


3 or 
more 


4 or/' 
more^ 


life) re 


6 or 
more 


7 or 
more 


8 or 
more 


COMBINED 
PROBABILITY 


1.00 


-.804 


.454 


.210 


.077 


.021 


.004 


-4 

5x10 


3x10"^ 


. COMBINED 
JIELATIVE • 
FREQUENCY 























SECTION 28: . . 

• • • . ■ ■ ' . . • ' ' ■ , . • . . - „. ■ '■ ■ ■ ■ 

' aS"! A Quick Review ' , 

X How often do we expect" the number^ of heads to differ from the 
expected outcome. by 4 or. more when 16 coins are tossed? In Section: 
16 we found that, this (juest^n could be answered by combining the 
probabilities for Ah =4, 5, 6, 7 and 8. Graphically this is repre- 
sented by the shaded area in the histogram below, . 




The area for the entire shaded region is about .08. Therefop^e 
expect a devia/tion of 4 or more in about 8% of all cases- 

28-2 The Chi-Square Procedure 

The question posed in the last paragraph was- easy to answer ^ 

^ using the mean-centered histogram which we have developed. However, 
it is not very efficient to .construct a tabfe or histogram each time 
we run. into such a question. It is natural to look for a shortcut. 

Fortunately- there is a formula which we can use to find the ap- 
proximate area of part of a histogram, Instead of drawing the^ histo- 
gram and adding the areas of the bars, we^ substitute into" the formula 

. aM,then Ibok \y> the area in a table. In ordet to illustuate this 

^process we wiljl look at a specific examp^fe. 



Sup^jose y^pu toss 16 coins and you get 12 heads and 4 tails. 
You can displayv the event in a table with two boxes'. 



V-.- 



. ■^HEADS 
TAILS 



12 



The observed numbers are 12 heads and 4 tails. What are this ex- 
♦ 

pected numbers of heads and tails? , py now you can probably answer 
this question easily. We expect 8 heads and .8 tails. The" expected 



values are entje.red in the table a^; follows 



HEADS 



TAILS 



4(8)- 



A tabl^ of , this form is called a contingency table. It is a conven- 
ient way of displaying observed and expected frequencies. Notice 
that ea'ch observed value 'deviates by 4 ^f rom the expected value. 

Since you will be working with contingency tables, remember 
Nwhijch frequencies go inside the parentheses and which do not. ^e 
way to remember is to think of the frequencies without parentheses 
as.. representing actual experience; these are the observed frequencies 
We can think of the parentheses as indicating ^liHSartr^- a frequency did 
not actually occur, in other words, an expect jsd frequency. 

We, ate now "going* to answer the following question. "Witrh what 
relative frequency do we expect a deviation as great or oreatfer than 
that in the table above?" This is the same as asking ho*^ often we 
expect to obse;^ve a , deviation of 4 or more. 

The first thing we do is calculate the quaritity 



/ 



• .. do - e| - 

for each of the two "boxes";ofthevContingency table. Here, 

0 = observed frequency 
E = expected frequency 



The express i'on |0 -- e| means "absolute v^Iue", Absolute values are 
always possible: In other words, 

12 - 8| = - |4 - 8 

■■4 = 4' ,- ■■ 



Substituting the values from the first box, we -get 



(1 12 - 8| - 
- 8 



'8: 

= 12-25 ■ 

- 8 

^ 1.53 



Substituting the values from the second box, we get 

(4 >(;|)2 



(1 4 - 8| - |)2 
8 • , 



8 



r 1.53 



I 



. You have probably noticed that ^his result is the same as for 
the first box. This happens whenever | G - e| is the same for each 
box and E is the same for each box. Knowing this can save us from 
repeating calculations in some' cases. But WATCH OUT! These values 
are not always the same for the different -boxes , 

We now Jbmpute the quantity r 'called chi square , because x is 
the Greek letter chi . is just the' sum of the two numbers obtained 

abo^, one for eacli box of the table. Remembering that J] stands for 
"sum," we can write the formula for x^ as follows. 




In our par,tiQular example. 



; X - 1.53 + 1.53 

?^ 3,1\ 



Now we look up this value of , X in a x rPi^obability table Notice 
that 3.1 appears in the x^ column opposite a p of .08. 



22a 



2 


P 


. X 


P 


2 

X 


p 




n 

, r 


. 00016 


.99 


• l/4i) . 


. o4 






2 0 


16 


, 00063 


.98 




Q9 




46 


2.3 


14 


.0017 


.97 


. Q64 


OA 

• 80 


79 


A9 






.0028 


.96 


HQ 1 


70 


. OH 




2 7 


10 


.0039 


-95 

\ 

.94 


f\r\o 

,098 




07 

f 


• 04 




09 


.0063 






1 1 






. \/u 


'.0087 


.93 


■'IT 

. 13 




1 0 


9R 




07 


.011 


.92 


/.15 


.70 




;26 


3.6 


.06 


.014 


.91 


.21 


.66 


1.4 


.24 


3.8 


.05 


.016 


.90 


• . -27 . 


.62 


1.5 


.22 


4.3 


.04 


.026 


.88 


' .34 


."58 


1.6 


.20 


4.9 


.03 


.035 V 


.86 


.40 


.54 


1.8 


.18 


.5.4^. 
6.6 


.02 
.01 



We conclude that a deviation of 4 or more from .8 heads can be 
expected to occur about 8% of the time. Notice that this agrees 
with' the value obtained in Section 28-1. The x method does not 
always give such good results, but it is more than sufficient for 
most purposes. 

Recall that we were able to find exactly 3,1 in the column. 
Often this wilPnot l?e possible. For example/ suppose that we 
want to find p for x^ = -28. When we look in the x column, we 
see that . 28 ^ fails between the table 'fentries of .27 and .34. 

■ • - ..2 ■ ■ 



.27 

.28- 

.34 



.62 

.58 

2 



What p should be reported for a x^ of .28? Since .28 is closer to 
.27 than .34, report that p - .62. In similar situations' follow^ 
this rule. Report the p which correspond^ to the nearest x " ''^ 
gntr^; If your value falls exactly in the middle of two'^x' 
table entijres, report the smallest p. . * 

^ • ■ • * ■ ■ 



table 



00' 



To suimnarize, there are three steps ' in using x to estimate 
expected relative frequency. . 

1. Construct a contingency table displaying observed 
and expected frequencies^, 

2. compute 'X^ J^y substituting into the, formula.^ 

3. Look up the probability or expected relative -frequency 
in the x^ table. • 

28-3 A, Handy , Dandy Shortcut in Chi-Sgiiare Ca^lculations 



J 



(X + .5)^ = x^ + X + .25 

• = x(x +1) + .25 

"So what?"^ pu might ask. Well it just so happens that whenever 
the observed and expected frequencies are integers, the clii-square 
fbrflhila requires , ?ou to square numbers that endyin .5. If you enjoy 
multiplying out such numbers as (4. 5) ^ (9.5)^ and (14.5)^ stop reaS- 
ing right here. Go directly to the probl^ set. 

Still with W? The, equation above tel\s us that yOu can find the 
square of any number that ends in . 5 by the following procedure. 

■ i \ 

1. Take the integral part of the nuirt^er and multiply it by 

one more than itself. ■ ■ ^ . . 



2. Add .25 to the result pf step 1. 

f ■ ■ ■ 

.A few examples should gUve you the hang of it, 

(4.5)^ = 4(5) + .25 = 20,25 
2 



V. 



(9.5) 



9(10) + .25 =90.25 



(14.5)^ =14(15) + .25 =210.25 
If this procedure confuses you, then don't yse it, 



PROBLEM SET 28 1 • - ■: - 

The following cohtingency table shows the outcome of a toss 'of 16 



coins . r , 

HEADS 
TAILS 



ll(8.) • 



5(8) 



1. ^he'8's ip parentheses . represent the [ (expected, ob- 
served) frequencies of heads and tails. ' . ' 

2. The other number not in parentheses represent' the ' ' (ex- 
■ ' ' ■ . » ■ ' , . ■ . " ■• 

pec ted, observed) frequencies' of heads and tails, ' ' 

3. * Show calculations verifying that 

' C:) ■ do - E| - j)^- .,■ 

■ s ^ =^ 0.8 

. ^ . ■ ■ . •■ . I E ■ , , ■ 

for this left-hand box of the contingency table. ,' ' , ' 

(■|0 - E| - |)2 " ■ . ■■ ' . 

4'. Compute - -g— — = — for the right box of the contingency table. 

5. = 7 (Add the answers to Problems 3 and 4.) %press youi; 
value of with p implied uncertainty of ==.05. /(i.e., round to 

nearest tenth.) : 

■ ■ ■■ • .'■/■■ 2 

6. What is the probability corresponding tp y6\^r value of x ? 

(Use the x^ table on p. 221.) ' 

7. This is the probability that the number of heads will deviate by . 
^or/more from 8. *, \ 

8. Refer to the tabl« on p.214 and write down th'e probability of 
a deviation of 3 or more using that method.' (I£ you follpwed all 
the above steps carefully, this value should differ from the dne in 

Problem 6 by only .01.) . 

■■ ■ - ■ .- '/ : •■ 

Refer to the x^-probability table on p-. 221 for Problems 9 throughfllt 

9. As; x^ gets larger , the probability of the even^ gets _^ 



(larger, smaller) . . . 

' 2 

[). As X of- .QQ016 corres; 
happen . %. of the time. 



10. As X of- .OQOI6 corresponds to an event which we expect- to 



11. If X > . r than p < .5.. Refer to the x -p tables . 

Suppose that you toss 16 coins anc3 get 3 heads, knd 13 tails. 

12. Set lip a. contingency table showing these tesults. ' , 
Ij3. . . Compute x • ' Round your value to- the nearest tenth.. ;^ 

.14. Refer to your x table'. What probability corresponds- .to your 

value of" ' ^ v _ ; 

i> ■■ • • ■ ■ ..■■»■ . . , 

15. Therefore we expect a deviatipn of 5'or^i[nQre from :8 heads about' 

% of the ti'me.^ : .' . . * : ' ^c* 

" • ■ . ,« I ■ ■ • 

Now suppose you, simultaneously toss 100. coins and get 5 1 heads arid 
■ 43- hea(Js. ' 

16. . Set up a contingency .table showing ithese results.. ^ 
17 . Compute X (with an implied/ error I of .05). *" • - 

18. What is the Corresponding probability? . , 

19. Do we expect a deviation as great or greater than the one 
observed to have a p > .50? (Yes or no.) 



SBCTI'ON"2"9r ■■ ' •* ' ^ ' \ .' ' ■'. : ■ : ' • ♦ A' 

29-1 Chi .Squgtrft and Your Bioifted Class ,., | ' ' ' 

'■■ ...... , ■ ■■ • ■ ^ ' ' ■ y . ^ ■ . *■ 

< At this p^pirit you have seen how to use chi 'square to estimate 

thl*prpbaMliVies of various outcomes when tossing coins. Fortu- 
nately the ch^i- square procedure Can be applied tp many other s itua- 
ticSris as we^ll.: Th^ 'cqin-f lipping approach was used tq introduce^the 
concept because it is easy tp* visualize. In the next two sections 
you- will se^ how, Chi ^square can be applied to >n entirely different 

type of problem. r • 

Let us turn our attention now to your Biomed cfas's. Your class . 
^represents some -small portion or sample of all the people in your 
i^irade at school. /There are many possible ways to choose such a 
sample. For example, ^^a^.random process could be used. The names of 
ail the students >in your grade could bfe placed in a >at, and then 
your. class could be chosen by> draw4ng names . In this case we would 
expect that your class would be' much like a scaled-down version of ' 
your entire grade. That is, we wou],d expect about the same porpor- 
ytions of males, females, brown-eyed people, football stars, cheer- 
leaders, bongo drum players\and so on, as ther^ are in your entire 
.•grade. ' ■. , ■ . 

' . In summary, your class was formed by a random process, than 
we a>ypect that its' composition will be about, the same as the cpmposi- 
tioji of your entire grade. . But what ishould we concluae if the cora- 
posilion of your Qlass is quite different from that of your entire 
grade? There are ,two possil^le conclusions. Fir s't, w.e might conclude 
that your Biome^ class was rjot formed by a random process. "Second, 
We may have observed a rare randoiif event> analogous to getting al- 
most all hea^s when 16 coins are tossed. * 
' In-order to tackle, a bfte-si'^ed probLem, we will: restrict our 

attention to th^ sex composition of your class. » We 'will use chi <^ 
square to estimalife the probability of randomly selecting from your 
4ntire grade a class with the same sex composition as your Biomed v^i 
claiss.- The lower the probability, the more likely it ' is that we 
need to^oQk for a non-r^dom explanation «or the observed sfex ratio, 



In the math class we are merely going to estimate the prob- 

~ ability. It is the business of the social scientist to decide when 

'»> ■ ' * ' ■ 

. . and how to lilook for non-random explanations in a problem of this 

••• ; type J. ■ • ^- . ; . ■ ■ ' • . 

>^ ^ v.. :29-"2 The Propoytions of Random Samples 

You might expect that the probability of selecting a male, 
-for example, at random from your ^r&de would be .50. This is not 
necessarily so. Suppose you were in an all-male or all'-female 
school. Then the probability of picking one sex would be 1 while ^. 
. the probability ofwpicking the other would be 0. Your school proba- 
bly lies' somewhere between the extremes of all-female or all-male., 
■ \ — ' . ■ ■' ,> • 

Call you think of a way to find the probability of picking a itiale 

or female at random? One place to start is with the school records, 
certainly if you knew the numbers of males and females in your grade, 
then you would be one step closer to getting the information you need. 
For the sake of having some" numbers to crank through our statistical 
mill, we sent Elmo down to the office of Pudworthy High School. He ' 
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badgered^ the secretaries until they took pity . on him. 

Elmo came back with these numbers: males — 230, females — 270. 
You already know how to proceed from here. Remember how we calcu- ' 
lated the relative frequency for each number of heads? We will cal- 
culate the relative frequency for the males and femalefs in the same 

way. . ■ ' ■ ■ . ■ ■ ' ■ 

« = s . 

• ■ . , 

where R = relative frequency 
6 ~ observed frequency 
N = total number of students 

Thte number of students in Elmo's grade at Pudworthy High School is 
270 + 230 - 500. ' • 



I 




alculcite the relative frequency of the number of males 

; . 500 V ■ V 
: '• \. ■■ ' ' .... 46 ■ • .. ' 

. ^ V- ' ' " Too - > 



226 • ' . ' A 



233 

L 



Similarly,, the relative frequency for the nmnl?er of females is 

'= '.54 ' 

Of course, we could just as easily have obtained is number by 
substracting .'46 from 1. 

We conclude that Elmo's entire grade is 46% male" and 54% fe- 
male. For the sake of argument, we are considering the Bioroed class 
at Pudworthy to be a random sample of the entire grade. Therefore • 
we expect the Biomed class to be 46% male^nd 54% female, toq. The 
Biom'ed class ,^ap 25 students. We can now 'qalculate the expected 
frequencies of the males and females in the Biomed calss. 



MALES:. E = , ( . 46) ( 2.5) 

■ .•= .11.5 

FEMALES: E i= (.54)(25) ~ ' 

■ ■ 13.5 

Do not be concerned. that the expected; numbers of male^ and females 
are not whole numbers. Expected frequencies often come out this 
way. The numbers d6 not imply^ a person who is half male and half 
female 1 " 

At this point we ha^XB calculated the expected frequencies of 
males and females. What about the^obse'rved frequencies? A head 
count in Elmo's class yields tl^e results, 17 males and 8 female^. 



We can, summarize our results in a contingency table . 
• • . . ' MALES 



FEMALES 
TOTAL 



3^7(11.5) 



8(13.5)' 



25 



Notice that each expected frequency (the number in parentheses) is 
the total (bbttort box) times the relative frequenci^ o£ males and 
females respectively t * 

In the ne^l; section we ;wi 11 apply the chi square procedure to 
: these data. 
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PROBLEM SET 29: 

> • . ■ m . . - 

* At Nurdsburg High School there are 200 students in grade 10<^. 110 
are females and 90 are males. 

1. What is the relative frequency of males in grad.e 10? • . . 

2. What is the relative frequency of females in grade 10? * 

: * ■ ' \ " ■ ^■ ■■ ■ ■ ■ ■ ■ . f 

3. The grade 10 algebra class contains 20 students, i If t;hi| class 
4 is a random sample of the tenth grade, what is the expected number 

of males in' the algebra class? • t . ' ' 

4. What is the expected number of females in the algebra class? 

5. Suppose the algebra class is actually made up of 13 females 

and 7 males. Construct a contingency. table displaying the observed 

and expected frequencies of males- and femaj.es. 

" • ■ ■■ ( ■ ■ ■ ■ • 
■ • ■■ ' -I 

The following table gives the relative frequencies of blo6'd types 

» in the U.S. white population. 



V BLOOD. , RELATIVE 

TYPE FREQUENCY 



/ 



0 


.45 


A . 


.40 


B 


.11 


AB ^ 


' .04 




xpected frequency of blood type 0? 



6. In a randomly selec/ted group of 100 white Americans, what is 
the expected frequency of blood type AB? 

\ 7. In a randomly selected group of 1100. white Americar^ , what is the 

B. Vin a randomly selected group of 12 white Americans, how many do 
we expect to have either blood type A or bipod type B? 

The foMowing table gives the relative frequencies of blood types 

'' I . ■■ I ■ ■ 

in the U.S. black population, ' 

r . . ■■ . ■• . 

BLOOD RELATIVE 
TYPE FREQUENCY 

.■ 0 ^ ♦ ■ " .47 ' 

■ ♦ ......... • ■ 

• A ■ ■■■ ■ . 28 ■. .4 

.. B. ^ ; .,' . .20. , ' ■', •, ■• 



. ^ In a randomly selected group of 80 black Ai^eficahs^ how many 
/ qo we expect to have blo0dj;ype AB? , 

. lOi. In a/ rand^ly selected group of 450 black Americans what is the 
expected frequency of blood type A? 

11. ,ln a randomly selected group of 12 black Americans, how many 
do we expect to have either blood type A orr B? Is this answer the 
same^as in Problem 8? \ 

The table belbw gives the relative frequencies of blood types in the 
Infest African population. - 

BLOOD RELATIVE ' . 

TYPE FREQUENCY 



• 0 ;.46 

A .23 

B .26 

AB .05 



12. Calculate the expected frequency of blood type B in' a randomly 
selected group of 150 West Africans. 

13. Calculate the expected frequency of blood type A in a randomly 
selected group of 30 West Africans. 

14. A survey of 400 randomly selected people of one ethnic group 

gave the following results. 

BLOOD OBSERVED - 
V /' TYPE FREQPENCY 

■ . . P i8o' ; ■ ' . : 

■ . A . 96 . ■ ■ .;, 

/ B 100 / ■ \ ; 

: .'. . AB 24 . 

These data mc/st closely fit which ethnic gribup, U.S. white, U.S. 
black or West African? (Hint: calculate relative frequencies.) ^ 



■4ti 
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I. TONGUE ROLLING . 




IJ. TONGUE FOLDING 



15. Many people inherit -the ability to curl up the edges of their 
tongue as in picture I above.; Can you? ' The relati^re freguency 

. of tongue rollers in the U.S. population is about .67 and. non-rol- 
'-'lers .33. ' . 

\ In a, group of 500, randomly closen from the U.S. population, /: 
what are the expectet^ numbers of tongue rollersv and on-rpllers? 

16. Suppose that the sample of 500 actually contains 320 tongue 
rollers and 180 non-rollers. Construct a contingency* table displajAg 
the isxpected and observed frequencies, 

17% A trait which is quite rare in the U.^. population is the ability 
to fold the tip of the tongue back when the tongue is extended (see 
picturell above).. The relative frequency of people with this '. 
ability is about .002. In a high school with 1000 studtents, ^bqw many 
tongue folders would you expect? ; 

18. Taking the population of the U.S. to be 200 million, approxi- , 
mately how many t6ngue folders are there in the U.S.? . ; 



S3V 
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• I. HITCHjHIICER'S THUMB II. STRAIGHT THUMB 

. Some people h^ve tjhe ability to hyper extend the last joint of the 
thumb forming the "hitch-hiker's thiimb" shown in picture I. There 
is sonie difficulty in'deciding who has this trait becausfe people 
can hyj)erext^ifi^ ,to different degrees. We will disregard .this de- 
tail and summarize the relative ' frequencies of "hitch=hiker's thumb." 

U.S.. white population: .25 
1 U.S. black pppfclatipn: i36 

19. In a sample of Us randomly x3hosen from the U.S. black population, 
what; is the expected frequency of hitch-hx|cer's thumb? 

20. Suppose that the observed frequericy of hitch-hiker's thumb in 
the above sample is 12. Construct a contingency table for thiis 
»iSample. \ \ 

21. . In a random sample containing 80 white peojile and 20 black 

f pe^le, what is the expected number of people with Ifitch-hiker ' s 
'thumb? (The answer is not a whole number.) \ . ' 



> 
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SECTION 30 J 

30-1 How pad ^Statistically) Is Your Class ? J 

We are now prepared to apply the chi-squ^re procedure to; 
t^' sex r^tio of Elmo's Biomed class a^.Pudworttvy High Schobl. 
By following 1:he sam& procedure you can fisalculate. the chi-^quare 

prohabilit^y for. your class. 

' ' ' '■ . ' ■ . ' ■ ' ■ ■■ ■ ■ 

Let Uis recall the results obtained* in the last section. The 
Biomed . claps at Pudworthy contains .25 students. If 'the class 
.were a ranc^om seimple of Elmo's entire grade, we would expect the 

class to contain 11.5 males and 13.5. feirtales. In reality the 

. ■ ■ H . ■ r . ■, ■ ' . 

class contains 17 males and 8 females. We summarized these facts 



in a contingency table. 



v 



MALES 

FEMALES 
T®TAL 



17 


(11.5)| 


8 


(13.5) 


25 




thes* 


k data, \ 



exactly like that of Sectidn 28 . * You can refer to tljiat section 
as an aid in tracing through the development. 



The formula for chi square is 



C|0 - El - 



in order to apply this formula we substitute the values from each 
box or cell of the contingency table into the expression ' 

( 0 - E - |) ^ , 



1 • . ■ .- E , 

'and then add the two resulting expressions. The c^omputations 
X follow. 1 y lb 



11.5 

5^ . 5^ 
iTTI 13.5 



T3V5 



I 



=^ 4.0 



I % 



f 



232 



ft Now we refer to the X -probability table on^p* 221. It will 
tell us the probability that a random sample will deviate from 
the expected values by as much or more- than in Elmo's <^lass. In., 
the table we find that^ x of 3.8 corresponds to a probability 
of .05 and a x^ or 4.3 corresponds to a probability of .04. Since 
4,0 is closer to 3.8 tl^an 4.3 we report a probability of .05. 
•In. other words, we would expect only about 5 out of 100 randomly 
selected classes to haVe as large a deviation in'^ex composition 
as Elmo' sj class'. In 95% of randomly selected classes, the sex 
distribution wi,Xl be closer to the predicted values. 

This is the point at which social scientists have to make a 
decision. They ask themselves, "Am I observing a rare random event? 
Or is there some other explanation?" Typically, wheri. the probabil- 
ity is as low as .05, social scientists will start looking for Some 
other explanation. For Elmo's class they ^buld look for' factors 
Which would cause morei males than females t^o end up in the Biomed 
• class. / 

, In math class you will calculate x for\your own class. From 
this value of x^ the probability of random selection may be found. . 
If the probability is low * (p < . 05) , then you yill dfscuss possible 
factors which might have caused your class to deviate markedly 
from th^ expected sex composition. ' \ 



PROBLEM 5ET 3.0: 



The following contingency table shows the expected and observe^ ^ 
frequencies of males and females in a high school class. ' ' 

•■ : . ;■ ■ ■■ ■■ . ■ ■ .■ . ■ . \ ' • . ■ 



MALES 
FEMALES 

TOTAL 



(9) 



13 



(11) 



20 



IV? Compute x for this tcfble. Round your answer to the nearest 
hundredth. ' I . } \ 



2. Refer to your y -probability table and find the probability 

■ • ■ ■ " ■■■■ 2 ■ 

corre6«©iiding to your value of x . , ^ 

3. .Complete^ the, following sentence. 

• . . .( "Therefore we expect a randomV deviatioA of 

or more ri;oin the expected values a^out ! % of th^ time." ' 

In Problems 15 of Problem Set 29 ye listed the relative f recjfeencies 
Of tongue rollers ( .67) and non-rollers (.33). 

4.. Suppose that a group of 100 peopl| consists of 56 tongue rollers 
and 44 non-rollers. Construct a contingency table displaying the 
expected and observed frequencies. . ♦ . 

5. Compute x , rounding your answe?: to the nearest tenth. 

• 6". What ' is the corresponding probability? . 

7. Does this probability indicate that the group of tongue rollers— 
and non- rollers were Randomly selected or not? Explain. 

"*^8.. A certain drug is known to be effective in 60% of cas^s treated. 
A doctor who has us'ed the drug on 100 patients finds that the drug 
was effecti,;^e in* 50 cases. How often would we expect a deviation 

. this great or greater due to chance alone? 



REVIEW PROBLEM SET 31: ; 

' ' ■■■■ - A ■ 

The following table shdws the result^ of 368 Separate/measurements 
of the vital capacity- of a single individual. The measurements were 
taken to the nearest .01 liter. 



• r 



VITAL CA^iftCITY 
(liters) 

6.10-6.14 
. 6.3.5-6.19 
6, j? 0-6. 24 
6.25-6.29 
;6..30-6.34 
6:35-6.39 
6.40,-6.44 
6.45-6.49 
6.50-6.54 . 

6. 55-6. W 
6.60-6.64 



OBSERVElf 



FREC2UENCY 

■ 1 ■■ 

. 3 : ■• 

13 
29 
78 

91 . 

■ ,61 
' 51 

. 31 
7 
3 

TOTAL 368 



R$LATIVe 
FREQUENCY 

.003 ' 
.008 
. 035 " 
.079 ■ 
.212 
.247 
.166' 
.139 
.084 
.019 
.008 



1. 



2. 



How many different events are there? < 

The event d| a vital capacity in th,e range 6 . 50-6 . 54, liters occur- 



red with a frequency of 



3. The most frequent event was a' vital ^capacity in the range of _ 

liters. • ■ •, ■' : ■ . • ' ■ 

4. The rarest I observed event was a vital capacity in the range ^o^ 

• liters. ■ ■ " . ^. ' ■ •• ■ . ' ;". / 



5. Tjo find the relative frequency of a gi^en event we divide the ob- 
s^rvejp frequency of that event by . ' - ' . ' 

6. Tll^ relative frequency of which event is .247? 



■I 



7. 
8. 



This means that that event happened in 



.% of the trials". 



Which event happened in 8.4% of the trials? 
9. The event "vital jsapacity in the range 6.60-6.64 liters" Occurred 
with the same relative frequency as the event ". . 



,10. Draw i frequency. histogram 6f the vital capadit^ mefasurem^nt risults 
i given in the preceding table. Label the vertical, ax i& "Observed ' .A ; 



. . Frequency." 



2i 



4- 



J 



iL i: 



11.. a.. Draw ^ relative frequency histogram of the data in the. .* 
preceding table. ^ 

b. ^ow does the sh'ape of this histogram compare wi»th that 
in Problem 10? ^ - 

■■ ' * 
'The following ta;ble record? the results of 20 trials of dumping 10 

coins < 



EVENT 
(Number of Heads) 7^ 

0 

2 • 
3 
4 

6 
7 

•■ ■ 8 
9 
10 



OBSERVED 
FREQUENdY 



0 

b . 

2 

1'. 

3 

3 

6 

3 

1 ' 
1 

0 * 



TOTAL NUMBER OP HEADS 
for each event 



0 

O^f 
4 
3 
12 

36 
21 

8 

9 

0 



TOTAL # 
OF TRIALS 



20 



TOTAL # 
OF HEADS 



108 



12. Draw a frequency hi st^^r am of \the above data. Label thje 
horizontal axis "Everv^-^C number of h^^ads) " and the vertical axis 
VObserved Frequenc^". 

13. Coipplete th^' following relative frequency table.- 



EVENT 



(nujntter 
o^^hd^d^) 



9 



10 



7% 



RELATIVE 
REQUENCY 



UO 



.05 



.15, 



lati'-Ae frequency histogram of th^se data. 



14 



raw a re 



. 1 



24 



In\Problems 15. through 17, give the relative frequency of .each 
comfriiied ev^nt. Refer to your completed ^able (Problem 13) or 
to you'rv^^histogram CProbiem 14) V 

15.. Zero/^^ads or 7, heads. • * ' , , 

16*^ Four headg or 6 heads. • 



heads or 



heads occurs with a relative, 



17. More than 3;>i^ads. 

18. . The combinationX^f 

frequency of exactly Ov^. 40. . 

19. What is the relative ^frequency of the combined event, 9 heAds 
-or less? • ' ■ ■ 

20. Recall tiaat. we are dealing\with^o' dumps and 10 coins each. 
What is ;the expected number of neads per trial? 

21. The relative frequency of a deviation of 1 from the expected 
value is . . 

22. Complete the following table. 



4 



• 1 


EVENT Ah 1 
1 Deviation from 
lexpected value ^ 




0 


1 


2 


3 


4 


5: 


/ 

0 ■ 


RELATIVE 
FREQUENCY 

_£ ," : — 






\ 









23. 

lem 



Construct a- •mean-centered' histogram bas6d on the table of Prob- 



24. Using the data of Problem-^ 26, complete the following table^. 



i ' — T 

^ EVENT - . 
r Devipition from 
leitpeeted value j 


4D 

or 
more 


1 

or 
more 


2 . 
or 
more 


3 

or 
more 


4 

or 
more 


• 5 • 
or 
mpre 


RELATIVE 
. . FREQUENCY 


r 










V 



i 25.^ A deviation of 



or more was observed i.n 40% c>f the trials. 



Ml 



I 
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The :^a,Qwing table gives the probabilitie^->i^th^ t relative 
frequencies or ' the matheihatical preaictionsfA^Qr: 2 dumping 
^10 coins. . / 



EVENT - 
t# of heads) 


■ 0 . , 


1 


2 


3 

i—^ — 






\..-^\:' 
i. 


. ■ -7 


8' 


9 


10 


PROBABILITY 


-\ 

.001 


.010 


.044 


.117 


.205 


.245 




.117 


.044 


;oio 


.001 



26 ^ The event which is expected in 24.6% of the* 'trials is 
heads. • 



heads are. expected to occur with egua]^ 



27 . Two. heads and 
frequency. " ■ ^ ' 

*28 . If the number of trials' were 1000, then the expected frequei^cy. of 

2 heads would be '. . . , \ 

■ " ■ ■ ■ ■ ■ ■ •■ ■ ■■ ■ ' ■ ' I . ■ 

29% Complete the following table using the probability data just\pre-v 

^ ■ ■ ■ ' ■ • '^^^^ 



ceding Problem Set 26. 



EVENT Ah , 
(deviation from 
expected value) 


• 

0 


1 


2 


3 

< 


4 




PREDICTED RELATIVE . 

FREQUENCY, 

OR PROBABILITY 


» 


f 


> 

. 1 




• 





hea^s ii^ .234 . 



30l The probability of getting either 3 heads or 

31 . A deviation of .4 ^rom ttje expected value is expected to occurf 200 
times :^n every . . trials. ' 'J 

32 . Complete the foll9wing table using the table. ycJu. corapletied in 
Problem29 . . . ■ - - * « 



EVENT Ah 
(deviation from 
expected value) 



COMBINED 
PROBABILITY 



-i. 



0 
or 
more 



1 

or 
moiie 



2 

or 
more 



3 

pr 
mc^re 



4 

or 
. more 



',' / 5 
pr 
more 



33 . What is «he probability of an event de\^iatin^ 
I ^ frSia the- expected value? . * . / 

ERIC- V . , \ • • 

• • I * , -'A ■/ 



3 or mpre 



: 34v In wKat plrqe^^^^^ we'- expect a deviation of 

• The- following- GontlagencY^b^ t^ie dutcome of a 'toss 



•.V - 



..HEADS' 
•J TAILS 



10 




.35 . ;• The numeral 5 iji" parejfith6;ses represent s-;the ■ :V ( expected / .. 

observed) frequencies of heads and 'tajLls<. • --j^ ^ V 

36, T,he numeral 8 represents t^e • '• ... (expectedv- observed) fre- 

'''queiLcy of heads.' ■ . ■ S*^- '•^ ' ' *' 

"3 7-. -.Ilvaluate : ^ „ ' for . . 

g^a . ^ he box. l.ii th^.:- cont ingency table labeled HEADS * " ' ^ - 

ihe bpx^ in table, labeled "TAILS." . , ■' : ' ' 

""aa." x-^. V v? -Ro^nd^-yj^l^,, answer, to '1:he'-nea-i:est' teath. ' l . 

* 3.9 V Use th© ..x^: .ii^V on page ' 2-21 of your/text to find the probabili# 
corresponding to:^our value of. x •; What is th^t probability . (to 
■.■ the hear est., hundredth.) 1 " :* ;; . ~ . .. ' '. 

; * 40 . ThSlLi 'the probability ; that the number heads Will deviate 
. by V I /o g-; "more from 5. ^ .. ' .q/". 

41'. Ref er *tD. the table you constructed to answer Problem' 36 'and -write 
•the pr6£>ibi"Xity*of a deviatxiMi of 3 or more^^etermined by ,that ,, • 
■■ method. '. ' ' ' . ' '■■r-'- • 

■ 4.2. .Referring to 'the talpla' preceding Problem 12 , we .can set ';up a . V 

contingency tabl^ .to det'ermine Whether the total, number of heads 
.,' which occurred was a rare event;, .given, t^e . total number of .coins ' . 

tossed.,;. ' ":' ' '■■ ' . ■ ■ .' ■■* 

. \ ' ■ , . • . ^ - . • : 

, a* How many trials wer^ th^ere in all, taking 1 trial to be 1 
toss of 1 coinw . • ''■■ •'.^ * » ^ * • 

b. What is^ the expected number of heads in that many trials? . : 



s 1. c. What is the expected number of tails? " - 

. d. What were the observed frequencies l^r head and tails, 
.^respectively? .<i. 

e, Contplete the contihgency table below. « 



HEADS 

TAILS 
• TOTAL 



( ) 



f, ' Evaluate X * i^ound your -answer to the nearest tenth. 

g. What is the probability. associated 'with your value for 



J 



2 IV 



erJc 
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SECTION 32 



32-1 Drugs and the Placebo ^ffec^ i ^ 

. . At tHs point we are ready to look at a slightly more compli-« 
ca^^d situation in which Ghl square, dan provide useful information. ; 
Specifically, we are going to tackle the problem of measuring the 
eifectiveness of a new drug before it is, released for jmedical use. 
After a drug is developed, and tested on laboratory animals for 
toxicity, it must be tested on a group of people who have the medi- 
caX problem which it is intended to treat. | Moreover, the effect 
of the drug must be compared • •fch that of 1 placebo given under ^ 
'comparable conditions. ■ • 

. A placebo is an inactive medication. Therefore it should have 
no physical effect on the human 'body. Never-theles^ a plac^bo''may 
change a patient's symptoms through psychological avenues. Among 
patients who are not told they have taken placebos, as many as 60% 
may experience an improvement in their condition. 

Because of this placebo effect , we do, not know whether a drug 
Is really effective, even if 60% or so of patients show improvement. 
Therefore it is standard procedure to give some patients the real 
drug and other patients a placebo. Th6 results can then be compared. 
We can also state that, the investigation is .properly controlled . 
The following example illustrates the method. 

"200 patients suffering from pain were selected, of which 100 
yere given a plac6bo and 1 6^0 were given ai newly developed drug for 
pain relief. 60% of the patients receiving the placebo improved 
and .80% .0^ the patients receiving the new drug improved. 

Yoii will notice right away, that the patients on the new drug ' 



did better than those on the placeb^o. But is this because^ the new 
.drug is better or is it/ just a chaise© phenomenon? This is where 
ch4 square is useful^ it can tell the pi^obability tiat the differ- 
ence is due to chance >alone. , ^ 

'■■ We begin by exhibiting the observed frequencies ' in a contin- . 

"gerjcy tabjle. ■ -..^ 



FRir 



/ 



I 



IMPROVED 

DID NOT 
I1«||R0VS 

TOTAL 



• 




\ : 


DRUG 


PLACEipO- 


TOTAL 


on 


dU 


1 A n 




\ AO 
ft u 


fin 


inn 
lUU 


inn 


9 0 0 

z u u 




is a Little. more complicated than the ones in 
I ■ ■ ■ ^ . •. 

ons. ) There are four 'bgxes, or Cells, in the table 



This 
previous 1> 

instead of two. « . ; 

At this point, we have no expected frequencies, since we don't 
know what to expect. First we must make, an assumption. Theyassump- 
tipn is that there is no difference between the' drug and the plaCebo 
in terms of improving the condition of patients. This would mean . 
that, the relative frequency of improvement would be the same for . 
both the drug and the pt^cebor ' » 

To obtain the ejcpected frequencies, based on our assumption, 
we reason this way. In the total group of 200, 140 improved and 60 
didn't. Therefore the relative frequencies are as follows^ 

140 



IMPROVED : 



diD NOT IMPROVE: 



60 
200 



= .70 



= .30 



If .the relative frequency of improvement is the same for both 
groups of patients, it must be .70 for each group. Similarly, the 
relative frequency of no improvement must be' . 3.0 for; each group. 
Of the 100 patients giveii the' new" drug, we would e^pject ,70 x 100 = 
70 to improve and ,30 X 100 = 30 to show no improvement. The same 
goes . for the group given the placebo. We enter' the expecjied frequen- 
cied( in the contingency table. • \ 



/ 



ERLC y . 





. DRUG 


PLACEBO 


TOTAL .. 


IMPROVED 


80<^0^ 




140 


DlD NOT 
IMPROVE 


20^30) 


40<30) 


60 

L 


TOTAL 


xoo 


100 


20Q 



2id 



Now wis can apply khe x foirmviia to. the data qf the table. 



The formul^ is 



.2 (4o-^-.i)^ 

X = I - 



, E 



In all our previous ekcimples there were only two cells in the con- 
-. tingency table, and therefore only two terms tcj add in the x for- 
mulei. But in the present case there are fou^ cells in the conti- 
gencfy table. Therefore, there will be four terms in th4 x^ sum, 
i^^Vone for' efich cell . - .• 



2^ ( I 80 - '70 1 - y) ^ ( 1 60 - 70 I ^ 
"^Z ^ 70 ■'' 70~ 

i <1.3 + U3 + 3.0 + 3.0 

. ^ 8.6 ■ • ' . ■ 



(I 20 - 30 1 - h^ . (|40-3fo| -j)^ 
+ — • •■ — + 



30 



30 



Now refer to the x -probability table on a, 221. Jt tu^ns 
oujt, that 6.6 is the largest value of x listed. Therefore our 
value of 8.6 is "off the sbale." We can conclude that the corres- 
ponding probability is less than .01. 

There i^ less^ than one chance in a" hundred that the new drug 
is no more effective than the placebo. In other words, it is 
highly^ likely that, the drug is eff^tive. .This, kind of informa- . 
tion,| along with, data .on an? side-effects c'kuse.d by the drug, 
would be used to make a decision about whether to releasie the dru^ 



for. general use,. 
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PROBLEM SET 32: 



bramamine is a^drug used in the prevention of motion sickness. In 
an actual study on the effectiveness of Dramamine, 108 people _ were 
qiven Dramamine and 108 people, were given a placebo. The entire 
group of 216 was then subjected to turbulent flight conditions. A 
record was k^ept of those who became sick (i.e. , vomited) . and those 
who did not.. The ta)3le below shows the following results .'^ 





DRAMAMINE 


PLACEBO 


TOTAL 


SICK 


31 . 


.60 


91 


NOT 

"SZCK 


. ^ — A ^ 

77 


48 


125 


TOTAL 


108 ^ '. 


108 


216 



1. In order to determine the ^expected frequencies, we assume that 



2. The total /number pt people who became sick was — , . .,| 

.3. The total number. of people who did not become sick was 

4: The fraction ^ represents the relative frequency of. those 
who (dj-d, did not) become sickV 



5. Therefore, out pf. 108 people, we expect 
sick. (Your answer shoul'd end in .5.) 

" '. , 125 

6. The fraction! 

who 



to have become 



represents the relative frequency of those 
(did, did not) become sick. 

7. Out of 108 people, we exp^ect to have n^ become, sick. 

(Sfour answer should end in .5.) , \^ 

8 . copy the contingency table and add to it the expected frequency 
for each of the four cells. 

^. compute for your table. If you do r>ot -have a calculator, 
round the denominators to the nearest 10 before dividing. , 

10. The probability that Dramamine is no bette^^'than the placebo 
in preventing vomitiAg is less than ^^^^^ "^^^^ be consid- 
ered. .strc^g evidence that the drug is -ef^p^ive. 



SECTION 3^3s \ 

33-1 Introduction to the Cola Activity 

: Ever^ipdy is a consumer; we allVuy things. When we buy 
products such as breakfast cereal, rice , j bread and so forth, we 
must choose a single brand from a great jratiety of brands. Vmat 
factor's influence the choices w^ make? p!he people who sell us 
things are very interested in answers to tliis question. They 
l^end millioji'5^ for "motivajbional research. " * / . 

We will spend pennies. By means of a cola-tasting activity 

■■ . ' - ■ ' ■ ■ 

we will demonstrate how information about ijidtivation can be. ob- 
tained. We will ask*, "Is taste related to brand prq^erignce for 
Coca-Cola arid Pepsi-Cola?" Taste is only one amohg many factors » 
which might influence brand preferences. Some, like taste, are 
related to information which our senses can gather about the cola 
itself. Others are riot. 



FACTORS • fizziness, temperature, ... - ^ 

OTHER s ' . . ' \ 

FACTORS • atti-tudes of frieiids, advertising, ... \ 

-•,1 ■■■ # 

In tjhe Cola Activity we will use chi square to investigate 
whether the taste of a cola (either Coke or Pepsi) is related to 
the preference for a particular brand. •■ ] ^ ' ' 

Here' is what will happen. You will.be asked to state your 
preference for 'Coke or Pepsi. This will be recorded. Your re- 
corded preference for Coke or Peps,i will be called ydAr "brand pref- 
erence. " Then you will taste unidentified samples of Coke arid 
Pepsi. They wil^ be called X and Y,' or Y arid X, or something else. 
Your choice onthis test will be called your "taste preference. " 
When the taste arid brand Jsreferences for the entire class have 
been recorde^, the true identities of Brands X and Y will be revealed. 

Notice, that we have chosen two drinks which are very simil'ar 
as far *a® humarjpsenses are, concerned* Both ^olas are the same 
colors and will be served to you at the same temperature. Every 
effort will be made to make sure that yoii base your choice only 



A 



> • I 
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on I^Jie taste. -^his is an effort to mak^ taste the pnl^^ sense-f- ^ . . 
related factor available for decision mailing. *. . ' 

■ V ■ / 

33~2» The Unerring Tasters ; '. 

The students of Oracle High School performed the Cola Activity^ 
The results are summarized in the contigency tabl^ below* . 



BRAND PREFEpNCE 



% 

TASITE 
PREFERENCE 



COKE 
PEPSI 
TOTAL 





:Xg(i2) 


30 • 






20 


; 30 ■ 


20 


50 



First, lef's get familiar with the table. 
QUESTION 1 ; 

How many. ^tudents said they preferred the Coke brand? 
ANSWER! 



3P. Brand preference ijiformation is found by reading columns. 
The "30" which answers the question is found at the bottom of the 
"Coke Brand Preference" column. . 



QUEiyp 



ION 2 : 



How many students preferred the taste of Peps^?, 
ANSWER: , ** . 



JtiLn i! 



/, 20. The "20" which answers the questi/on is found 6n the right 

■ ■ . < 

of the "Pepsi Taste Preference" row .^' * 

Notice that all students \fho said they preferred Coke actually 
chose the taste of Coke. Th6 same is true for Pepsi. 

An inspection of the/table reveals a strong pattern of associa- 
. tion between Coke brand preference ^nd Coke taste preference and 
^IsQ between Pepsi brjind preference and Pepsi taste preference. 

Prom a statistical point of view this is a v^y strong , cb^elation . 

■ ' ■■■ ■ . ' ■ ' ■» 

There are four possible relations which might account for . 



such a stroftg coiirelation. 
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\gaus£_ahd 
Effect 
Relationships 



Tal^te irfay qause : brand preference. 
Brand preferei<pe may cause taste preference, 
Some third factor may be causing both. 
The patterjj may be just a very rare chance 



occurrence^ 



Notice that if we can ej^iminate possibility 4, then all other 

possibilities arife cause-'and-ef feet eKplanations_6f some sort. 

The chi square procedure allows us to calculate how often a 

chance occurrence would produce a pattern like this, 
i ■ . . -. ^ ^ ■ 

; Tim expected frequencies in the table are calculated in the 
standard way. We assume (for the sake of comparison) that each-^X' 
BRAND PREFERENCE subgroup is a random sample of the total ^roup ■ . 
: with respect to TASTE PREFERENCE . MPor example, /COKE taste pref- ^ 
erenqe'had. a relative frequency of .60 for the Entire group* This 
is found by dividing the number in the upper ri,ght box (30) by the 
total number of subjects (56).^ The expect;.ed frequency of Coke i 
tast-e preference in a random subgroup of .30 would be (.6) (30) or 
18 (upper left box) , Other expected frequencies are qalcuXated 

similarly. . , . v • 

■ ■ • ■• 2 
Without even calculating x we can see that it would be ^uite 

large, correSt)onding to a p < . 01. In Other words, the pattern 

of Observed* frequencies in this table would be a very rare random 

event. In fact, the probability is so small that we will neglect'/* 

the pq^ssibility. that the paftt^rn is a chance occurrence and assume 

that'S^me sort of a cause-and-ef f ect explanation is responsible 

for it. / *: 
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33-3 The Coin Flippers * • 

Elmo's Pudworthy High School Biomed class attempted to admin- 
ister the Cola Activity to the Home Economics class. Unf6rt\^nately 
they: ran into some problems. Every 'student in the class. claimed 
|that he or she liked Coke! or Pepsi equally well. Not a singlie . 
student could decide Whether he liked Coke or Pepsi better. This 
stopped progress . Nobody , was allowed %o taste the drinks until he 
stated y brand preference. At last,^ Elmo had a brilliant (?) idea, 
.^e ^ug^^sted that each student flip a coin to decide ^on a brand . 
preference. All agreed that thds was* an acceptable solution. The. 

s/' ■ ■ ■■ '^■■■^ 
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t^blB l3(eIow is a record of the Home Economics class ' data . 
.\ ' BPAND PREPERENC^ 



y'BRAND 



COKE 
^( HEADS) 



PEPSI 
(TAILS) 





COKE 


16 '^5' 


9 (10) 


25 


- TASTE 
PREFERENCE 


PEPSI 


14(15) 


11 (10' 


25 


I." ; . : 
' • • \ ' 




30 


1 

20 


50 



There is" more information in this table and it will probably 

take a little study to interpret it correctly. 

• ■ ■ " ■ ■ ■■ , 

QUESTION 1: ■ ' ^ - . 

How >many sti^dents said they preferred the COKE BRAND? (Or,/ 
equivalently. How many students got "HEADS" oh the flip of the coin?) 

ANSWER ; ' ' ' • ■ \ ; , - . . 

\ ■• ■ I ■ ■ . 

30, which is found at' the bottom' of the COKE-HEADS Colujmn , > 

Of the 30 in thi's . group not all students chose a single^ ^ste. 

In fact 16 preferred the COKE TASTE and 14 preferred the PEPSI 

TASJE. . . ■" . ; . , . ■ 

QUESTION 2 ; \ * 

How many students preferired the taste of Pepsi? 

.■ * »♦ ■ , " , ■ {• ' ■ 

ANSWER: 



■ 25, which is found at the r^ght of the PEPSI -TASTE row > 

Also notice, that 14 of these were in the heads group andfll in ^ , 
tjbe tails group. ; ' 

It is important to rfote that Elmo' s solution produced randomly 
selected BRAND PREFERENCE s^abgroups. Therefore, the pattern of * 
observed frequencies in the table is a true random event. Now 
notice that the observedi^nd expected frequencies do not agree 
exactly, although they Si^e close. This is a common random pattern. 
(RecVll-our earlier, coin^-dumping activity. . Even though Q heads 
was the expected number of heads for a trial involving 16 coins, 
we actually got exactly 8 heads less thah a fifth of ^he. time. ) 



: • When we determine p for this. £able, we 'will be . calculating 
how of ten randomly produced tables Will hlive^ . values as yirge 
■ or larger than the for this table. : - . .. 

. Without going through the details of x calculation you should 
by now expect x^ to be small because the differences between ob- 
/ served and expected frequencies are small. Small >x^'s correspond 
W. latge prpbabilities. In fact x^. = -083 and p^'.93. This 
means that 93 out of 100 tables' produced in exactly the same way . 
would have x^ values this large or largfer. In. other 'words , it 
is very common for randomly produced. tablets to have x^ values which 
are larger . , . . ' . ' 

33-4 Looking Back — Looking , Forward v _ 

"* we have just examined two extreme x , tables. The first one ; 
iwas for >a group of students who knew defilnitely which brand they 
preferred and who. later were able to chodse, without a single. /, 

error, '^he. taste of • the brand they had p:)!-eviously stated. We al^o. 

* '■ 2 " / ' ■ ' / 

found tl^at this, table had a larger x and p < .01.- Such^a small/ 

"p" implies that it is very unlikely thAt this table coufd have/ 

occurredVas a result of a random process. Therefore; if we examined 

•the table; and then claimed, "The students of Oracle High School 

prefer the taste of their -previousl*^ stated brand preference 

then no oifie could turn around and agree that the results could 

just as ectsily have happened by chance. J , 

' ■ The second contingency, table was for a g^pup ©f students. who 
had no t>re4isposition to prefer 'either brand. When forced to 
make a brari|d-pref erence choice., they flipped a coin. This produced 
i a table in ■Which\i:here was little disagreement between observed 
and, exp^cte^ frequencies and, consequei^tly, a low x • this 
i table p was! .93 which implies that the observed pattern is alsou 
a common random event. ' 

When'^yoli i calculate and find p for the Cola Activity results ^ 
for your Bioiied class / you will be finding out how^often deviations 
fiom expected "frequencies as lar^e or larger than those observed 
would happen ps a result o| a raindom rr^ethod of brand-preference 



selection. ' | 



In other wordi, you will be calculatin(jihow often de^iiations as 
large or larger than those actuaijily observed could have happened 
had brand preferences been chosen 1^ a 'j^andoin method such as a 
coin 'f 1^ or t|he roll of la die. Stated still another way, you 
will presume ql/ random method of brand-^preference selection and 
then see whether p is jLbw or high^;^,>.JLf p < . 05.,/as it was for the 
Oracle High Sfchool contingency -table, then w,e say that the pattern 
in the table//departs significantly from common random patterns. 
. If 'if) ^ . 05 , //as it was for the Home Economics table, then we sa^ 
that cha'Tlfte' alone could account for the observed pattern. 

33-5 What //Can Be Concltided if p > .15 ? 

Supi^bse that you determine a p >^ .05 for the table, which re- 
sults frVipm your own Cola Activity. The meaning is straightforward 
T^le" de^^rture from common random patterns is not significant. You 
must conclude that, your clkss as a whole qould just as e^ily have 
■gotten the results by some randonfl^thod of BRAND/^EFERENCE selec 
tion, similar to the method the Home Economics . class used. There- 
fore^ l^ou must conclude that taste is not a major factor in brand 
pt^ferj^nce for your .test group. This conclusion quite naturally 
raisesj the questioHr "If brand preferences aren't related to 

taste/ what (if 'anything) is? 

■\ ' * , . • ■ . 

Kecall that the colas are nearly i(Jentical in their sense- 

r.\- * 

related characteristics. Therefore, it is reasonableji to ask 
'whether brand preference is related to other influencd^s like peer* 
pressure r ^dvertising and so forth. 

33-6 Whkt Can Be Concluded if p < ,05 

\ ■ ■■ * • ■ 

Suppose p < .05; can it then be concluded that t^ere is a 

cause-anii-ef f ect relation between TASTE PREFERENCE, and BRAND ' 

PREFERENCE? In other words, can we conclude that a pattern ap- 

proachingl the Oracle High ^School pattern is being observed? It • 

would ceruainly be convenient df this were true. Unfortunately, . 

p < .05 does not necessarily imply a cause-and-ef f ect type^of 

explanation l^ecause of another unlikely (but possible) pattern 

<Which could also result in low iprobabilities . 



J3-7 Stati^ . 



Conatder the following table. ^^-^ 

^ BRAND PRJIPERENCE 



\ 



COKE 

TASTE 
PREFERENCE p^psi 



CO^CE 


PEPSI - ' 




0 


25(12.5) 


25 


25(12.5) 


' (J (12.5) 


25 


25 


25 


50, 



Examine the^ table', "what is the pattern? It is a weird one. /Every- 
one who said they preferred Coke chose the Pepsi taste and the 
reverse. This is another mathematically possible pattern which . 
would result in \igh x and low p.' We will call this pattern 
negative correlation . We will call the. Oracle High' Sqhool vpattern, 
the one in Which br^d and taste preferences agreed perfectly, 
positive correlation . '\ ] .- - 

-Fortunately there is a simple>mathematical test to determine 
which kind of pattern is responsible for your p < .05. For example. 





COKE 


PEPSI 




I 

COKE 


20<15) 


5 (16I' 


'25 


PEPSI 




15<'^°> 


25 




30 


20 


50 



X = 6.75 
■p < .01 



The diagonal from uppejtf left to lower right (<^) represents posi- 
tive responses i.e., COKE-COKE, PEPSI-PEPSI. Jf the sum of the 
observed frequencies in this diagonal (20 + 15 = 35) is greater , 
in the- other diagonal (10 + 5 = 15) , then a positive pat- - 
tern- is being observed. If not, then it is »a negative pattern, 
' In the giVdn example it is positive because 35 > 15. ... 

' For other tables the .diagonal rule may not work. In such 
cases you'll have to examine the tables to dis^cover which boxes ^ 
repi^esent positive: responses -anc^hich represent negative. Then if, 
the sum^o^ jjositive responses is greater than the negative, ' 
a posit,! ve pattern is being observed. ' ' > 



33-8 p < . 05 (Reconsidered) . . i : / , / 

...If you dyter-mihe a p < .05 and the pattern ^is positive!, then- 
you may conclude (finally) that for the most: part t,l)ie people in 
your , test group form BRAND prefeAnces on the basis of TASTE. ' 

/ . . . - 

A word, about the significance of this conclusion is ^in order. 
It is a finding for the test- g/oup . It really says nothing about \ 
the ability .of a given, indivi^aual to recognize the taste of 
their f avorite cola', "^In order to answer this question for . a single 
person a different kind of /experiment is required^ *For example,^ . 
a given person could be :^^peatedlyj tested and th^ data from this' 
activity analyzed. 

One final caution./ You may be tempted to think that the con- 
clusions drawn f rom j|rour own Cola Activity investigation would 

apply to ^11 possible test groups. Unfortunately, this is not 

I **■ ... ■ ■ . . ' ■* * 

so. This' i'S because^ your test subjects (high school students) • 

I are not a random fe^ple^of. the entire U.S. population. In^faqJ^^ ^ 

th^y may not even be a random sample o.f the entire U.S. high.gchooL 

'population . - However / there is a good chance that your results 

may apply to the entire population"^ of^^oui: own high school.. How v); ( - 

accurately they describe* your school depends* on how representative 

of the whole school your test groups were^ 

33-9 Ending on a . Positive Note - 

The results of chi fequare" analysis must be qualified: so much 

^ ■ . ^ 

that it. is easy to forget what chi^quare can actually ^tell us.. 

1.. If p''>; .05, the assumption of any sort of cause-and-ef :^ct 
'relationship.!^ unjustified. . 

. 2. p < .05 sugjgests some kind of a causer-and'-ef f ect explanation 



PROBLEM SET 33: 



Quest ions 1 through 5 refer to t.he following table. 



BRAND PREFERENCE 



E 



,PREFERENCE 





: COKE 


PEPSI : 


TOTAL 


COKE > - 


26' ' 


4<:' 


30 


PEPSI : 


9' ' 


11 ' - ' 


*• 

20 » 


> 

TOTAL 


35 ' / 


15 


50 



•/;1.', How many students preferred the TASTE of COKE? 

.2. How maky students said they preferred COKE by BRAND? 

3. Of the PEPSI BRAND-PREFERENCE group, ;bpw many actually chose 
. the TASTE of PEPSI? . 

■4. Of the COKE BRAND-PREFERENCE group, how many preferred the 

TASTE of PEPS.I?/ . ' 

"■ " ' N ■ '• ' ' . . ' . ■' . ■ ■ ■ *■. ■ ■■ ' 

5. a.. Copy the table. * * 

■ ' ■ ■ * " " .. ■■ . ■ . . ' ■ ■ ■ 

(.. b( Calculate the expeclied frequencies ai;id" fill* them :iri. 



c. 



Calculate- x the tabl^ .' (Hint : J ^ . 4 ) 



e. 

6 » , a . 



d. Determine p • 

What can be Gbn61ud6d? 



Calculate ..x^-'Soig this table. (Hint: J i - . 18) 



E 



. I 



BRAND PREFERENCE 



TASTE. 

.j^refIrei^ge 



b.^Determihe p; 





COKE ' 


?EESI , 


TOTAL 


COM 




■,21 '26) 


40 


. PEPSI ■ ■ 






6.0 


ft ■ 

JtotAL^; 


.3i5- 


. ■ .''65.::": ' 


. lOQ 



... ^ 



;.:vV.c., 



;What§ bail bf^conb^ud^ 



■ ■.<; 
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;.,>'2'S3\;. 



• 7.. " a. Which table below showe a negative correlatioa ? 



. A, 

eOKE 

/ peps; 

TOTAL 



Q 




10 


12 


18 


^ 30 


20 ' 


20 


40. 



B, 


COKE ' 


PEPSI 


TOTAL 




\ 10 


10 


20 


PEPSI 


.25 


15 


40 


totAl 


35 


25 . 


60 



'• b. Justify your answer to Part a mathematically. 

8. Suppose taste is not related to brand preference (p > .05) . • 
. What other factors (if any) might be? ' ' ■ . 

9; The Cola Activity .is designed so that only one factor is available 
as the basis for a TASTE PREFERENCE choice? What is it? ..... 





Hi 



PROBLEM SET 34: , 

Following a charity luncheon there was an outbreak of nausea. 
Con sequent l"!!^ an investigation 'was conducted to find out which 
^food was responsible,. The results are suinmarize<?' in the table ^ 
below. • ' 



f . 


ATE 


, EGG SALAD 

DID • 

: NOT EAT? 


0 

TOTAL 


ILL 


38^31) 


. 3(10). . 


41 


NOT ILL 


27 (^^^ 




■45 


' TOTAL 


65 


21 ' 


86 



^ - 10.7 
:0 P <■ -Ol' ■ 



MACARONI AND CHEESE 





ATE ' 


DID 
NOT E^T- . 


TOTAL 


■ • . / 

ILL^ 


20.(16.'2); 


^ 21<2''-8). 


41 


NpT ILL 






1. 45 


TOTAL 


34 


52 


.86 



X 



2.12 
.14 



1. How many people at6 egg salad and then became ill? v 

2. , How many people ate egg , salad and then did not become ill?/ 

3. How many people did not eat macaroni and cheese and did not 
become ill? , " / 
,4. How many people ate macaroni and cheese^and did not become ill? 

5. What assumption is used as the basis for calculating the ex- 
pected frequencies? 

6. ^ \a. For the egg ;salL^Syt able, what is the probability of producing 
a table with deviations as^large or larger as a result of ,a random 
subgroup selection- procedure? , ' V 

• • b.. For the macaroni aijd cheese table, interpret "p =^ .14.' 

■■■■ ■ ■ ■ r'- - ' ■ ; . . . ■ • 

7. Which food shows the stronger p^ositive association with, be- • 
cjbming ill? . ' . 



8* For which foo^ the association with becoming ill more 
likely to he attributable to ghanoe? • - 

9. a. If the nausea was causid by eating egg salad, how can you 
account for the 20 people who ate the macaroni and cheese and be- 
came ill? / 

b. On the other |iand, notice that 3 people who experienced 
nausea also claimed,A*^i&they ate no egg salad. ' What might explain 

this?----^ -^g^^g^gg^ ■ . ■ ■■ / ■ '■■ .v ; ■ ' • . " #■ 

Genetics is 'th^~stud?p?^ of certain characteristics 

from parents iio of f sp^rife^^ Many genetics experiments use fruit 
flies because they reproduce rapidly and Jiheref ore many, generation^ 
iiii7~E)e bbserved-tn a short time. . They also happenftcrbe easy to 
work with. 

^ . One proposed mechanism for the transmission of isye color in 
fruit flies predicts an approximately equal split between red-and 
.white-eyed females for the first generatioA after a cross between 
males. and females of difierentrcolored eyes. We will treat the 
results <of a- particular fruit fly experiment just a,s if they had 
occurred as a result of a coin-dumping exercise. Expected frequ6n- 
cies will be calculated just as they were for the coin-dumping . 
data. / 

.Problems 10 through 14 use these data. ' , • 

. T 



Red-eyed females 
White-eyed females 
Total 



86 



91 



177 



10. The theory predicts a' relative frequency of . 5 for each color. 

\ - ■ . ' . ■ 

. ; a.- Calculate, the expected frequency pf each color. 

* • b. t copy the contigency table and insert the expecteid, f requencle 

11. Calculate y^. for the data. \ . \ • ^ 



12. Determine p. - ■ ^ 



13. Do the observdti frequencies represent significant deviations 
from common random patterns {i.e., p < .05)? 

14. What does the probability ffr this tattle imply about the 

' original assumption that each eye color is equally likely? . . 



Problems 15 and 16 refer ' to these data. 



■ ? ■ 






Red T eyed 


f.eJDial|S.:,i=, 


" III "'til ' ■■ , 


■9/ 

White-^eyed 


females 


... . , 
103 „ 


/ •■ 


Total 


177 



15. 



'N. 



a. Det^rmirle p for the table. 

b. Do the observed deviations represent, a significiant de- 
parture fr^th coinmon random patterns (i.e./ p < .05)^ 

16. Wha^/does the probability for this table imply about the orig- 
inal consumption that red- and white-eyed females are equ^y likely? 



Elmo' s' class at Pudwprthy High School conducted an experiment to 
determine whether positive feedback influences subjects' opinions 
of their own performance. The subjects were divided into two 

groups ^ an experimental group and a C90trol group. The experiment 

■ *■ ' . ■ ^'^ ■ . « ■ 

• was conducted in two phases. . 

. ■ . ■ . - * ■ ' 

In the first ph^se, all su"bjects were given a list of .ten non- 
sense words, were told that these words were actually biomedical 
terms with which they^V/eire not -lami liar, and were asked to guess 
the meaning of each term. After gu.ess'ing' the meanings of the terms, 

each subject was', asked to rate his, own, performance on a scale of 

■■ ■ ■ ■ ' * • ■ 

1 to 10.. . ^ ' ■ 

' • ■ . '- ■ ' ^ - - ■ • ■, ■ ■ . 

,1n the 'second phase; .all sub' je^cts were given another list of 
■. teri. nonsen^- words with the. same ins'trucfcions. During this phase, 
" isohfederates of the experimenter circulated among the subjects, 




looking, at their work;. The confec^rates gave^^itive feedback 
to experimental subjects (i.e. , "You're doing pretty well." 
Vlt looks like you've got a knack for this kind of work.") They 
said nothing to the control subjects; if^ the control subjects 
askedxthem any questions, the confederates made neutral remarks 
(e.g. ,^\^eeri working.") . At the end of tihe second phase, each sub- 
ject was ^^ked to rate his performance ofi the second phase, using 
the same sca^le of 1 to 10. 

After thexexperiment was conducted, the experimenters examined 
all subjects' answer sheets from^ both pHases of the experiment,, 
and dGterminedf OA each subject wjiether the subject's self-rating 
was hd/gher for th^ second phase than for the first phase. The 
results for 100 sut^jects (50 experimental and 50 control) were as 
follows. 



TREATMENT 



change in 
self-rating 
from first 
to, second 
phase J 



higher! 

lower or 
no change 

total 



^ experimental 
(positive feedback) 


control 
(no feedback) 


Total 


35 


15 N 


50 


'15 


7 ■ 

35 . 


50 


50 


h 50 


100 



17. What assumption is us^ed as the basis for the calculations of 
.expected frequencies? v 

18 . a . Determine p for thi'p data . ■ 

b. Do the observed frequencies represent a significant depar- 
ture from common random* patterns? , < 

c. Is it likely that chance alone could account for the pat- 
tern in the table? 

d. What does p imply. fjorHhe assumption usedito generate the 
expected frequencies? 

' • f 




I.. 



e. What appears to be the relationship between positive 



feedback and self-evaluation rating? 



9 * 



\ i 



■1 
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- 
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SECTION X: * 

• ■<^- . • ■. . ' ■- ■ . 

X~X Correlation; Sugar and Heart- Disease' ; 

. . Since the development of antibiotics and immunizations, 
diseases caused by bacteria and ^jirusus have declined* as causes, 
of death in the United States. Instead we are faced with dis- - 
(eases for Vhich ,i,t is difficult to find a single cause, such as 
cancer >nd heart-disease. There are m^ny factors involved in ' 
these diseases, siich as heredity, dietary habits, cigarette 
smoking and the gsjydhological state of the individual. One of 

of medical research is deciding which factors 
in causing a particular illness. In order to do 
look at large groups of people and try to find 
l iops between certain factors and a given disease. 
The Framingham Stuly, mentioned in the Biomedical Science Text-, 
is'an example of sjch a statistical, study . ■■■['■.. 

In order to g^st an idea of how a statistical study works, 
look at the stable (^n the following page which lists the dea£fi , 
rates per 100,000 people from heart disease ifor twenty countri^. 
in 1966. They are listed in order from highest to lowest deAth 
rate. Also listed! is the averag\ number of grams of sugar con-, 
sumed per person pir day over the years 1948-1965, with the excep- 
tion of Hungary for\ which there were insufficient data before. 1960. 
The value listed for Hungary is an educated guess. * \. 



the major projects 
are most important 
this, rtsearcihers 
trends ipr correlat 
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Country. 



United Kingdom 
Denmark . 
U.S.A. 

Sweden 

Finland. 
Australia " . 
Aust:^ia 

Zealand 
Norway 
Swit^eMand 
Hungary 
Italy 

West jGermany 
Netherlands 
Israel y 




Average grains sugar/ 
person /da.y 
(19!48-'1965) 



130,3 / 
123^8' 
127.5 
1.19.7 
102.3 
146.5 
86.2 
.128.2 
102 . 2 

111.8; 

67 

50.0 ; 
81.3 
119.2 
84.5 
77.5 
40.3 
35.8 
33.5 
'26.0 



Number of deaths/100,000 
caused by heart disease 
(1966) - 



378.5* 

373.1 

371.2 

359.4 

342.2 

338.6 

316 . 8 

314 . 9 

301 .2 

278.9 

277.4 

263.3 

262.1 

227'. 7 

206.3 

199.6 

130.5 

128.0 

83.2. 

'39.4 



When the data are represented by a graph, tAe relationship 



between . sugar intake \and heart disease .is easier to see. 
graph is shown bn the followiijg page. 



This 




^0 '50 (O 76 SO <fO m f/o ' /•^ /?Q MO /SO 
Average grams sugar /per scn/da? (1948-1965) 
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This graph seems to show an association between sugar ; intaHe and 
' kieart disease. ' The points are fdlftewhat scattered but thert is a ^; 
/tendency . for high sugar intoake^to be associated with high death ^ 
* aate. But' how strong Is* the, .association?.' 

. ' ■ • ■ ■■■37-. '.■'.' ' ■ . ■■■ . ;• -263: 



You W- remember from l^nit ^l that one way .of measuring the 
strength of a relationship: ils td see how. close the plotted points . ' 
come to formijig a straight line/V This can be dbne visually by. ■ ^ 
drawing a "best" straight line through the poinjis and examinijig .^^ 
.the dfegree to which',t;ie p6i.nts tend to cluster around t|is ."best•;■ 
l),nei ' 

."^ Statisticians /ave a more precise, way^f doing much the -same . 
thing. They speak in terms of the correlation between two variables, 
They have developed a sbale for measuring correlation, and have de- 
fined a, term called the correlation c oefficj.ent. If a graph of the 
'data is a set of points that lie on a perfjictly straight line, the 
•correlation coeffi^^ As 1 (Figure 1). If the, set of points .is . 
•scattered com^^>lV^^t random over the graph, the correlation ^ , 
coefficient 13,5' '(Fig^i^e ' ' 
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CORRELATI(?N COEFFlCIEN\= 1 CORRELATION COEeFieiENT. = 0 

FIGURE 1 FIGURE 2 . 

Relationships which lie •Bomewteere between the linear and random 
cases will have correlation-coefficients somewhere between 0 and 1* „ 
Fibres 3 and 4 show examples^ 



\ - • 



• 



• • • 



•. / • 



• '• • • 



/ CORRELATION COEFFICIENT = .66 

• FIGURE 3 



'CORRELATION COEFF'i C I EMT - .95 

FIGtJRE 4 ; .' ■ 

. , HI 

■ '». . ■ . . 

. ■ ■ ■ ,«»■* 



If the correlation coeff.icienlf is.'Clos4 to 1 we say there 
is a high coyrelaltion b6i-ween the variables 1 If it is close to 
0 we. say there is a low correlation . Now look back c(tj the graph 
of heart diseas^iras a function of sugar consumption ♦ The cprrelar 
tion coefficient for that, graph is .85. This indicates quite a 

strong relationship. . / / ; o 

■ ■'>■'. ■ * ■ . • 

, Can we noW conclude that sugar consumption is a cause of heart 

disease?* The answer . is no. We coufd just as easily conclude that 

Heart disease causes people to e^t sugar. "X^r a third factor .might . 

cause both increased sugar consumptipn and heart attacks, , To 

use a far-fetched example/ we could argue that money is sugh a 

third factor. We dould - say that money Vallows people to buy more 

sugar and that worrying about money cause^ ^^^^^ " 

only oh bur graph, this r is a possible expiaDflBbn. The correXa- ^ 

tion demonstrates only tt^t sugay consumptioff^and heart 4isease ai'e 

related; we cannot automatically/ conclude 'that one qauses the otl^er 

- I \ ■■■■ " ' " ■■■ • 

TO' use another example, th^ relations|iip between annual in- 

^come^nd the 'death rate from hea/rt disease turns out to have a cor- 
relation coefficient of .78,. which i^ quite a high value, So both 
.sugai; and annual income are correlated with heart disease.. ;,'We 
have already mentioned one fa|r-fQtched explanation, nairiel]^ that 
inoney allows people to buy more sugar and worrying about money 
caii^ds heart- disease. We could also put forth the absurd explana- 
tionN^hat people with heart diseas^ develop a craving for sugar 
and that sugar gives people mpre energy to* e aril more money. 
1 There are many possible explanations, some absurd and some 
plausible. ' >.Dn the basis of statistics alone we cannot choose 
between them.. .To prove a'cause-and-effeot relatibn between,^ say 
sugar and hesirt disiase, controlled experiments are necess*ary. 
The -mechanism by; which foods cause heart disease ipust;be specified. 
It^so happens that;, a ^echknism hds been hypothesized to explain 
the correlations between Su^ar- U.nd fat) consumption and heart 
disease. , ExperimentaJL evidence has. been collected to support the * 
hyp,othesls. .Tliis ;is the topic of a later science section. 

■_-^v • ' ■/■■■■••.■.■'■ ■. ■■ ■. . v": ■■ . . ■ ■ ■ ••• . 



■.PRoi^EM SET y-^ ■ • ^ ^ ,. 

In science ciass you. discussed the relationship between -fat in- 
take and hearif 'disease. In order to focus on this relationship, 
look at the table below which lists the death rates pep 10,0,000 ' 
people from heart disease. for twenty countri^es in 1966. They are 
•listed in order from, liighest to. lowest death rate. - Al^p listed- 
is the average number of grams of fat in milk, eggs^and meat con- 
sumed ^per person per day from 1948 .to 1965, with the exceptipn of . 
Hungary for which there were insufficient data before 1960. .The 
value listed for Hungary is an educated 'guess. • 



. 0 


Average "grams fat 


in M,E,M/-^ 


Number of deaths/100, OQO. 


.CQUntry f 


person /day (191+8-1965) 


caused oy heart disease vi^tjoj 


United Kingdom 




6B.0 




378. 5 . ' 


Dejimark ■■ 




6T.5 


0 ■ 


■ , 3T3.1 


^ U.S.A. 




. TT.3 




' 371 .2' I 


Swedj^n 




6li2 


... , ■ 


359. V 


Finrand 




52.0 

■ f 


\ 


3U2.2 . 


Australia ' 




T8-0 


,338.6 . : ' 


Austria 






o 


\- 316.8 . 


iMev ^eaxcLTiQ 




90,0 




• 3i»*.9 1- . ' ■ 


Norway ; 




. 52.9 




301.2 


Switzerland 




. 58.6 




4 276.9 


Hungary 




32 ' 




277. U 


* Italy : ' . 




20.1 




263.3, 


West Germany . 




U3.3 




262,1 * 


Netherlands 


<> 






' ' . 227.7 


Israel 




25.3 




.206.3 


France 








.199.S 

- ' . ■ / 


Spain 




i6.T 


■ ,130.5 V 


Greece 




• 19.6 




128.0 ■ . 


- Japan/ 




V.6 




- ;■ , " 83.2- > •. . 


Taiwan - 




:/"i5.3. .. 




^ . '' 39. V ■'. ■ 

— - — . . ^ .- ' 



> ■; 



1, • Dt^w a -g]japh' display^ dat,^ in the table. : . ■• .. .x^ . : 

' 2. Based on your grapl^ does ther^ aeem tO; be "^n associa-. 

tion 'between: ;€at^^i^ heart- disease? - 

3.., Look at all the^graphs In the text and j^^^^ an ^ucated guess 
W the correlation coefficient^'^ the.graph Of Question 1. :. • 

v'4. '. Based:; on your ;^raph, .cah you assume, that fat' intak% cpses 
hekrf.dlseagei' 



It 



i ... 
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id •« 
ERIC • 



U '1 



.1^ 



.ft 



) 



267 



I ■ 



■f: - 



s ■ . V 



■ SECTION ,Y J 




y T-r Ujicertainties in the Vitamin C Analysis • /• • 

: V . ;you Vill <^hortly be involved 'in^^a labor a4:o^^^ . • .' 

\"measu^:6^the^. ascorbic acid cpn^entr^tlon of orsii^ge j'uice.- pleasure- 
ment is- involved ;in' every phas^ of thi& involved, in ' H/ 

: Wvery ineasiir*einent is soirte uncerta'irrty. . :We 'will discuss how- the 
uncertainty. associated with each measurement, translates into an' 
uncertainty. in the f ilial' result ^ Also',., wl. will discuss factors 
LWhich need Vt^WlhiJonS'idired when, deciding oh an estimated 'uncertainty. 

^^.y The S£ii 




scorbic Acid Solution 



' •, ki^JiXgoT r ]^^ assistant, will prepare a - . 

st^J|dard. ^scprbic acid solution. A balance will be used to, measure 
I '± JvOl V of aScbrbic acid Which will be transferred t^ a Ir liter 
volumetric flask. Then. enough wat>r wil4. be added to make , 1 liter . 



PART ir: MAKING THE STANDARD SOLUTION 





fill to mark 
with Viatel? . 



.. / 2. Add ascorbic acid to flask 
and add wetter . to mark . 
■ -1. . Weigh I g ascorbic acid i. \ . ' • 

A. ■,: ^■ DIAGRAM. 'l ^•-■■■y., . ''' 

Both the balanqe and the volumetric f lask contribute some uncertainty 
to the Concentration of vitamin C in :the solution* ;> - 
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qipncentB^ailibn 

of "i 

Ascorbic Adid 



Balance 

.1 g 
1000 ml 



'volumettic Plaslc 



Since' t|e cpncentraticjn is a quotient, the relative uncertainties 
of thi two measurementis are added together to obtain the uncertainty 
of the concentration, - " . 



> 



V . Relative Relat,iye Relai;^ve 

Uncertain^ty ^ Uncertainty Uncertainty 

':u . of ■ ' of ' . + of 

s standard Mass ^ Volume 

Solution! , Measurement Measurement^ 

Y-3 Standardizing- the Dye * • , 

In the next pWrt of the activity you will use the standard 
ascorbic acid solution to standardize the dye. 



V 



J>AJiT II: STANDARDIZINCwTHE DYE 

-Dye 



1 ml standard 
solution 




Al' 1. Add 1 ml Standard 
. ^ " solution to beaker 



2 . Titrate • with x ml- 



dye 



i 



\, .DIAGRAM^B^^^^^ ' 



; A pipet is used to ineasurei.1 inL of standard solution and a . 
buret is used to measure the UmoVint. of dye th^t will react with . 
the. amount of ascorbic acid in the test feolution. The objective 
is to find the conv^sibn factor between ml dye^nd mg ascorbic, 
acid. In addition, we want as*corbic acid in' tli^numeratc^ when 
we' ^e ''through, because we want the. answer to indicate how much 
vitamin C is in. a given amount of orange juice. Therefore, we . 
begin with the concentration of the Q^andard ^scorbic acid solu- 
tion and then link up, the , remaiiiing iheasuremehts so that the ."ml 
sti'd sol'n" ujiits cancel. ' * ^ / 



balanCe- 



1 g ascorbig acid 
1000. ml st'd sol'n 



1000 mg ascorbic acid , 
1 g'asqorbic acid 



^pipet^ 

1 ml St 'd . sol'n 1 mg ascorbic acid 
X ml dye x ml dye 



volumetric flask 



c onversibn factor-. 
,e ?cact 



Since all of . the arithmetic operations are either multiplications 
-<3r-dlv±sians| the relative uncertaintY of > the result, is the sum 
of the relative uncertainties of all of the^measurejfients involved. 

Y-4 Determination of the. Vitamin C Concentration of)|an Orange 
Juice Sample - v > . 

in this patt of the activity you will determine^ the volume 
of dye that react S't with the ascorbic -acid iri a l*ml sample of a * 
orange jljlii.c*e>, The procedure is the same as , described in Section Y-3, 
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PART III!, TiIrATING ORANGE JUICE SAMPLES 



1 ml orange 
juice I 




♦ * 



- / 



■7 



Add 1 ml orange 
juice to beaker 



2. Titrate with y ml 
■ dye 



DIAGRAM 3 



The amount Of dye used Ty-Ttrl^-aA^divided by the amount of orange 
juice (1 ml OJ) is a conversion f act^T^^ich carub^^ nml^ ' 
.by th^ t:onversio4 factor Af Section Y-S' to find the rag of asco^b^ 
acid in 1 iil" of orange juice. 



' V yBuret^ . ' . .' 

1 mg asGorbdc acid Y_mV^ _ y ascorbic acid 
' . X ml dye 1 ml OJ x ml OJ 

j'The uncertainty is . ^PipeP 
fconstant aod comes ' - 

from the previous , ■ / 
section. " j y 



9 



once again, since ajLl pf the arithmetic operati6ns are either 
.multiplications or ^divisions, We ca^'firid ttie .relative uncertainty, 
of the result by adding, the relative uncertainties of the factors. 
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y-5 Finding The. Relative Uncertainties •■■ • . « . . ». 

The^ relative uncertainty pf the ascorbic acid concentration 
of orange n.uice sample^ '^depeMs upon the relative uncertainties 

of all the" measurements^ involved.- Four instruftients were n^ded. 

^ ■ • '■ ■■' i . . '■ • 

They were • . 

• • \ a. A balance fo^irleasurin^ 1 g of ascorbic acid. 

^ . f , ■■ ■ • \ ■ 

• b. A volumetric f lalgk for measuring' the volume of the , 

standard solution. 

c. A pipet for measuring 1-ml samples of/ ascorbic acid and , 
orange juic%' samples. ' 

^ d. ' A buret for measuring the amount of dye used (twice) . 

Our task is to estimate t'he relative uncertainties associated, 
with measurements ma4e by each of these instruments. Occasionally 
the accuracy of an instrument will already be stated in, relative 
terms. Often, however, we will know the absolute uncertainty and 
need to cohvert it to a relative uncertainty. .Recall that relative 
urlceJ?^:ainty is the ratio of the absolute •uncer't^ainty to the size 

of measurement, i.e. , ^ . . ~ . 

absolute unce rtainty n nna\ < - 
relative uncertainty = gi^e of measurement . > " : 

You Should use this formula to convert absolute Uncertainties 
~ ^^to^j^jalative ones. 

Before any uncertainty calculations can bfe made, it is neces- 
sary to kncjW the uncertainties^ of the instruments used. Therefore, •■ 
the class' will scrutinize the ins trumentJ^aird arrive at a x3omlon 
■ decision for- the uncertainties associated with" each ilfistrument. ^ 
To arrive at your decision for the es-timate of absalute uncertainty',^ 
you will ^have to consider ' " • 

'a. Imprecision or scale-reading uncertainty— roughly one- 
, tenth of the smallest division. 

♦ b. .Inaccuracy— information about l^ie inaccuracy of your instrur 

' ments maybe obtained from the. catalog from which they were ordered.. 

Accuracy .may hie referred to .as "tolerance" in^these catalogs . 

Th,ese two considerations will be adequate for the flask and pipe):.': 



An estimation of the unGertainty for the balance is more complicat 
but has been considered earlier. PresiiJably, you have already 
arrived at a decision for the balance. ' 

Y-6 The Buret ^ ^ 



\ A buret measurement involves two readings, one 
at the foD at the beginning of the titration and one 
lower doWn'at the finish. To find the amount of fluid 
ad'ded, the. difference between the two readings is de- 
termined. Recall that the absolute uncertainty of a 
difference is the :sum of the two absolute uncert:ainties . 
For. the situation 'depicted in the diagram the measure- 
ment would be -44.8 ± (u 4- v) 'ml. 

} ■ ■. . . 

■ To estimate the uncertainty of the initial reading 

(u) , we need only consider inaccuracy and imprecision. 
To estimate the uncertainty 'of the endpoint we also 
need to consider the problem of seeing the endpoint. 
When excess dye is added to the ascorbic acid solution, 
the SQlujbio^n changes from colorless to faint , pink, a 
color changW that £s difficult to see when- it first 
happens. TMs factor will have to be considered in .. 
the estimation of the uncertainty (v) of the final 
reading. ' ....... 
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PROBLEM SET . Y: x . 

Determine the ran^e of. uncertainty '^f each of thfe following products 
and quotients. Btat^ ^certainty ih relative terms* .. . 

l!., (100\±*1%) (.250 ± 2%) . . 

2. (4.50. ± 1.5%) (.400 + 1.2%) - ;^ • • / .. 

'.'>••'•.•• . g 

3. (.702 ± .8%) (100 ± .4%) • / * 



280 


± i.1% 


.7? 


±3,2%. 


^560 


± .03% 


. 80 


± .13% 


.04 


± .03% 



4. 280 ± 1.1% » ^ 



5. 



^' 1 ± .01% • f ' ' 

^Determine the range of uncertainty of each of the following sums 
and differences'. State uncertainty ^.n absolute terms. 



7* (50.0 ± .2 ml) - (30.0 ±.2 ml) 

\ 




(30'.2 ± .15 ml) - (.2 ± .2 ml) \ ^ . ' 



(28.7 ± .10 ml) - (0 ± .i2 ml) 

(17.41 4 . .01 g) - (3,20 ± ^ 01 g") \ ' 

,(14.01 ± .02 g) 4- C123.24 t .05 g) / • 

(26.497 ^ .001 g) + (18. 203 * ± .001 g) \ 

13. \rhe fi^rst |tep in the vitamin C activity is making a staLtidilr-d 
ascorbic acid solution. 

a. What two measuring instruments "are used in t»his step? 

•b.. The ratio of two measurement is the concentration of the 
standard solution. The (relative, absolute) uncertaiility of the 
•• concentration is the (sul, product) .of the (relative, absolute) 
. uncertainties of the. tWp measurements. , ,- .' 

14. In tjie second part of this activity youldeterr^ine the amount . 
of dye ithat reacts with 1 ml of standard Solution. 

a/ Name the two measuring instrumenjts , Connected with this 
.part of the activity. V ; 



■ ^^^^ - , 




' . b.. Which iristrument requires you to find th« difference of 

■ . ■ ■ / ■ ■ ■.■ ■ .■ . . ■ • • •. • V • ■ 

two readings? . , 

c. For which Instrument will the absolute uncertaijity be 
••the sum of two absolute uncertainties? . ■ ■' ' 

1 5.. . i Suppose the _ba lance has an absolute uncertainty of .(H/g and the 
v3E)l,umetric flask has an uncertainty of 5 ml. . 
i \' a. . What is the relative uricertainty of a measurement of l-g? ^. 
t. What is' the relative "unc^irtainty of a measurement of' 1000 ml? 
•c. What is the relative uncertainty of the quotient of the .; 

• two measurefients? ' , 

16. "Before the'start of a titration a buret rdad . 3 ml. At tjie 
ent^point it read 40.3 itil. 

* a. If each reading Tas an uncertainty of .lml> find the range 
^ of uncertainty (in absolute term^s) of the volume of fluid delivered. 

b. Find the . relative uHcertal.nty (In percent) of the amount 

of 'fluid delivered, ' ' ^ 
'i?. The dimensional 'algebra problem^ below describes how to find - 

the number of mg of ascorbic acid in 1 ml of orange juice 
' (AA =; Ascorbic Acid). List, the measuring instrument, corresponding 

to each letter. • , * 

5 \ ■ ■ . ■ • ■ ■ . 



a ' ■ " ■ ■ ■ 



; ■ 1 q Aft . 10^ mg AA , 1 ml st'd sol'h , y^ii[ildye _ Y. SS-M 

1000. mjl st'd sol'n ' 1 gAA x ml dye ^ linPOJ^ x ml pJ 

l/; Assume the,' following relative uncertainties for measurements 
ma*de by each ihstrument and calculate .the* relative uncertainty r 
o'f the result of the dimensional algebjca problem -of Problem 17 . ■ 

t ' . " ■ ■ ' ■ .r ' ' '■ 

balance - 1% . 

*■ ■ . • "I . ^ . . ■ ■ ■ 

volumetric €lask -•.2%> 

;;; pipet - ■.3% ■ ■ ' . . . ' .-^.^ 

buret - .4^' (combined relative uncertainty of initial 
i^eadihg^and endpoint.) . > » 



SECTION Z : ' - 

Z-1 A Sample Ascorbic Acid Uncertainty Calculation 

For the purpose of demonstrating a typical ^i^i^ertainty cal- 
Gulation^ we will assume the following uncertainties for each -of 

the measuring instruments involved. 

• * ' ■ *' ■ " ■ • ■ > . ■ ' 

« ] ■ . ■ » ■ ■ ■ . ■ - . , 

balance - .01 g ■' • -J . ./ . 

* volumetric flask -, ml . - 

pipet - fOl ml * . 
... buret - .1 ml- for the initial read^ijig ' ' 

.2 ml for the endpoint 

The dimensional algebra problem which links up all of the' measure 
men;ts will tell us how to use the unc6rtainby information to find 
the unjterta:in1^ of the result. ' 

' ' LET'AA = ASCORBIC ACID 

. - . • SS = STANDARD SGLUTIOKT - . 




10 .. roX SS 



/ ^ ; 

' volvunetric 
flask 



PART I 



IQ mg AA 
. g AA 



pipet 

^" y . ' 

1 ml'ss 
X ml dye 



bure.t 



. buret. 



'. y nil dye 
i' 1 ml OJ 



I .pipet 



PART II 



PART III 



29.6 ml OJ*. 



1 £i oz OJ 



• 6 fl oz OJ 



The result of the calculation described above -will be the 



number of mg of ascorbic acid in a 6-oz glass o£ orange juice. 
We are currently interested in the uncertainty of this result. 
Since all of the calculations in the formula are either multi- 
plications or divisions,, it wi^ll be most convenient if the un- 
certainties are first stated in relative terms. Then we can 
add all the uncertaihties involved.'. 

Examples of the calculations of the ^relative uncertainties 
for the balance, pipet and volumetric flask follow. ' • ' 



*The u^e of this rounded conversion f actor'^introduces , a cVnstant 6pror of > 
(+.09%). For simplicity, wefwi>Ll neglect this, error In oAr Calculations. Jf 



BALANCE: 



0 



. \ • absolute uncertainty ^ ^ (i nnst) 

r\ . size of measurement . /I 



size of measurement 



\ 



PIPET ; . . 

» relative- uncertainty = -^-S^ (100%). 

■ •■■ ' • ' ' - • . • ■ ■ • 

VOLUMETRIC FLASK ; 

^ ' ' ■■' ' ■ ■ 3 

relative uncertainty = (100%) 

■ - = .03%. .'*.••■•... 

This* leaves? only the buret uncertainties to convert to relative 
t^ms. To do this we must know something about x and y. For 
example, let 

. : . X = -40 -mlUThe^ VQlume^.of 'dye. thjit reacts with J. ml of - 

standard solution. jj . 

.y = 15 ml (The volume of dye that reacts with 1 ml of 
. ' orange juice) " V — 

' First we will consider the buret uncertainty 'in Part I-I/' 

the standardization of '■t;h^ dye. i^/ie total absolute uncertairjty . - 
of the buret measurement is the sum of the, uncertainties of tjhe' 
two readings, or- ;1 ml' + .2 ml j=^^^ int<^ a: 

relative uncertainty of ,75% for-x, 

absolute uncertainty /^^^^x. jlIJIII • n nn»r 
size of measurement 40 ml • ^. 

V The relative uncertainty for. y is fbund 'in a like fashion. 

„ Now we have all the information rieeded to caiculate tlie un~ 
rcertainiy of ^he result. ' We simply add the relative uncertainties 
ToT^fe terms ' in ytfe above . 



1 



L ■ • 



PkRT I , 



PART II 



PART III 



balance , 
volumetric .f laisk 
' pipet 
buret (x) 
buret (y) 
pipet 



+ 



1.0% 

.03%; 
i.p% 

.75% 
2.0% . 
1.0% 
5.78% 



This result implies that , the true number .of mg of ascorbic 
acjid in a.6-oz glass of orange-, juice could lie at most 5.78% to • 
either side of the calculated result, i.e. , the midpoint of the ^; 
r'ange o£ uncertainty. . ■ 

If you are required to calculate the uncertainty for the amount^ 
of vitamin C in different kinds of orange juice, you will . be pleased 
to learn that' all error calculations are identical except for 
the relative, uncertainty of . y . This means that for each separate , 
uncertainty Icalculation/ only the relative uncertainty o^ y needs 
to be recalculated; then this number^can simply "be added to- the - - 
constant sum of the uncertainties of the ot,her terms. 
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